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HAM SO LUONG GIAC VA PHUONG
TRINH LUONG GIAC

1. GIA TRI LUONG GIAC CUA GOC LUONG GIAC

LY THUYET CAN NHO

B) cocLonG GIAC

{3 Géc lwong gidc va sd do cha géc lwogng giac: Trong mit phang, cho hai tia Ou, Ov. Xét tia
Om cung nam trong mit phang nay.

Ghi nhé 1:

e Néu tia Om quay quanh diém O, theo mdt chiéu nhét dinh tit Ou dén Ov, thi ta néi n6 quét
mot géc lugng gidc véi tia dau Ou, tia cudi Ov va ki hiéu 1a (Ou,Ov).

Ghi nhé 2:
e Khi tia Om quay mot géc a°, ta néi sd do ctia géc lugng gidc (Ou,Ov) biang a°, ki hiéu
sd(Ou,Ov) = a° hodc (Ou,Ov) = a°.

e Mbi goc lugng gidc gbe O dudc xac dinh béi tia dau Ou, tia cudi Ov va s6 do o° ctia n.
m

sd(Ou, Ov) = 360° sd(Ou, Ov) = 405° sd(Ou, Ov) = —540°

e Sb do cia cac goc lugng gidc c6 cung tia ddu Ou va tia cudi Ov sai khac nhau mot boi
nguyén ctia 360° nén c6 cong thiic tdng quat 1a

sd(Ou,0v) = a® +k360°, vOi k € Z
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

{3 Heé thifc Chasles: Véi ba tia Ou, Ov, Ow bat ki, ta c6

sd(Ou, Ov) 4 sd(Ov,Ow) = sd(Ou, Ow) + k360°  véi k € Z.

B3 0N vi DO GSC VA DO DAI CUNG TRON
X Don vi do géc:
e Don vi d6 (°): Chia dudng tron thanh 360 cung tron bang nhau thi géc & tim chan bdi cung
d6 sé c6 sb6 do 1a 1°.
e Don vi radian (rad): Trén dudng tron, néu mot cung tron cé dd dai bang ban kinh thi ta n6i
cung d6 c6 s6 do 1a 1 rad. Khi d6, géc & tim chin cung d6 ciing c¢6 sb do 1 rad.
A Khiviét s6 do mot géc theo don vi rad, ta thuong khong viét chit rad sau sé do. Chdng

T > ., T
han goc > ta hiéu la goc > rad.

e Moi lién hé gitta do va radian:

B . 180\ °
1 —@rad vd lrad—(7)

{3 D6 dai cung tron: Mot cung ctia dudng tron ban kinh R c6 s6 do o rad thi sé c6 do dai 1a
| =Ra.

GIA TRI LUONG GIAC CUA MOT GOC LUONG GIAC

{3 Dudng tron lugng giac:
e Trong mit phang toa do, dudng tron tim O ban kinh
1, cung véi gbc A(1;0) va chiéu quay duong (nhu quy
udc) goi la duong tron lugng giac.

sin

'\—f—

e Cho géc luong gidc sd do o. Trén dudng tron lugng 3
w cos

gidc, ton tai duy nhat diém M sao cho géc luong gidc 1
(OA,OM) bing o (hinh bén). Khi d6, M goi 1a diém  A’\ X0
bi€u dién clia goc c6 s6 do a trén dudng tron luong

gidc.

LA = & =

{3} Céac gia tri lugng gidc cha géc lugng giac

Ghi nhé 1:  Gia stit M(xg;yo) trén dudng tron lugng gidc biéu dién cho goc lugng gidc c6
s6 do o thi

@ Tung dd yg ctia di€m M goi la sin clia & va ki hiéu 1a sin o, hay sin o = yy.

@ Hoanh do x( cta di€m M goi 1a cdsin ctia o va ki hiéu 1a cos o, hay cos a = xg.

, VGi cosa # 0.

sin ¢
@ tano =
cos ¢

o ..
——, vOi sina # 0.
sin o

cos
@ cota =
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1. clA TR LUONG GlAC cUA coc LonG clAc | AT

Ghi nhé& 2: Ta c6 cic két qua sau dudc suy ra tir dinh nghia
@ Vi—1<xpy<lnén-—-1<sina<1l; —1<cosa<l.

@ sin(a+k2m) =sina;  cos(a+k2m) =cosa.

@ tan(a+kmw) =tana; cot(o+km)=cota.

3 QUAN HE GITA CAC GIA TRI LUQNG GIAC

{¥ Céng thitc luong gidc co ban: Dbi véi cac gid tri ludng gidc, ta c6 cdc hing dang thiic sau

T
@ sin2a+cosla=1. @ 1+tan’o = 3 , VO a # — + k.
Ccos” ¢ 2

. . km
® l+cot?a= 5—, Vi a # k7. @ tano -cota =1, véi o0 # —.
sin” o 2

{3} Gia tri lwgng giac clia cac géc cé lien quan diac biét:

® Hai goéc d6i nhau: o va —a:

e cos(—a) =cosa Yip
. . M
e sin(—a) = —sina / .
e tan(—0) = —tana - X
A\ ol Ja
e cot(—a) =—cota \‘ : /
B M
@ Hai gbc bu nhau: @ va 7w — o.
e cos(T—a)=—cosa Vi
e sin(m— o) =sino L N
e tan(T— ) = —tan e X
A’ o A
e cot(m—a)=—cota
B/
® Hai goc honkémnhau m: e vax + 7
e cos(a+m) =—coso Vg
e sin(a+m) =—sinq M
e tan (o + ) =tano e r
Al o A
e cot(ot+ ) =cotor
M/
B/

TOAN 11 - CTST 3 I



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Y/
@ Hai goc phu nhau: o va 5~ o

cos (71: oc) sin o
° — — =
2
g B
T /
o sin(——d)—cosa /‘--- M
2 N\ M
T : 1
otan(——a>:cota AT X
2 Al 0 A
(") = e
[ ) _—— =
cot { > an
B/
@ PHAN LOAI VA PHUONG PHAP GIAI TOAN
DT lol Pdi don vi gitra d6 va radian. D6 dai cung tron
@ Sit dung cong thiic chuyén ddi gitta sb do do va s6 do radian:
n 180Y°
a) 1°= mrad b) lrad = (?) )
@ Xét duong tron ¢6 ban kinh R.
e Cung tron ¢6 s6 do a (0 < a < 27) thi ¢6 do dai la [ = Ra.
o Cung tron c6 s do a® (0 < a < 360) thi c6 do dai [a [ = %.R.
=Bai 1. Ddi sb do clia cdc gbc sau ra radian.
a) 72° b) 600°; c) —37°45'30".
Loi gidi.
Vil© = %rad nén
T 2
72° =72 — = —
‘ 180 5
T 107
600° =600 — = —
‘ 180 3
45\° 30 \° 4531\° 4531 =«
—37°45'30" = —37° — (—) - (—) =— (—) =——— . — =~ —0,6587.
‘ 60 60 60 120 120 180
=Bai 2. Déi s6 do ctia cac goc sau ra do.
Sw 3n
—; —; —4.
a) TR b) 5 9
Loi gidi.

Vi lrad = (%) nén
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

18 \18 m
3w 1
5

o0
)

3n
5

5 57 180)°
o 2 (” ) — 50°.
(2 190) g
. 4:-(4%) ~ —2260°48.

= Bai 3. Mot duong tron c6 ban kinh 36 m. Tim d6 dai cla cung, biét s6 do tuong ting nhu sau:

3n o 1
a) = b) 51 c) 3

L& gidi.

T
Theo cong thic tinh do dai cung tron tac6 [ = Ro. = ITSCE)’R nén

3
2) Tacél:Ra:36-Tn:277r%84,8m

Ta 51 51x
Tac6/l=— R=——-36=— ~ 32,04 m.
b) Tacol 130 180 36 5 32,04 m

1
c) Tacél:Roc:36~§:12m.

= Bai 4. Mot vé tinh dudc dinh vi tai vi tri A trong khong gian. Tit vi tri A, vé tinh bat dau chuyén
dong quanh Trdi Dét theo quy dao 1a dudng tron véi tim 1a tAm O cla Trai DAt, ban kinh 9000 km.
Biét ring vé tinh chuyén dong hét mot vong ctia quy dao trong 2 h.

a) Hay tinh quang dudng vé tinh da chuyén dong dudc sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dugc quing dudng 200000 km sau bao nhiéu gio (lam tron két qua dén
hang don vi)?

Loi gidi.
Trong 2 h, vé tinh chuyén dong hét 1 vong quy dao c6 do dai 1a 277 - 9000 = 180007 km. Suy ra

a) Quang dudng vé tinh chuyén dong sau 1h 1a 90007 km.
Quang dudng vé tinh chuyén dong sau 3h 1a 90007 - 3 = 270007 km.
Quaéng dudng vé tinh chuyén dong sau 1h 12 90007 - 5 = 450007 km.
b) Vé tinh chuyén dong dudc quing dudng 200000 km thi s&é mét

200000
90007

7 gio
=Bai 5. Kim phiit va kim gid ctia dong ho 16n Buu dién Ha Noi theo thi tu dai 1,75 mét va 1,26
mét. Héi trong 15 phiit, mii kim phiit va kim git vach dugc cung tron c6 do dai bing bao nhiéu mét?
Loi gidi.
Z . T
Trong 15 phut kim gid vach dugc mot cung tron c6 so do bang 7 va kim phut vach dugc mdt cung

oA y T
tron c6 so do bang 5

TOAN 11 - CTST 5



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

. r 2=z
Trong 15 phut kim gid vach dugc cung tron c¢6 do dai bang 1,26 - 24 = 200 ~ 0,16 m.
N n In
Trong 15 phut kim phut vach dudc cung tron c6 do dai bang 1,75 - 5= ~ 2,75 m.

DT Iel $6 do clia géc lvong gidc. Hé thirc Chasles

o Khi xdc dinh sb do ctia géc lugng gidc, ta can chd y dén chiéu quay (chiéu duong ngudc kim
dong ho, chiéu am cling kim dong hd). Tur d6 xac dinh chinh x4c sb do clia géc lugng gidc
(Ou,Ov).

o Gia st «° 1a mot s6 do ctia goc lugng giac (Ou,Ov). Suy ra sb do cic goc lugng gidc c6 cung
tia dau Ou, tia cudi Ov c6 dang a° +k-360°, v6i k € Z.

o Hg thiic Chasles: sd(Ov,Ow) = sd(Ou, Ov) — sd(Ou, Ow) + k360° véi k € Z.

=Bai 6. Xdc dinh s6 do ctia goc lugng gidc (Ou, Ov) dudc biéu dién trong hinh bén dudi.

o @

Lo gidi.
a) 90°. b) —630°. ¢) 810°.

<

b)

=Bai7. Cho MON = 45°. Xdc dinh s6 do ciia cic géc lugng gidc dudc biéu didn trong hinh bén
dudi va viét cong thiic téng quat ctia sb do goc lugng gidc (OM, ON).

N N N
‘ 45 4@\
A
0 M M M
a) b) c)
Loi gidi.
a) 45°. b) —315°. c) 405°.
=Bai 8.
Xéc dinh s6 do céc goc lugng gidc (Ou,0v), (Ov,0m) va (Ou,0Om) m
dudc minh hoa & hinh bén.
135°
55°
0 u
Loi gidi.
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

a) (Ou,0v) = 135°, b) (Ov,0m) = —80°. ¢) (Ou,0m) =415°.

=Bai 9. Hay biéu dién trén mit phang géc lugng gidc trong mdi trudng hop sau:

a) Goc luong gidc gbc O c6 tia dau Ou, tia cudi Ov va c6 sb do 510°;

, ., % L. N . %. < . oz T
b) Goc lugng gidc goc O cd tia dau Ou, tia cuoi Ov va co so do o
Loi gidi.
v
v
150° 5z
6
u
o 0 ?

a) Ta c6 510° = 360° 4 150°. Géc lugng gidc gbc O c6 tia dau Ou, tia cudi Ov va c6 s6 do 510°
dudgc biéu dién & hinh 1.

r T ) N £ 4 r
b) Taco 6 = —T+ <—€> Goc lugng giac goc O co6 tia dau Ou, tia cudi Ov va c6 so do —r
dugc biéu dién & hinh 2.

= e ) . oy .3 ) . . .5
=Bai 10. Cho goc lugng giac (Ou,Ov) c6 so do 1a Tﬂ:, goc lugng giac (Ou,Ow) c6 so do la Tﬂ
Tim s6 do céc goc lugng gidc (Ov, Ow).
Loi gidi.
Theo hé thiic Chasles, ta co:

(Ov,0w) =(0Ou,0w) — (Ou,Ov) +k2n

Sm 3w /4
= g tRkr=J+kn (kei)

DT 'e' Tinh céc gid tri lwong gidc clia mét géc luwong gide

{3 Phuong phap: St dung nhém cong thiic lién hé giita cac gid tri luong gidc d€ tinh todn.

X Cha y:
Néu dé bai c6 gidi han mién clia géc «, thi ta cin xem trén
mién d6, cic ti s6 luong gidc tuong ting sé mang dau nhu thé
ndo. Cu thé:

Goc phan tu
Gia tri lugng giac | I | IT [III | IV
sin +(+]| =] —
cos o +| ==+
tan o + =+ —
cotor + -+ -
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

=Bai 11. Tinh céc gia tri luong gidc (néu c6) ctia mdi goc lugng gidc sau

T R¥/1 T
a) §—|—k27r. b) ~ + k2. c) 5 + k.
Loi giéli.
a) sin <§ -|-k27r> = sin (g) = \/7§
1
cos <§ ~|—k27r> = COoS (ﬂ§> = 5
tan <§ —l—k27r> —tan <§ =/3.
cot <§+k27r> = cot (g ?

sin

PN ~_ ~—
Il

o
N
Z
5
|
w
|
+
?\NA
r
S|
N~
I

_371:) B _\/§
4 4 ) 2
-3 -3 2
cos (Tﬂ: +k27r> = CoS (Tﬂ:> = —g.
-3 -3
tan (Tn +k27r) :tan<Tjt> =1.
-3 -3
cot (TE —i—k27r) :cot(TE> =1
) s <ﬂ+k> 1 khi k chan
—+kmw) = )
@S5 —1khi k1@
coS (§+kﬂ> =0.
tan (g +k7r> khong xac dinh.
cot (g—kkn) =0.

= Bai 12. Tinh cic gid tri luong gidc con lai ctia goc a, biét

1 2 3n
a) sinoc:§vé90°<oc<180°; b) sina:—gvéir<a<7.
3 T 4 3rm
— — v) —. =—-va — 2.
C) coso 5Va0<OC<2 d) cos 5Va2<0£< T
Loi gidi.
1 8 2+/2
a) Tac()coszoc:1—sin2a:1—§:§:>cosa:iT\/_.
2v/2
Do 90° < ¢ < 180° nén cos & < 0, suy ra cos@ = —T\/_
ana sinQ 1
e tanx = =— .
cos o 232
e cotax = = —-22.
tan

8 TOAN 11 - CTST




1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

4 5 5
b) Tacécoszoc:l—sinzazl—gzgﬁcosa:ig.
air V5
D0ﬂ<a<7nencosa<0,suyracosa:—7
ana sin o 2
) e = —.
coso /5
V5
e cota = = —.
tan o 2
c) Tacésinza—l—cosza—l———gésina—j:—
B 25 25 s

v/ . .
D00<OC<Enéns1noc>0,suyrasmoc:§

sin & 3
e tanx = = —,
cosa 4
4
e cotx = = —,
tana 3
16 9
d) Tacésina=1—cos’a=1—— = — = sinat = +=.
) . 25 25 O 5
T
Do—<oc<27rnénsin(x<0,suyrasinoc:—§
sin o 4
e tanox = = ——.
cos & 3
coto 3
[ ] = = ——,
tan o 4

= Bai 13. Tinh céc gi4 tri luong gidc con lai ctia géc o, biét

3n T
a) tanoc:2vél7t<a<7; b) tana:\/§V210<a<§;
¢) sinax=0,8 vatana < 0. d) cosax =0,8 vatana +coto > 0.
Loi gi(’]i.
1 1 NG
a) Tacocos?qd=———— = — = cos@ = +—.
) l+tan’x 5 5
3T V5
Don<a<7nencosa<0, suyracosa:—?.
sin & . 2\/5
o tanQ = =sino =tan o -cosQ = ———.
cos o 5
e coto = =2.
tan
1 1 1
b) Tacocos’ad = ———— = — = cosot = +—.
) l+tan?x 4 21
T
D00<OC<Enéncosa>0,suyracosa:§.

. V3
= SN =tan o - cCos X —= 7

e tanox =
cos o

\ \
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BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

1 1

tano V3

¢) Tacécos’a=1—sina=1—(0.8)>=0.36 = cosa = +0.6.
Dotana <O vasina =0.8 >0 nén cosa < 0, suy racoso = —0.6

e cota =

sin 4

e tanox = = ——.
cos 3

1 3

e coto = = ——.
tan o 4

d) Tacésin®o=1—cos>a =1—(0.8)>=0.36 = sina = +0.6.
Do tan & + cot ot > 0 nén sin & va cos & cung diu, suy ra sina > 0. Vay, sino = 0.6

sin & 3

e tanox = = —.
cosax 4

1 4

e coto = = —.
tanoe 3

DT Iol Tinh gid tri ctia bidu thirc M lién quan dén céc gid tri lvong gidic

{3 Hudng 1:
o Tir ti s6 lugng gidc da cho, ta tinh todn cic gid tri lugng giac c6 trong biéu thiic M.
e Thay tat c4 gi4 tri vita tim dudc vao M, suy ra két qua.
{3 Huéng 2:
e Bién ddi biéu thiic M vé i sb luong gidc da cho.
e Thay két qua vao M, suy ra két qua.

= s 3 . .
=Bai 14. Chocosa = ~3 Vi1 g < o0 < . Tinh gia tri cua biéu thic M = 3sina +2cos «.

Loi gidi.
9 16
Tacésin®a@=1—cos?@=1——=— =sina = +—.
a co sin cos 75 = 75 s;n 5
/4
DOE<oc<7rnénsina>0,suyrasina:g.
4 3 6
TfJ.’dé,tatinhdu’QcM:3sinoc+2cosa:3-§+2-(—g):§.
= Bai 15. Cho tano = 2. Tinh gid trj biéu thiic M = cos? o — sin’ a.
Loi gidi.
,, o cos? @ — sin® @ P -
Ta bién doi M = —— Chia ca tu va mau cho cos? o ta dudc
cos? o + sin” o
1 —tan’ o 1-4 3
B an yo1-4_3

= =M= )
1 +tan? o 1+4 5

2sino —3cosa
5sina+cos3 o

= Bai 16. Cho coto = 3. Tinh gi4 tri biéu thiic M =

10 TOAN 11 - CTST




1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \
L& gidi.
Ta co

2sin —3cos o
5sin’ o+ cos3 a

1 1
2 ( ) —3cotx ( )
sin? o sin? o

a 5+cotta
_ —3cot’ o+ 2cot?> ot — 3cotor + 2
N 5+cot3 o
35
~T6

— N\ o A . 1 ’ .-, . - 2 -, n
=Bai 17. Biétsinx = 3 Tinh gia tri biéu thic A = cos <5 +x> +cos (2w — x) +cos (3w +x).
Loi gidi.

cos<n+ ) sin
— +x) = —sinx
2

Ta co :>A:—sinx+cosx—cosx:—sinx:—g.

cos (2w — x) = cosx
cos (3w +x) = —cosx
= Bai 18. Huyét 4p clia mbi ngudi thay d6i trong ngay. Gia st huyét 4p tim truong (tic 1a 4p luc
m4u 1én thanh dong mach khi tim gidn ra) cia mot ngudi nao do & trang thai nghi ngoi tai thoi diém ¢
dugc cho bdi cong thiic:

Tt
B(t) =80+ 7sin —
(1) + sin

trong d6 ¢ 12 s6 gio tinh tf lic nia d&m va B(t) tinh bing mmHg (milimét thuy ngan). Tim huyét ap
tAm truong clia ngudi nay vao céc thdi di€m sau:

a) 6 gio sang; b) 10 gio 30 phut sang;
c) 12 gid trua; d) 8 gio tbi.
Loi gidi.
a) t =6, suy ra B=87mmHg. b) t =10,5, suy ra B = 82,68 mmHg.
¢) t =12, suy ra B=80mmHg. d) t =20, suy ra B="73,94mmHg.

DT Iel RGt gon biéu thirc, chirng minh déng thirc

= Bai 19. Ruiit gon cic biéu thic sau:

. . 2sina — 1
a) A =sin®a+ sin’ ortan’ ; b) B=— ; ;
sin” @ — sinxcos &
‘ _ I —cosa 1
¢) C = sin® awcos® a + cos? & +sin* a; d D=—>—-— .
sin“ o 1+coso
Loi gidi.

TOAN 11 - CTST 11



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

a) Tacd: A= sin® & + sin® o tan® @ = sin” o (1 + tan? OC) =sin’ o - — tan? at.
cosZ o
2sin o — 1 2sin” o — (sin2 o + cos? Oc) sin o + cos O
b) B=—— ; = - : = - = 1+4cota.
sin” o¢ — sin ot cos & sina (sino — cos @) sin

c) C= sin o (1 —sinz(x) +cos? ot + sin* o = sin® @ — sin* @ + cos? o + sin* ot = 1.

1—coso 1 B 1 1 _
l—cos2a 1+4cosa 1+cosa 1+4coso

d) Taco D =

= Bai 20. Chiing minh cic dang thiic sau:

1 +sin® ot
a) cos*a —sin* o0 =2cos? ot — 1. b) +—_2:1—|—2tan2(x.
1—sin“o
2 +sin’ o 2 1
c) +S$2:3tan206—|-2. d) 1—cot*a= Y
I —sin“« sin“¢¢  sin” o

Lo gidi.

a) Ta c6 cos* o —sin* o = (cos? & + sin?)(cos? & — sin® &)
= cos?a —sin® & = cos? o — (1 — cos?> ) = 2cos o — 1.

 l+sinfo 1+sinfa 1

b) Taco —— = 5 =— +tan’ o = 1 +2tan’ «.
1 —sin“ o cos“ o Ccos“ O

_ 2 +sin? o B 2 +sin? o B

c) Tacé: —— = 5 =— +tan® @ =2+ 2tan? o + tan® o = 3tan® o + 2.
1 —sin“« cos- o cos-
. 1 cos? o
d) Tacol—c0t4oc:(1+cot2a) (l—cotzoc): — l——
sin” o sin” o
1 [sinfa—(I-sina)]  2siffa—1 2 1
sin® o sin® o sin o sino sin*a’

=Bai 21. Cho A, B,C la cic géc clia tam gidc. Ching minh cdc dang thifc sau:

a) sin(A+B) = sinC. b) cos(A+B)+cosC =0.
A+B C
¢) sin + = cos . d) tan(A—B+C) = —tan2B.
Loi gidi.

Do A, B,C la cac goc cua tam giac nén tac6 A+ B+ C = 180°.

a) TacoA+B+C=180°«<= A+B=180°—-C.
Tt d6 suy ra sin (A + B) = sin (180° — C) = sinC.

b) TacoA+B+C=180°<A+B=180°—-C.
Tit d6 suy ra cos (A +B) = cos (180° —C) = —cosC = cos (A + B) +cosC = 0.

A+B 180°-C C
c) TacoA+B+C=180° & b :900—5.

2

B C) C
=sin(90°— = ) =cos —.
s1n( 2 COS 3

Tu do suy ra sin

12 TOAN 11 - CTST




1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

d) Tacétan(A—B+C) =tan(A+B+C —2B) =tan(180° —2B) = —tan2B.

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN

o Tinh cic gid tri luong gidc clia goc o, biét

) sino 4 ‘7r<oc<37r b) o I \0<oz<7r
a) sinot = ——=va —; cosa = — va —;
5 27 61 2°
15 . .
¢) tana = 3 va —90° < o < 90°; d) cota=—-2,4va —180° < ax < 0°.
@ Loi gidi.
4\ 9
Ta ¢ 205:1—'205:1—(——) =,
a) Ta co cos sin 5 5
3 . , 3
\/“17r<06<7nencosa<O.DodocosO¢:—§.
4
S rtno{_sinon__g_4 ) cot g — 13
Uy ftata _cosa__§_3vaco ~ tana 4
5
11\%? 3600
Ta c6 sin® & = 1 — cos? :1—(——) =
b) Ta coé sin“ & Ccos” O 3 3701
T . . . . 60
V10<06<5nensma<O.DodosmO£:a.
60
Su ratanoc—sma—a—wvécota— L _ 1
y ~cosa 1111 tana 60
61
8 1 15\%2 289
Tacd cotax = = —l+tanfa=1 (——) =—.
¢) Tacoco tan o 15’ cos? +tan * 8 64
64 8
Suyracosza:@.\ﬁ—900<a<90°néncosa>O.Dodécosa:ﬁ.
15
Suyrasina:tanacosa:—ﬁ.
1 5 1 169
d) Tacétan a = = ———=14cof =1+ (-2,4)2=——.
) Tacotan COE(SX 127 sin? o eo + ) 25 5
Suyrasinza:@.\H—ISOO<a<0°nénsina<0.Dod(’)sina:—E.
5) 12
S =cotasina =(—2,4)- | — | = —.
uy ra cos o = cotasina = ( ,)( 3 e
o 12 .« L. N
Chocosa:—BvaE<oc<7r.T1nhsmavatanoc.
@ Loi gidi.
. 5
144 25 sma =z
Tacésinzazl—coszazl—@:@é 135.

ino = —
S 13

T 5
DoE<Oc<7rnénsina>0,dodésinoc:E.

TOAN 11 - CTST 13



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

5
Tudotacotano = ——.
0 ta cO tan B

o Cho s1nazﬁva§§oc§7r. Tinh cac gia tri lugng giac con lai cua goc .

® Loi gidi.
144 25 5
a cO cos“ o sin 60 = 169 cc;s 3
n
DOE <oa<mnéncosa <0, suyracosoc:_B
sin o 12
e tanx = - =
cos o 5
to ! 5
e cotor = =,
tan 12

o Chotana =3 va o € (71'; 7) Tinh cac gia tri lugng giac con lai cua goc «.

® Loi gidi.
1 1 v 10
4 2., _ _
Ta co cos a—m—ﬁécosa—iw.
3 v/ 10
Do a € (n,—ﬂ) nén cos < 0, suy racosot = ———.
2 10
sin . 3v10
e tano = =S =tan-costt = ————.
cos o 10
1 v/ 10
e cota = = — .
tan o 3

e Biét smoc:§va§<a<7r. Tinh gia tri cua céac biéu thuc sau:

Q) A= 3sin¢ : b) B = cotz(x—sinoc.
2cosQ —tan ¢ tan o + 2cos o
ﬁLbigiéi.
Visina—3vﬁ7[<(x<7rnéncosoc—— tana——3vﬁcota——4—1
5 72 5 4 3
3
3.2
_ 5 _ 36
5 4
(-4) -
3) 5 212
S B (_4_1) 423
4 5

14 TOAN 11 - CTST




1. clA TR LUONG GlAC cUA coc LonG clAc | AT

Trong hinh vé bén, mam banh xe 6 t6 dudc chia thanh nam
phan bing nhau. Viét cong thiic s6 do tdng quat clia goéc
lugng giac (Ox,ON).

@ Loi gidi.
TacéA/OTV:( —45°)+72°:99°.
Vay (Ox,ON) = —99° + k360° (k € Z).

360°

o Trén dudng tron luong gidc, xac dinh diém Q biéu dién cic géc luong gidc c6 sd do sau

a) b) ——; c) 270°% d) —415°.

6 7
o Loi gidi.
3 .z R X s ., 7 A M 7r 3
a) Diém Q trén dudng tron lugng giac biéu dién goc lugng giac cd s6 do bang 3 dudc xac
dinh trong hinh sau:

]

g ISR o ox iy O )
b) Diém Q trén dudng tron lugng giac bieu dien goc lugng giac co so do bang — dudc xac

dinh trong hinh sau:

e )

7
0

¢) Piém Q trén dudng tron lugng gidc biéu dién géc lugng gidc c6 s6 do bang 270° dudc xac
dinh trong hinh sau:

- - - TOAN11-CTsT 15



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

270°

),
/

d) Ta c6 —415° = —55° —360° nén di€ém Q trén dudng tron lugng gidc bi€u dién géc lugng
gidc c6 sb do biang —415° dugc xac dinh trong hinh sau

AN

—55° | *
0
0 Hai Ii 1a mét don vi chiéu dai 1hélnég hai, dugc tinh bang do dai Cue Bic
mot cung chan mot goc @ = (@) ctia dudng kinh tuyén (Hinh ’%}/f

bén). PGi s6 do « sang radian va cho biét 1 hai li bang khoang bao
nhiéu kilomét, biét ban kinh trung binh cia Trai Pt 1a 6371 km.

1 o
N N £ 0 2% N X < a= (g
Lam tron két qua dén hang phan tram. (s0)

Pudng xich dao

Cuc Nam
o Loi gidi.

1 .
lhidiliz=o-R= — %

—— 6371 ~ 1,85 km.
60- 180 ’
o Banh xe ctia ngudi di xe dap quay dudc 11 vong trong 5 gidy.
a) Tinh goc (theo do va radian) ma banh xe quay dugc trong 1 gidy.

b) Tinh quing dudng ma ngudi di xe da di dudc trong 1 phiit, biét rang duong kinh banh xe
dap l1a 680 mm.

® Loi gidi.
ca s 11 s ., 22z
a) Trong 1 gidy, banh xe quay dugc 5 vong, tuc la quay dudc mot goc 5 (rad) hay 792°.

22
b) Trong 1 phut, banh xe lan dugc [ = 340 - ?ﬂ: -60 ~ 281,990 (mm) ~ 282 (m).

16 TOAN 11 - CTST




1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \
@ Tinh d dai cung tron trong cac trudng hdp sau
a) Puong tron c6 ban kinh R = 5 va cung c6 sb do 72°.

b) Pudng tron c¢6 ban kinh R = 18 va cung c6 s6 do 150°.

® Loi gidi.
T-72
1
by 1= 190 e ysp

180

Banh xe c¢6 duong kinh (tinh ¢4 16p) 12 55 cm. Néu xe chay véi vén téc 40 km/h thi trong mot
gidy banh xe quay dudc bao nhiéu vong?

® Loi gidi.
Chu vi ctia banh xe bang 557 cm.

40-10° 10000 om

3009 10000 2000
Nhu vay, t 1 gidy banh dug = ong.
vay, trong 1 gidy banh xe quay dugc o—— = -~ vong

Trong 1 gidy xe di dudc

@ Cho tam gidc ABC, chiing minh ring sin(A + B+ 2C) = —sinC.
® Loi gidi.
Tac6A+B+C=180°=A+B+2C=180°+C.
= sin(A+B+2C) = sin(180° 4 C) = —sinC.

@ Riit gon céc biéu thiic sau:

1 —sin®a -cos? o . .
a) E= 5 —cos?a; b) F = 2(sm4x—|—cos4x) +4sin?xcos? x.
cos- Q.
® Loi giéi.
a) E=—— —sin® ot —cos> o = 1 +tan? ¢ — 1 = tan® ax.
cos* QL
b) Tacod

o sin*x4 cos*x = (sin?x+ cos?x)? — 2sin xcos?x = 1 — 2sin” xcos2x;

o SuyraF =2|1—2sin’xcos®x| +4sin?xcos>x =2

m Chiing minh cac hé thic sau

1 +sin*a — cos* a 2 b) sin® (1 +cos ) _ sino+tano
1 —sin®a—cosba 3cos?a’ cos2a (1 +sine)  cosa+cotar’
2 )

tan o — tan COoS“ & — sIn” & .
tana —tan p = tanrtan f3; d) — 5= = sin® azcos? a.
cotf} —cota cot” @ —tan” o
1 —4sin®xcos®x ) 2 sin?x — cos® x + cos* x 4

e) — = (sinx — cosx); f) — —— = tan"x.

(sinx + cosx) cos?x — sin“x + sin” x
® Loi gidi.

TOAN 11 - CTST 17



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

) Tac 1 +sin*a —cos* a 1+ (sin? a + cos® &) (sin2 o — cos? o)
a) Taco =
- 6 6 } 2 ) )
l—sin®ot—cos®a 1 [(sm2 o + cos? Oc) — 3sin® occos? o (sm2 o + cos? Oc)}
1 +sin®a —cos?a 2sin o 2
1-[1-3 sin? @ cos? o] 3 sinocos?o 3cos?a’
) sino | 14+ ) )
b) Tacd sin o 4 tan ( cos sin® & (14 cos @)
a co = = )
cos o + cot o 1 cos?2o (1 +sina
cos o (1 + — ) ( )
sino
tan @ — tan 3
,tana —tanf  tano —tanf3 tan o — tan 3
c) Taco = = = tan artan 3.
cotff —coto 11 tan o tan 3
tanf tano
costa—sin® o cos? o — sin? o . ) cos? o — sin®
d) Taco — > = 5 —— =sin“ocos” & —
cot“a—tan“ o cos*a sin“Q costa —sin"
sinor  cos? o
. 1 .
= sin acos? o —— = sin” a cos? a.
cos? @ +sin“
) ) 2 )
. 1-4 sin? xcos? x (sm2x+ cos? x) —4sin®xcos?x
e) Taco — — = - 5
(sinx + cosx) (sinx 4 cos.x)
) 2 \2
(sin”x — cos?x) ) 5
= 5— = (sinx —cosx)”.
(sinx + cosx)
sin?x—cos?x+costx  sin®x—cos?x (1—cos®x) sinx (1—cos®x) A
f) Taco = = = tan" x.

cos2x —sinx+sin*x  cosZx—sin?x (1 — sinzx) "~ cos2x (1 — sinzx)
@ Chitng minh céc hé thiic sau khong phu thudc vao x.

sin6x+cos6x—|—2_ b) B = 1+cotx 2+ 2cotx
sin*x+cos*x+1’ " 1—cotx (tanx—1)(cot?x+1)’

a) A=

® Li gidi.
.. . 2 . .
a) Tacé sin* a +cos* o = (sin? a + cos &) " — 2sin® orcos? @ = 1 — 2sin” wcos® o
) . 3 3
sin® @ + cos® o = (sm2 o) + (cos2 o)
= (sin2 o + cos? o) (sin4 o+ cos* o — sin? a cos?
—sin* a0 +cos* a —sin? o cos? o = 1 — 2 sin® a cos
=1—3sin?acos?a.
Do d6 A 1-3sinacos’a+2 3(l—sinacos’a) 3
od6 A= = =Z.
1 —2sin?acos?a + 1 2(1—sin2a0052a) 2
Vay A khong phu thudc vao x.

a)
2 2 2

o —sin” o cos” O

| 1 )y 2cos?x
. .2 ,
b) Tacé B = " lanx _ sinx _ tanx+1 2 (sin”x + cos®x)
1 1 tanx — 1 tanx — 1
- ——  (tanx—1)——
tanx sin? x
_ tanx+ 1-2 _q
~ tanx—1
Vay B khong phu thudc vao x.
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1. GIATRILUONG GIAC cUA oc LuonG clAC |
@<>> BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 16i tir cau 1 dén cau
25. M0Gi cau héi hoc sinh chi chon mét phuadng an.

Cau 1. Khang dinh nao sau day la ding?

A. 1rad =60°. B. 1rad = (&ﬂO) . C. lrad=1°. D. 1 rad = 180°.

L& gidi.

180-1
Ta c6 7 rad tuéng ting v6i 180°. Suy ra 1 rad tuong dng véi x°. Vay x = et
Chon ddp an (B) . ...\ttt ettt e e O
Cau 2. Pdi s6 do ciia goc 108° sang don vi radian.
3n T 3n T
A —. B. —. C. —. D. —.
2 10 5 4
Loi gidi.
Chon ddp an (C) ... ..o O
Cau 3. Dai sb do clia géc 70° sang don vi radian.
A L B. 2. c 2 D. .
18 18 T 187
Loi gidi.
Ap dung cong thitc o = % véi o tinh bing radian, a tinh bang do.
Ta ¢6 o — a-r 10 Irn
~ 180 180 18’
Chondap an (B) ... ..o . O
~ o % . , T . aa
Cadu 4. Dai s6 do cia goc B rad sang don vi do.
A. 6°. B. 15°. C. 10°. D. 5°.

L& gidi.

_(oc-lSO

NN ’ a-n ° p , Y . , Y A
Tu cong thuc o = 180 =a= ) vO1 o tinh bang radian, a tinh bang do.

o

T
° — 180

-180
Tacéa:(a ) =12 ) =15

/2 T
Chon dap a0 (B) . ...\ttt ettt e O
Cau 5. Péi s6 do ciia goc —5 rad sang don vi do, phuit, gidy.

A. —286°. B. 286°28/44". C. —286°44/28". D. —286°28'44".

Lo gidi.

o- 180)O B (—5.180

Tacda= ( = ) = —286°28/44".
T T
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20

Chon dadp AN (D) ...\ttt e e e O

Cdau 6. Trén dudng tron cung cé s6 do 1 rad 1a cung

A. c6 dd dai bang nita dudng kinh. B. c6 do dai bang dudng kinh.
C. c6 do dai bing 1. D. tuong ting v6i goc ¢ tam 60°.

Loi gidi.
Cung c6 do dai bing ban kinh (ntta dudng kinh) thi c¢6 s6 d6 bang 1 rad.
Chon dap a0 (A) . ... O

Cdu 7. Tinh d6 dai ¢ clia cung trén dudng tron c6 ban kinh bang 20 cm va s do 1_7r6
A. /=294 cm. B. /=3,39 cm. C. /=149 cm. D. /=393 cm.
Loi gidi.
Ap dung cong thitc £ = Rat = 20- 1_71:6 ~ 3,93 cm.
Chon dadp A0 (D) ...\ttt e e O
Cdu 8. Tinh d6 dai clia cung trén dudng tron c¢6 sb do 1,5 va ban kinh bang 20 cm.
A. 40 cm. B. 60 cm. C. 30 cm. D. 20 cm.
Loi gidi.

Taco/=aR=1,5-20 =30cm.

Chon ddp an (C) ... ..o O
Cau 9. X4c dinh s6 do ctia géc luong gidc dude biéu dién trong hinh bén. v
A. 405°. B. 385°. C. —405°. D. 45°.

Lo gidi.

Chon dédp 4n @ ........................................................................... U

Cau 10. X4c dinh s6 do ctia géc luong giac dugc biéu dién trong hinh bén. v
A. 450°. B. —450°. C. 810°. D. 90°.

L& gidi.
Chon ddp An (C) ... ..ot e e O
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1. GIA TR LUONG GIAC CUA GOC LUONG GIAC \ \

Cau 11. X4c dinh sb do ctia géc luong gidc dudc biéu dién trong hinh bén. v
A. 45°, B. —315°. C. 315°. D. 405°.

Loi gidi.
Chondap an (B) . ... ..o O
- . . 2 . T, . .z .3
Cau 12. Cho géc lugng giac (Ou,Ov) c6 so do la — 8%¢ lugng giac (Ou, Ow) c6 so0 do la R Tim
s6 do ctlia cac goc lugng gidc (Ov, Ow).
T
A. 5—|—k27r,k€Z. B. k2n, k€ Z. C. n+RkRm, keZ. D. k&, k € Z.
Loi gidi.
(Ov,0w) = (Ou,0w) — (Ou,0v) +k2x =t +k2m, k € Z.
Chon ddp An (C) ... ..o O

Cau 13. Mot chiéc dong ho, c6 kim chi gid OG chi s6 9 va kim phit OP chi s6
12. Sb do céc goc lugng gidc (OG, OP) 1a

A. —270° +k360°,k € Z. B. —90° +k180°,k € Z.

C. 90° +k360°,k € Z. D. 270° 4+ k360°,k € Z.

L1 gidi.
Theo hinh V&, cdc géc ludng gidc c6 tia dau OG va tia cudi OP sé c6 s6 do —90° + k360° hay 270° +
K360° k € 7.
Chon ddp A0 (D) ...\t O

Cdau 14. Trén dudng tron lugng gidc c6 diém gbc 1a A. Piém M thudc dudng tron sao cho géc lugng
gidc (OA,OM) c6 sb do 45°. Goi N 1a diém dbi xding v6i M qua truc Ox. S6 do cc goc lugng gidc
(OA,ON) 1a

A. 135°4k360°. B. —45°.

C. 315°. D. —45°+k360°,k € Z.

Loi gidi.

Vi s6 do géc lugng gidc (OA,OM) bing 45° nén AOM = 45°, N l1a diém dbi xung v6i M qua truc Ox
nén AON = 45°. Do d6 sb do céc goc luong gidc (OA,ON) 1a —45° 4 k360°, k € Z.
Chon dap 40 (D) ...\ttt e O

Cau 15. Géc lugng gidc ndo sau day c6 cac diém biéu dién trén dudng tron lugng gidc goc A tao
thanh mot hinh vudng?
k2rm km km

A. . B. —. . —. D. ;
3 > C 3 km
Loi gidi.
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Hinh vé€ tham khao (hinh v€ bén). Hinh vuong CDEF cé goc DCE 12 45° y
km B
nén goc § tam la 90° tuong Gng > ¢ .
A %\ X
A
D
B’ E

Chon dAp A0 (B) ...ttt e e e e e O

Cau 16. Goéc lugng gidc nao sau diy c6 cac diém biéu dién trén dudng tron luong gidc gbc A tao
thanh mot tam gic déu?
km k2w km

. B. k. c. X7 D. X%
3 & 3 2

A.
Loi gidi.
. K2mw
Tam giac déu c6 goc 6 dinh 1a 60° nén goc ¢ tam la 120° tuong Gng =3
Chon ddp an (C) ... ..o O

Cau 17. Cho « thudc géc phan tu thit nhat clia dudng tron luong gidc. Hiy chon két qua ding trong
cac két qua sau day.

A. sina > 0. B. cosa < 0. C. tanox < 0. D. cota < 0.
Loi gidi.
sina >0
N s cosa >0
Do a thudc goc phan tu thu nhat =
tana > 0
cota > 0.
Chon dap an @ ........................................................................... O
Cdu 18. Cho o thudc géc phan tu thif ba ctia dudng tron ludng gidc. Khang dinh nao sau day la
sai?
A. sino > 0. B. cosa < 0. C. tanoa > 0. D. cota > 0.
Loi gidi.
sinoe <0
o s o cosa <0
o thudc goc phan tu thu hai =
tana >0
cotor > 0.
Chon dap an (A) ... .o 0

- o . . e x ) o ox. 26w
Cau 19. Cho diém M (xp;yp) trén dudng tron lugng giac biéu dién cho goc lugng giac ¢6 so6 do =3

Khing dinh nao sau day la ding?

A. M thudc géc phan tu thit I ctia dudng tron ludng gidc.
B. M thudc géc phan tu thif II ciia dudng tron lugng gidc.
C. M thuoc géc phan tu thi III ctia dudng tron lugng gidc.
D. M thudc géc phan tu thii IV clia dudng tron luong gidc.
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Loi gi(’:i.
2671 B 2w+ 247w B 27
3 3 3

d e X 2 P ., 267[«. < e Al A « X B . ., th A
Suy ra diém biéu dién cua goc lugng giac 3 trung véi diem biéu dién cua goc luong giac 3 Viay

Xét + 8.

M thudc géc phan tu thi II cia dudng tron luong gidc.
Chondap an (B) ... ..o O

Cau 20. V6i moi a € R thi tan (20177 + @) bing

A. —tana. B. cotc. C. tana. D. —cota.
Loi giéi.
Ta c6 tan (20177 + o) = tan c.
Chon dép an @ ........................................................................... O

~ e .z .. (97 N
Cau 21. V4i moi so thuc o, ta ¢ sin <7 +(x> bang
A. —sina. B. cosc. C. sinc. D. —cosa.
Loi gidi.

., . (97 ) T (T
Ta co sin 7—1—06 :sm<47t+——|—a):sm(§+a>:cosa.

2
Chondap an (B) ... O
Cdu 22. Biét A,B,C la cic goc clia tam gidgc ABC, ménh dé nao sau day ding.
A. sin(A+C) = —sinB. B. cos(A+C) = —cosB.
C. tan(A+C) = tanB. D. cot(A+C) = cotB.
Loi gidi.

Vi A,B,C laba goc cia mot tam giac suyraA+C = — B.
Khi d6 sin (A +C) = sin (7 — B) = sinB;cos (A+C) = cos (r — B) = —cosB.
tan (A +C) = tan (7 — B) = —tanB;cot (A +C) = cot(w — B) = —cotB.

Chon dap an (B) .. ...ttt 0
~ ., . 12 & )
Cau 23. Cho goc o thdéa man sino = A < a < x. Tinh cos Q..
1 5 5 1
A. cosa:E. B. cosa:E. C. cosa:—ﬁ. D. cosa:—ﬁ.

Lo gidi.
5

cosa =4V 1—sina =+— 5
Ta co 13 = CoOSsO¢{ = ——
T 13
—<a<Tr
2
Chon dadp A0 (D) ... .ottt O
~ , o 5 . RV A
Cadu 24. Cho goc a thda man cos @ = —van <a< > Tinh tan .
3 2 4 2
A. tano = ———. B. tanax = —. C. tana = ———. D. tanax = ———.
V5 V5 V5 V5

Lo gidi.

TOAN 11 - CTST 23



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

2
/ sina = &+ l—cosza:ig 2 sina )
Ta co = 0=—-=tana = = —.
3n 3 cosat /3
T<o< —
2
Chon dap an (B) .. ..\ttt ettt et O
. . 3sina —2cosQ
Céu 25. Cho géc o thoa man tan o = 2. Tinh gid tri bidu thic P = b =¢85
Scosa+7sino
4 4 4 4
A.P=——. B. P=-. C. P=——. D. P=—.
9 9 19 19

Lo gidi.

Chia ca ti va mau cda P cho cos @ ta dudc P = Stano —2 = 3:2-2 = i
i 54+7tanx 547-2 19

Chon dadp A0 (D) ...\ttt e e e O

PHAN Il. Cau tric nghiém ddng sai. Hoc sinh tra 16i tir cAu 26 dén cau 30. Trong mdi
y a), b), c¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

Cau 26.
Cho luc gidc déu ABCDEF ndi tiép trong dudng tron ludng giac (thi tu di y
tif A dén céc dinh theo chiéu ngudc chiéu kim dong ho). Xét tinh ding sai B
clia cac khang dinh sau: ¢
a) Cic goc lugng gidc (OA, OB) c6 s6 do 1a 3 +k27t keZ. .
27
b) Céc goc lugng gidc (OA, OC) c6 sb do 1a 3 +k2m k € 7. b A
2n
¢) Ciéc goc lugng gidc (OA, OE) c6 s6 do la 3 +k2m k € 7. E /
d) Cic géc lugng gidc (OA, OF) c6 sb do la g +k2n k€ Z.
Loi gidi.
Ta co y
T B
sd(OA,0B) = 3 +k2m, ke Z c
2
sd(0A,0C) = = +komkel x
T
sd(OA,0E) = 3 +k2n ke Z
5 E
sd(0A,OF) = ?” YRk EZ. F
Chon ddp 4n |a ding | b ding | csai [dsai] ............ooo i O
- oz | C e o
Cadu 27. Cho biet sina = ~3 Xét tinh dung sai ciia cac khang dinh sau:
2 3 2v/2 2 2v/2
a) Neu o e <7r,77r> thl cos o = T\/_ b) Neéeu o € (—g;0> thi coso = —%_.
. 3 2 . 3 2
¢) Néua e (7:77[) thi tano = \/T_ d) Neu a € (”Tﬂ) thi tano = —%.

24 TOAN 11 - CTST




1. GIA TRI LUGNG GIAC CUA GOC LUGNG GIAC

Loi gidi.
Tacécosla=1—sina=1-— (1>2— 8
B - 3/ 9
3 242
a) Vizt<a< gnéncosa<0.Dodécosa:—T\/_.
242
b) Vi—g <OC<0néncosOC>0.Dodécosoc:%—.
1
i D) 2
¢) tanox = SImo = 3 :i.
cos o 2v/2 4
3
1
in o Y 2
d) tanazsm = 3 :£
cos o 242 4
3
Chon ddp dn |asai | bsai [cding [dsai| ... O
Cdu 28. Cho biét cos o = —0,8. Xét tinh diing sai ciia cac khang dinh sau:
. . 3
a) Néuac (gn> thi sin & = 0,36, b) Néua e (n; 7”) thi sin & = —0,36.
2 /4 4 2 T 3
¢) Neua e (E,ﬂ?> thl cota = —3 d) Neu o € (5,71:) thi cota = T
Loi gidi.

Tacé sin ot =1 —cos>a = 1—(—0,8)> =0,36

a) Vi g < a < mnénsina > 0. Do dé sina = /0,36 = 0,6.

3
b) Viz<a< 7” nén sina < 0. Do d6 sint = —/0,36 = —0,6

T cose —0,8 4
Xeét (—; )th\ t=—— = ——— = ——.
c) Xétae 271' icota S 0.6 3

T cosae —0,8 4
d) Xéta (—;n) thi cotor = — = =,
) Xeta e 2 1eo sinQ 0,6 3

Chon dap én’a sai | b sai [ c ding | d sai‘ .................................................... 0J

Cau 29. Cho diém M (x¢;yo) trén dudng tron lugng giac biéu dién cho goc lugng gidc c6 s6 do a thda

7 C s .
coto = 3 Xét tinh dung sai cua cac khang dinh sau:

3 . 9 49
a) tano = 7 b) xg vaygcung dau. c¢) sinfa = — d) cosla=—.

58" 58

LS gidi.

1 3
a) tano — ==
cotax 7

3 . . N %
b) Dotana = 7 > 0 nén sin@ = y( va cos & = xo cung dau.
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26

o sifa——— 2
~ l4cot2o 58
9 49
2 :1— in2 :1——:_
d) cos“ o sin“ 58 = 53
Chon ddp 4n |a ding | b ding | cding | dding| ......... ... O

Cau 30. Trong ching dua nudc rit, banh xe ciia mot van dong vién dua xe dap quay dugc 30 vong
trong 8 gidy.Biét ring ban kinh ctia banh xe 12 35 cm. Chon chiéu quay ctia banh xe 1a chiéu duong.
Xét van V cua banh xe.

Xét tinh ding sai ctia cc khang dinh sau:

a) Sau 1 gidy, van V cua banh xe quay dugc 4 vong.

b) Sau 1 phuit, van V ctia banh xe quay dugc 225 vong.

¢) Sau 1 phiit, van V ctia banh xe quay dudc mdt géc c6 sb do 1a 4507,

d) Do dai quang duong ma van dong vién dua xe dap da di dugc trong 1 phat la 494,8 m (Iam tron
dén hang phan chuc).

Loi gidi.
A - 30 .
a) Sau 1 gidy, van V cua banh xe quay dudc 3= 3,75 (vong).
b) Sau 1 phut, van V cia banh xe quay dugc 3,75 - 60 = 225 (vong)
¢) Suy ra sau 1 phit, van V ciia banh xe quay dudc mot goc 6 s6 do 1a 225 -2 = 4507,

d) Mbi géc 6 tam véi s6 do 1 rad chan mot cung c6 do dai bang ban kinh banh xe r = 0,35 m.
Do do6 do dai quang duong ma van dong vién dua xe dap da di dudc trong 1 phut 1a 4507 - 0,35 ~

494.8 m.
Chon ddp 4n |a sai | bding | cding [ddung| ...............o.. O
PHAN I1l. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i tir cAu 31 dén ciu 35 vao 6
két qua.
. g, 3. .m 3sino <
Cadu 31. Biéetsina = — va — < o < 7. Tinh gia tri ctia cac biéu thic A = ———— (lam tron
) . 5 2 2cosa —tan o
den hang phan chuc).
Loi gidi.
Visina = 3 va r <o <mTnéncoso = — tanoc——3 vacoto = —4 Suy ra
—572 ot E Ty I Mk
3
3.2
36
A= S = 2,1
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DD AN |2, L | o e U

- L. T \
Cadu 32. Mot dudng tron cd ban kinh 30 cm. Tim do dai ctia cung c6 s6 do 5 (ket qua tinh bang don

vi cm va lam tron dén hang phan tram).

LS gidi.

Do dai clia cung c6 sb do % lal; = % 30 =271~ 6,28 (cm).

bap an: m ............................................................................. U

Cadu 33. Banh xe ctia ngudi di xe dap quay dugc 15 vong trong 8 gidy. Tinh do dai quang dudng ma
ngudi di xe da di dugc trong 2 phiit, biét ring dudng kinh ciia banh xe dap 12 700 mm (két qua tinh
biang m va lam tron dén hang don vi).

Lo gidi.

e VGi moi vong banh xe da quay dugc mot goc 360° (hay 27) Trong 8 gidy banh xe quay dugc 15

15 157
vong nén 1 gidy banh xe quay dugc mot géc o = §.27r = = o =675°
s A 15z . s : .
e Trong 1 gidy banh xe quay dudc mot goc o = e nén quang dudng ma xe di dugc trong thoi

157 700
gian 2 phutla/ = TE.T.IZO = 4948008,429mm ~ 495m

DD AN (405 | U
Cdu 34. Kim git dai 6 cm va kim phut dai 11 cm ctia dong ho chi 4 gio. Hoi thdi gian it nhat d€ hai
kim vuong géc v6i nhau 1a bao nhiéu? Liic d6 tdng quang dudng hai ddu muit kim gid va kim phiit di
duoc 1 bao nhiéu? (két qua dudc tinh bang don vi cm va lam tron dén hang phan trim)

L& gidi.

Yo

- { G- gm---- 349
6

Sau ¢ (gio) tu luc 4 gio kim phut quay t6i goc 90° — ¢ - 360° va kim gio quay t6i goc —30° — ¢ - 30°.

2 1
Hai kim & vi tri vudng géc sém nhat khi 90° —r-360° — (—30° —¢-30°) =90° =1 = e

Vay thoi gian ngan nhat d€ hai kim & vi tri vudng géc 1a sau 11 gio.
Liic d6 tdng quing dudng ciia hai dau kim di dugc 1a
1 2z 237w

1
S_ﬁ.2n.11+ﬁ.ﬁ.6_TN6,57cm.
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bép an: m ............................................................................. U

Cadu 35.

Thanh OM quay ngudc chiéu kim dong hd quanh gbc O cia né trén
mot mit phang thang ding va in bong vudng géc xudng mit dit nhu
hinh bén. Vi tri ban du cta thanh 1a OA. Hdi d6 dai bong O'M cia

60 )
OM khi thanh quay dudc B vong la bao nhiéu, biét do dai thanh OM

12 10 cm? Két qué tinh theo don vi cm va 1am tron dén hang phan musi.

L&i gidi.
60 1207
Tach o = — 2= 0.
aco =72 =—7 -
Suy ra O'M' = |OMcosa| = ‘IOcos 1371: ~7,5cm

DD AN |7 | e U
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52. CAC PHEP BIEN POI LUGNG GIAC

LY THUYET CAN NHO

n Cong thirc cong:

® sin(a+b) = sinacosb+ sinbcosa.
@ cos(a+b) =cosacosb —sinasinb.

tana +tanb

Y o) = 1 —tanatanb’

B3 cong thirc nhan doi:

@® sin2a = 2sinacosa.

® cos2a=2cos’a—1=1-—2sin’a.

E) cong thirc ha bac:

@ sinq— 1 —cos2a
2

@ tanza:w.

1+cos2a

I3 cong thirc bién ddi fich thanh téng:

1
® cosacosb = 5 [cos (a+b) +cos (a—D)).

1
@ sinasinb = =3 [cos (a+ D) —cos (a—D)].

1
@ sinacosh = 3 [sin (a4 b) 4 sin (a — b)].

1
@ cosasinb = 5 [sin (a+ D) —sin(a —b)].

B} cong thirc bién ddi tdng thanh tich:

a—>b

) cosa+cosb:2cosa >

COS

a+b a—>b

® sina+sinb = 2sin cos 5

sin(a — b) = sinacosb — sinbcosa.

cos(a—b) = cosacosb +sinasinb.

tana —tanb
tan(a —b) = ———.
1 +tanatanb
cos2a = cos?a — sin®a.
2tana
tan2a = —
1 —tan“a
2 1+cos2a
cos“q = ———.
2
. a . a—>b
@ cosa—cosb = —2sin sin 5
) ) a . a—>b
@ sina—sinb = 2cos sin >
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@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' St dung coéng thirc cdng, cdng thirc nhan doi

=Bai 1. Khai trién:

a) cos (x+§); b) cos (x— g); ¢) sin(x+60°);
d) sin (g—x>; e) tan <a+§); f) tan (g—2a>.
Loi gidi.

= Bai 2. Haiy tinh

i
a) sin75° b) sin15° c) tanﬁ.
5w .
d) cotg. e) cos795°. f) sin18°.
Loi gidi.
6 2
a) sin75° = sin (45°+30°) = sin45° cos 30° 4 c0s45°sin30° = #
6—+2
b) sin15° = sin (60° — 45°) = sin60° cos45° — cos 60° sin45° = #
tan i —+ tan ﬂ:
rn /4 3 4 3+1
c) Tacétan—:tan(—+—>: 3 7 47r:\/_+ =—-2—-/3.
12 3 4 1 —tan—tan — 1-v3
3 4
d) Taco cot57r = cot (ﬂ + ﬂ) = —tan 7[
8 2 8/ 8
ZtanE
Laicol= tanE = tan (2- E) = —8%, suy ra:
4 8 1—tan2§
1—tan2% :Ztang @tanzg—i—Ztang— 1 :()<:>tang =—-1 —\/Ehozic tang =—14+V2.

5
Vltang > 0 nén tang =—14++/2. Vay cot?n =1-v2.
e) Tacd795° =75°42-360° = 30° +45°42-360° nén

c0s795° = co0s75° = cos(30° 4 45°)
= ¢c0s30°cos45° —sin30° sin45°

22 2 2 4
f) Ta co 54° +36° = 90° nén sin54° = cos36° (x). Trong do

e c0s36° =cos(2-18°) =1 —2sin” 18°.
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e sin54° =sin(18° +36°) = sin 18° cos 36° +sin36° cos 18°
=sin18° (1 — 2sin? 180) +25sin 18° cos? 18°
= sin18° (1 —2sin® 18°) + 2sin 18° (1 —sin® 18°)
= 3sin18° —4sin’ 18°.

Thay hai két qua nay vao (¥), ta ducc
3sin18° —4sin? 18° = 1 —2sin? 18° <> (sin18° — 1) (4sin® 18° +2sin18° — 1) =0
V5-1 V5+1

2

hodc sin18° = .
odc sin 5

V5—-1
—

< sin18° =1 hodc sin 18° =

Vi0 <sinl18° < 1 nénsinl8° =

— N 1
=Bai3. Chosina = —; va 3; < a < 2m. Tinh cos ¢, tan a; cos2¢ va sin <a+ %)

Loi gidi.
9 16 4

2 )
a sin® o 55 =55~ COsG =t

3n 4
Do > <o <2mnéncosa > 0, suy ra cos o = 5

Ta co cos

sin o 3

e tanx = = .
cos Q. 4

7
cos20 = 1 —2sin*a = —.
* 25

sin (a + 19%) sin o - cos (19717) +cos o - sin ( 19%) 7\/5
[ ] _— = . _ . _— = —
4 4 4 10

— . . , 3 .
=Bai4. Chotana = -2 Vag< o < . Tinh cos o, cos (Oz—?ﬂ) va tan (a—kE).

4
Lbigiéi.
1 1 V5
Ta cé 2g=— == o=t+—.
a cO cos Talo 3 coS 5
T 5
DOE<Oc<nnéncosoc<0,suyracoso¢:—\/?_.
. 2V/5
° s1noc:tanoc-cosoc:T.
cos(a 37r) cos o cos(3n)+s'noc sin<3ﬂ) 3V10
[ ) _—— = . _— 1 . _— = —
4 4 4 10
T
t (a_}_ﬂ:) tana—HanZ 1
® lan — | = = ——,
4 T 3

1 —tan o - tan —
4

—_ e 4 . L .
=Bai5. Chocos2o = —3 vi1 g <a< g Tinh sin &, cos &, sin <a+§>, CoS <206— %)

TOAN 11 - CTST

\ \

31



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
L&i gidi.

¥/ T . < ~ . A 2
Vi 1 <a< > nén sin@ > 0,cos & > 0. Ap dung cong thic ha bac, ta co :

osinza—ﬂ—ijsma i
B 2 10 RV
cos?a Itcos2or 1 = cosQt = !
[ ) = - = — = —.
2 10 v 10
Theo cong thic cong, ta co
sin(oc—l—n) sinacosn+cosasinn 3 1 ! \/§ 3+\/§
[ J —_ et — —_ = . — RS
3 3 3 V10 2 Vi 10 2 2V/10°
° cos(2a—7r>—cosZ(Xsinn+cosnsin2a——4 \/E \/E > ! ——\/E
4) 4 4 5 2 2 \/_10 V10 10°
DT Iel St dung cdng thirc bién ddi tich thénh tdng
= Bai 6. Hay tinh gi4 tri clia cac biéu thic sau:
a) A =cos45°cos15°. b) B =cos75°sin15°.
11z 5m
— sin75°sin 15°. D — sin —— cos —
¢) C=sin75%sin15 d) sin B cos Tk
Loi gidi.
1 1 1 3
a) A= 5 (cos(45°415°) 4 cos(45° —15°)) = 5 (cos60° +cos30°) = +T\/_
1 1 2—43
b) B= 5 [sin (75° 4+ 15°) —sin (75° — 15°)] = 3 (sin90° —sin60°) = 4\/_.
1 1 1
c) C= —3 (cos(75° 4 15°) —cos(75° —15°)) = —3 (c0s90° —cos60°) = )
11 5 1 16 -2 2—+3
d) D= sml—zﬂcosl—;r =3 [sin (1—;) + sin <_72r)] [sm( ﬂ) + sin (g)} = 4\/_.
= Bai 7. Bién ddi cac biéu thic sau day thanh mot tdng:
a) cosSasin3a. b) 2cos(a+b)cos(a—b).
¢) sin(a—b)cos(b—a). d) 4cosxcos2xcos3x.

Loi gidi.
. . I . . I . .
a) cos5asin3a = sin3acos5a = 5 [sin (3a — 5a) + sin (3a + 5a)] = 5 [sin (—2a) + sin8a].

1
b) 2cos(a+b)cos(a—b) =2- 5 [cos(a+b—a+b)+cos(a+b+a—b)] =cos2b+ cos2a.
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1 1
¢) sin(a—>b)cos(b—a) = 5 [sin(fa—b—b+a)+sin(fa—b+b—a)| = Esin(2a—2b).

d)

4 cosxcos2xcos3x

1
4 (cos4xcos2x)cosx =4 - 5 (cos2x+ cos6x) cosx

2c0s2xcosx+2cosb6xcosx = cosx + cos3x+ cosSx+cos7x.

= Bai 8. Bién ddi mdi biéu thic sau diy thanh mot téng:

a) A=2sin(a+b)sin(a—b)

b) B = sinxsin2xsin3x

a) A=2sin(a+Db)sin(a—b) =
Vay A = 2sin(a+b)sin(a — b

¢) C =8cosxsin2xsin3x
d) D = cosxcos (x+60°)cos (x —60°)
Loi gidi.

[cos(a+b—a+b)—cos(a+b+a—Db)] = cos2b—cos2a.

cos2b — cos2a.

||[\)|>—t

2.
)

1
b) B = sinxsin2xsin3x = sin3x(sin2xsinx) = 5 sin3x[cosx — cos 3x]

1 1 1
=3 sin3xcosx — 5 sin3xcos3x = 2 [sin2x 4 sin4x| — 2 sin6x.

1 1 1
Vay B = sinxsin2xsin3x = 1 sin2x 4 —sin4x — 1 sin 6x.

4

C = 8cosxsin2xsin3x = 8sin3xsin2xcosx = 4 [cosx — cos 5x| cosx
= 4cos?x —4cos5xcosx = 2 (14 cos2x) — 2 (cos4x +cos 6x) .
Vay C = 8cosxsin2xsin3x =2+ 2cos2x —2cos4x — 2cos bx

1
d) D = cosxcos(x+60°)cos(x—60°) = cosx- 3 [cos 120° + cos 2x]

=Bai 9. Ching minh sin20° -sin40° - sin60° - sin 80° = i

Ta co

= —COSXx

vr

1
[_E + cos Zx}

/~

1

1
~7 cosx+ 3 COS2XCOSX = ~ cosx+ 1 cos2x + 1 cos4x.

1 1 1
Véy D = cosxcos (x4 60°) cos (x —60°) = —Zcosx+ —cos2x+ Zcos4x.

4

16

Lo gidi.

1
(c0s20° — cos60°) - 5 (cos20° — cos 140°)
(c0s20° —cos60°) (cos 20° 4 cos40°)

c0s%20° 4 c0s 20° cos 40° — cos 60° cos 20° — cos 60° cos 40°>

Blm B =B = B = =

7~ N 7N

1 40° 60° 20° 1 1

+ C;S + cos —; cos ~3 c0s20° — 5 cos 40°>
L 1) 3
2 4/ 16
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34

DT lel S&r dung cong thirc bién ddi tdng thanh tich

= Bai 10. Bién d6i cic biéu thiic sau diy thanh mot tich.
a) A =sina+ sin3a+ sinSa. b) B=1+cosx+cos2x+ cos3x.
Loi gidi.
a) sina+ sin3a+sin5a = sin5a+ sina + sin3a = 2sin3acos2a + sin3a = sin3a(2cos2a+1).
Véy A = sina + sin3a + sinSa = sin3a(2cos2a+1).

b) B=1+cosx+ cos2x+ cos3x = (cos3x+cosx)+ (cos2x+ 1)

3
= 2cos2xcosx+2cos’x — 141 = 2cosx(cos2x +cosx) = 200sx~200s?xcos§

3
Vay B = 1+ cosx 4 cos2x + cos 3x = 4cosxcos Ex cos %
=Bai11. Chiing minh
a) sin65°+sin55° = v/3cos5°. b) cos12° —cos48° =sin18°.
¢) sin20° —sin 100° 4 sin 140° = 0. d) tan9° —tan27° —tan63° +tan81° = 4.

L& gidi.

a) Ta cé sin65° +sin355° = 2-sin60° - cos 5° = /3 cos 5°.
b) Tacd cos12° —cos48° = (—2)-sin30° - sin(—18°) = sin 18°.

¢) Tacosin20° —sin 100° +sin 140° = (sin20° + sin 140°) —sin 100° = 2-sin80° - cos 60° — sin 100° =
sin80° — sin80° = 0.

d) Taco

tan9° —tan27° —tan63° +tan81° = (tan9° +tan81°) — (tan27° 4 tan63°)
sin90° sin90°

c0s9°-cos81° co0s27°-cos63°
c0s27°-cos63° —cos9°-cos81°

c089°-cos81°-cos27°-cos63°

1 1
5 (c0s90° +cos36°) — 5" (c0s90° +cos 72°)

1 1
3" (c0s90° 4 cos36°) - 5 (c0s90° +cos72°)
2-(c0s36° —cos72°)
c0s36° - cos 72°
(—4) -sin54° - sin(—18°)
sin54° - sin 18°

= 4

DT 'o' Cédc bai todn chirng minh, rit gon
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= Bai 12. Ruit gon céc biéu thic:
n
V2cosa —2cos (Z ~|—a>

—+/2sina -+ 2sin (%—i—a).

a) A= b) B = (tana —tanb)cot(a —b) —tanatanb.

LS gidi.

n n
V2cosa—?2 (cos—cosa—sin—sina) V2sina
a) Taco A= ?t 47': = = tana.
— 2sina+2<sinzcosa+coszsina) V2cosa

b) Tacd B=tan(a—b) (1 +tanatanb)cot(a — b) —tanatanb = 1.

= Bai 13. Chiing minh cic biéu thtic sau

sina + sin B cos (o + )

cos o — sin B sin (o + fB) =tan (o + ).

a) sin (o +B)-sin(a — B) = sin® a — sin’ B. b)

Loi gidi.
L . 1
a) Tacosin(a+f)-sin(a—p) = —3 (cos2a —cos2p)
1
=—3 [(1 —25in206) —(1 —ZSinzﬁ)} = sin® o — sin® B.
: L. . :
b) Taco sina+sinfcos(a+B) smOH—E[sm(a—kZB)—l—sm(—a)]
_ . . - 1
cos a—sin B sin (a+ ) cos o — (—5) [cos (@ +2f) —cos (—a)]
_ sina+sin(a+2f)
~ coso +cos (o +2f)
2si —
_ 2sin(a+B)cos(—p) N
2cos(a+fB)cos(—P)
= Bai 14. Chiing minh biéu thiic sau khong phu thudc vio x.
2 2
a) A= cos? o + cos? <?ﬂ+a) + cos? <?ﬂ — oc);
b) B =cos (Oc— ﬂ:> cos <Oc—|— 71') + cos (OH— 71:) cos (OH— 371?)
B 3 4 6 4 )

Lo gidi.

2 2
a) Taco A = cos? o + cos? (?7[4—06) + cos? (?7[ — a)

1 4 4
= — [3+0052(x+cos <_7r +2(x) + cos (_75 —2a>}
2 3 3
1 4
= 3 [3+c052a+2003gcos2a} = 5
Vay A khong phu thudc vao x.
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36

T cos(a+g):—sin(a—§)

T T A
b)\ﬁa—l—g:((x—g)—i-isuyra Cos(a+3_n.>__sm<a+z> nén
B 4

T2 2 2 2T T4

Vay B khong phu thudc vao x.

= Bai 15. Chiing minh c4c dang thiic sau trong diéu kién c6 nghia ctia biéu thic

3 1 1-— o 2a
a) sin* o+ cos* a0 = = + — cosda b) _COS + (,:OS =cotw
4 4 sin2¢ — sin &
0 sin* ot — cos* o + cos? a cos o d 1 —cos2x+sin2x cot 1
= —. . X =
2(1 —cos) 2 1+ cos2x +sin2x
Loi giéli.

1
a) VT = (sin® & + cos® a)? — 2sin arcos’ ot = 1 — Esin22(x

l—cosd4a 3 1
= 1—%:Z+Zcos4a:VP
b) VT = 1—c.0sa—|—20052'a—1 _ C?SG(ZCOS(X— 1) _ 09505 _ cota = VP,
2sinoccos o — sina sina(2cosa—1)  sina
) VT sin* o +cos?a(1 —cos?a)  sin*or+cos?asin?a sin® o(sin? o + cos® o)
C = = =
2(1 —cos ) 2(1 —cos) 2(1 —cos )
o
2
1—cos’a  l+coso 2€08° 5 , 0
= = = =cos” — = VP.
2(1—cosa) 2 2 2

2sin’x+2sinxcosx cosx  2sinx(sinx+cosx) cosx

d) P ~1.

2cos?x+2sinxcosx sinx  2cosx(sinx+cosx) sinx

DT '9' Van dung thuc tién

= Bai 16. Mot thiét bi tré ki thuat s lip lai tin hiéu dau vao bang cach ldp lai tin hiéu d6 trong mot
khong thdi gian cb dinh sau khi nhin dudc tin hiéu. Néu mot thiét bi nhu viy nhan dudc ndt thuan
f1(¢) = 5sint va phat lai dugc nbt thuan f>(t) = 5cost thi am két hop 1a f(t) = f1(t) + f>(¢), trong
d6 ¢ 12 bién thoi gian. Chiing té rang am két hop viét duge duéi dang f(¢) = ksin(z + @), tiic 1a am két
hop 1a mot séng Am hinh sin. Hay x4c dinh bién do &m k va pha ban dau ¢(—7x < ¢ < 1) clia séng
am.
Loi gidi.
T
Tacé f(t) = fi(t) + fo(t) = 5(sint +cost) = 5v/2sin (t + Z> Suy ra
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e Bién do am k = 5/2.

R T
e Pha ban dau ¢ = 1

=Bai 17. Trong Vit li, phuong trinh téng quét ctia mot vat dao dong diéu hoa cho bdi cong thiic
x(t) = Acos(wt + @), trong d6 ¢ 1a thai diém (tinh bing gidy), x() 12 1i d9 cla vt tai thdi diém ¢,A 1a
bién d6 dao dong (A > 0) va @ € [—; 7] 1a pha ban dau cla dao dong. Xét hai dao dong diéu hoa c6
phuong trinh:
T T
x1(t) = 2cos <§t + —) (cm),

6
x2(t) =2cos ( ) (cm).

T T
3’73
Tim dao dong téng hop x(t) = x1 (¢) +x2(¢) va st dung cong thiic bién ddi tdng thanh tich d€ tim bién
dd va pha ban dau ctia dao dong tdong hop nay.

Loi gidi.
T T ntoon
a6 x(t) =x(t) +x2(¢) cos ( 31+ ) Feos (31 —3 V/2cos 3 1) Suyma

e Bién do am k = 2v/2.

e Pha ban dau ¢ = —1—7;.

=Bai 18.

Mot sdi cap R dudc gén vao mot cot thflng ddng 6 vi tri cach mat
dat 14 m. Mot soi cap S khéac ciing dude gan vao cot d6 & vi tri
cach mat dat 12 m. Biét rang hai sdi cap trén cung dudc gan véi
mit dat tai mot vi tri cach chan cot 15 m (Hinh bén).

a) Tinh tana, 6 d6 o 1a géc gitia hai sgi cap trén.

b) Tim géc a (lam tron két qua dén hang don vi theo don vi
do).

Lo gidi.

a) Dit HOA = B va HOB = B;. Ta tinh dugc
AH 14 BH 12
t :—:—; = —= —,
np =40~ 15 Wh=H571s
Khi d6
tanf —tanff; 10
l+tanfBtanfB; 131

tano =tan (B — fBy) =

10
b) Véitano = Bl va goc 0 < o < 90°, suy ra o0 = 4°.

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN
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o Tinh

a) cos<oc—|—7r> biét sino = ! Vét()<0£<7r
3/)° V3 2

b) tan(a n) biét cos o = 1én<oc<n'
4) 3" '

" 4 2
¢) cos(a+b),sin(a—b), biet sina = g,()O <a<90°vasinb = 5,90o < b < 180°.

® Loi gidi.
2
a) D00<Oc<gnéncosa>0.Dod(’)cosa:m:\/;:?'
TaCéCOS(OC-I-n)—cosoccosn sinoasinﬂ:—\/61 1 V3 -3+6
3/ 3 3732 V3 2 6

/4 24/2
b) DOE<oc<7rnénsinot>0.D0dc’)sinoc:\/1—cos2 :T\/_.Suyratanoc:—%/i.

v/
ano—@ny ang -1 -2v2-1  9+4V2

Tacétan(a——): = = =
4 1+tanatan% tana+1 2241 7

3 5

¢) C60° <a<90°nén cosa = 3 90° < b < 180° nén cosb = —%.

3 —V5 42 8+3v5
cos(a+b):cosacosb—sinasinb:E-T\/——g-gz— +15\/_.
sin (a — b) = sinacosb — sinbcos 4 V5 23 6+4v5

a— = Sina — a=—-—-+— — —+— = — .

5 3 35 15

3 T
o Cho sina = 5 véi o € <§’ﬂ) Tinh gia tri cia sin2q va tan2a.
D Loi giéi.
16
Tacosin?o+cos?o=1=cos?ot =1 —sin?a = %5

T 4
Do a € <§,7r> nén coso < 0= cosa = —3

34 24
sin2o =2singcost =2-—- = = —.
] 55 25
sin & 3 2tan o 24
tano = :—:>tan2a:—2:—.
cosx 4 1 —tan‘ o 7

2
o Cho sin +cosa = 5 Tinh sin2a.

® Loi gidi.
Ta cé sina + cos o = 2 = (sinot+cos &r)* = % = sin® a +cos> o+ 2sinacos a = 75"
. Al 21
Do sin® o +cos? o = 1 nén sin2¢ = %5 1= 55
o Chiing minh céc dang thic sau
a) sin* ot +costor =1— lsin2 2u; b) sin® ot + cos® o = §+ %cos4a.

o Li gidi.
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. . . 2 ) |
a) Tacé sin* o+ cos* o = (sin® ot +cos? o) " — 2sin®acos?a =1— 3 sin”2a.

. . . 3 3 . .
b) Ta c6 sin® a + cos® o = (sin® )" + (cos® &) + 3sin* azcos? & (sin® ot + cos? &)
—3sin® acos? o (sin2 o + cos? a)
. 3 . 3 ...
= (sm2 o +cos’a)” —3sin*arcos’ o =1— 2 (2sinaccos @)

zl—gsinZZazl—g(l—coMa) = g+%cos4(x.

o Chiing minh c4c dang thic sau

a) 2sin (% + Ot) sin (Z—I - a) = cos2a; b) sina (14 cos2a) =sin2acosa;
I +sin20 —cos2o 1 2
; =tan; d) tano — =— .
I +sin20 + cos2o tan o tan20
® Loi gidi.
2 2
a) Taco 2sin (% + Ot) sin (g - Oc) =2 !g (cosa+sina) \/7— (cosa —sina)

= cos? @ — sin® o = cos2a.

b) Tacé sino (1+cos2a) =sino (1 +2cos’a — 1) =2sinocos® o = sin2arcos .

1+sin20 —cos20  sin2a+ (1 —cos2a)  sin20+2sin’ &

Ta c6 = =
©) Taco 1+sin20 +cos2a  sin2a+ (1+cos2a)  sin2a+2cos? o
2sina (cos o+ sin @)
= " =tana.
2cos (sino +cos &)
1 tan? ot — 1 2
d) Tacétano— —— =2 = — .
tan o 2-tano tan20o

o Chiing minh c4c dang thic sau:
. T . [
a) cosa-+sina = \/Qcos <Z —a) = \/Qsm (Z +a>.
. T . T
b) cosa—sina = \/§cos <Z —|—a> = \/Qsm <Z —a>.
® Loi giéli.

1 1 T T
a) Ta ¢6 cosa + sina = ﬁ(—cosa—l——sina) = ﬁ(cosacos——l—sinasin—) =
) ’ N AV 4 4
ﬁcos(z_a).

1 1 T T
Mait khac ta cling c6 \/Q(—cosa—k—sina) = \/§<sin—cosa+coszsin2> =

. V2T 4
V/2sin (Z + a) .
o Riit gon céc biéu thiic sau day
cosda — cos2a sina — 2sin2a + sin3a
A= — — b) B= .
2) sin4a — sin2a ) cosa —2cos2a-+cos3a
® Loi giéli.
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. cosd4a—cos2a —2sin3asina sin3a
a) TacoA=— - = - = — = —tan3a.
sinda — sin2a 2cos3asina cos 3a

) sina — 2sin2a+ sin3a (sin3a+sina) — 2sin2a
b) Taco B = =
cosa—2cos2a+cos3a  (cos3a+cosa)—2cos2a
2sin2acosa—2sin2a  2sin2a(cosa—1)  sin2a ran?
— = = - a.
2cos2acosa—2cos2a  2cos2a(cosa—1) cos2a

0 Rut gon bi€u thic sau

n /1
cosa+2cos2a+cos3a b) B— o8 <a+§>+cos (a_§>

sina+ sin2a +sin3a ’ cota — cot &
2

a) A=

® Loi gidi.
) (cosa+cos3a)+2cos2a 2cos2acosa+2cos2a
a) TacoA = — - - = — .
(sina+sin3a)+2sin2a  2sin2acosa+ 2sin2a

2cos2a(cosa+1)
= — = cot2a.
2sin2a(cosa+ 1)
. T T T
b) Ta co cos a—i—§ ~+ cos a—g :ZCosacosgzcosa;
a . a a .
a4 cosa cosi smicosa—cosisma
cota —cot - = — — a = a
sina . . .
sin — sinasin —
2
. (Cl ) . a
sin{ - —a —sin—
_ 2 _ 2 1
- . a0 .oa : :
sinasin — sinasin 2 Sina
cosa . sin2a
Suy ra B = = —singcosq = ———.
sina

v 1 —sin2a T N 0
o Chitng minh ring ————— = cot? (Z + oc), v6i diéu kién biéu thiic c6 nghia.

, 1 +sin2a
® Loi giai.
Ta cd 1 —sin2a  sin® a+cos? o — 2sin acos o _ (sino —cos a)?
a co : =
l+sin2a  sin a+cos2a+251noccosa (sinot 4 cos a)?

[\/Ecos(owr )] 2 cos? ( ) 2<a+z>’
T s

@ Chiing minh c4c dang thic sau
/4 T 2
a) sin? (§ +a> — sin? <§ —a> = %sinZa;
2 3
b) cos? a + cos? (Oc — g) + cos? (; — Oc) =5

® Li gidi.
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a) Tacd

sin’ (g —|—a> — sin? (g —a) =

Y/ T

. T ) T2 T . T
SIH§COSG+SIHCICOS§ — SlIlgCOSCl-SlIlClCOSg

\ \

2

T

) ) ) ) 2 .
= 4sin— cos — sinacosa = sin — sin2a = — sin2a
8 8 4 2

b) Tacd

b9 27
0052 o +0052 (a — §> +0052 <? — a)

2 T . T\2 2n . 21 . 2
= Ccos" O+ cosacosg—i—smasm— + cos—cosa—l—sm?sma

3 3

1 3
= cosza+2<zcosza+zsin2a) =

m Tam giac ABC vudng tai B va c6 hai canh goc vudng la AB =
4, BC = 3. V& diém D nam trén tia ddi cla tia CB thda man
CAD = 30°. Tinh tanBAD, tu d6 tinh d6 dai canh CD (lam
tron dén hang phan chuc).

® Loi gidi.
< DA . BC 3 -
bat BAC = ¢ thitan¢ = B Theo hinh vé

tanBAD = tan (¢ +30°) =

% (cos2 a + sin® oc)

>

tan@+tan30°  48+25\/3

~ l—tan@tan30°
. — BD —
Ta co tanBAD = 1B = BD = ABtan BAD. Khi d6

CD = BD — BC = ABtanBAD — 3 = 6,4.

39

@ Dao dong ctia mdt vat 12 tdng hop clia hai dao dong diéu hoa cling phuong, c6 phuong trinh lan
lugt 1a x; = 6¢0s 1007t (mm) va x, = 6sin 10077 (mm), (¢ tinh bf?lng gidy). Tinh li do cua vat tai

thdi diém t = 0,25 giay.

@ Chiing minh trong moi tam gidc ABC ta déu c6

A. B . C
a) cosA—+cosB+cosC = 1+4sin§sin§sin§

b) cos?A+cos?B+cos?C = 1+2cosAcosBcosC.

)t At B+t tan — + tan —t A—l-
C anzanz anzanz an2an2—,

d) cotA +CotB+cotC —cotAcothotC
2 2 2 27272

D Loi gidi.
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a)
b)
) Tacot (A+B> ) (n C) t(C) 1 g
¢) Tacotan| —=+—= ) =tan| = — = ) =cot{ = | = ——. Suyra
272 2 2 2 c >
tan —
2
A B
tan5+tan§ = ! @tanAtanC—i—tanBtanC—l tanAtanB
] A e 272 272 2 2
—tanitanz tal’lz

Tuc la tanAtanB —|—tanBtanC—|—tanCtanA =1
272 272 2 2

d) Tir két qua cdu a) ta c6
1 1 Lo e eor€ — corh ot B oo €
t—F ¢t ¢ 4 =1 ©cots Feots +cot S = cotcotcot -

A B 2 2 2 2 2
cot 5 cot 5 cot 5 cot 5 cot E cot E

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 16i tir cau 1 dén cau
20. Moi cau héi hoc sinh chi chon mét phuong an.

Cdu 1. Khing dinh nao sau day 1a khang dinh sai?

A. cos(a—b) =sinasinb + cosacosb. B. cos(a+b) =sinasinb — cosacosb.
C. sin(a—b) =sinacosb — cosasinb. D. sin(a+b) = sinacosb+ cosasinb.
Loi gidi.
Ta c6 cos (a+b) = cosacosb — sinasinb.
Chon dAp 4N (B) .. ... O]
Cdu 2. Khang dinh nao sau day 12 khang dinh ding?
A. sina+cosa = v/2sin <a — g) B. sina+cosa = v/2sin (a—i— %)
T 4
C. sina+cosa = —/2sin (a— Z) D. sina+cosa = —/2sin <a+ Z)
Loi gidi.
Chon dap an (B) .. ...\ttt e O

Cau 3. Cho céc goc lugng gidc a,b va T = cos(a+ b) cos(a— b) — sin(a+ b) sin(a — b). Ménh dé sau
day dung?

A. T =sin2b. B. T =sin2a. C. T =cos2a. D. T =cos2b.
Loi gidi.
Tacé T = cos(a+b)cos(a—b) —sin(a+ b)sin(a —b) = cos|[(a+b) + (a—b)] = cos2a.
Chon ddp an (C) ... ..o O

- 1 T AN
Cdau 4. Chosina = 7 vii0 < a < 5 Khi do, gia tri cua sin (Oc+ 5) bang
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1 2 1 2
A V3L B V3, V2 . V6L p. V3 V2
3 2 6 2 2 6 2
Loi gidi
V(’ii0<oc<—thicosoc>0néncosoc:\/l—sin2 :T6'
1 1 6 3 3 2
Ta co sin<a+§) :sina-cos§+cosa-sin§: ﬁ§+\/?_§:\/?_+\/7_
Chon dap A0 (B) .. ...ttt ettt et O
. . 3 3
megmamm:—gmn<a<é?ﬁmgq@+%)
A 3. B. >. c. 433 4-3v3
5 5 10 10
Loi giéi.

4 3n
Tit hé thic sin® @ +cos?a = 1, suy ra cosa = +v/1 —sin’a = j:g. Doz < o< > nén ta chon

4
cosa:—g.
_ TN V3. 1 \@( 3) 1( 4) —4-3V3

SuyraP—sm<a+8)—TSmOH—Ecosa—T ~3 s\75)7 10
Chon ddp A0 (C) ...\t e e O]
R . 3 . 3 3m 3 T
Cau 6. Chogococthoamancos(x:zva?<O£<27I.T1nhcos<§—a>.

A 3+4/21 8 3-421 c 3vV3+47 o 3V3-V1

. s . s . g . . 3 )

Lbigiéli.
TacéP—cos(7r a)—cosncosoc—l—sinﬂsina—1cosoc~|— 3sinoc
N 3 -3 3 2 2 '
7

Tit hé thic sin® a4+ cos? o = 1, suy ra sinat = +v/1 — cos?a = :l:\/T—'

3 7
Dog<Oc<27rnéntachonsinoc:—§.

V7 3 13 V3 V7 3—v21

Thay sinot = ——— Vs = —vao P P=—-+— | — | =

ay sin o 7] va cos o 4vao , ta dugc > 4+ > ) 2
Chon dap an (B) .. ...ttt O

- . 5 3
Cau 7. Bietsina = E;cosb: 5 g <a<m0<b< g Tinh sin(a+D).

56 63 33
A. —. B. —. C. ——. D. O
65 65 65
Loi giai.
5\% 144 12
Tacocosla=1—sina=1— (B) = 169 maac (g’ﬂ) = cosa = e
. 3)2 16 T , 4
Ci2h 1 ool —1_(2) =20 s T _ 4
Tuong tu, tacd sin“b=1—cos“b =1 <5 5 mab€<0,2>:>smb 5

5 3 12 4 33
Khi d6 sin(a+b) = sina-cosb+sinb.cosa = — - -~ — — - — =
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Chon ddp an (C) ... .o e O

~ 1 1
Cau 8. Cho hai géc nhon a;b thoa cosa = g;cosb =7 Tinh cos(a+b) -cos(a—b).

113 115 117 119
. _m. B- _m. C- _m. D- _m.

L&i gidi.
Tacé P=cos(a+b)-cos(a—b) = (cosa-cosb+sina-sinb)(cosa-cosb —sina-sinb)

I 1 1
— (cosa-cosb)* — (sina-sinb)* = cos?a - cos?b — (1—cos?a) - (1 —cos?h). = = — — (1 - —) .

(1 1 ) 119

16/ 144"
Chon dAp 40 (D) ...\ttt e O
CaU 9. Cho tana = 3. Khi d6 gid trj ciia tan (oc v g) a

1
A. l B. —7 C. —4. D. 2.
17 7
Loi gi(’:li.
tanoc~|—tan7r
b n 3+1
Ta c6 tan (OH——) = 47r = + = -2.
4 l—tanatanz 1-3-1
Chon ddp AN (D) ...\ttt e e ]
Cau 10. Cho tan o = 2. Tinh tan <a — g)
2 1 1
A. —. B. —-. . 1. D. ——.
3 3 ¢ 3

Lo gidi.
T
tan o — tan Z 1

Tac()tan(a—Z) =—>= =7
1+tanatanz

Chon dAP A0 (B) ...ttt e O

~ ) 3 ) N
Cau 11. Chosina = 7 Khi d6 cos2a bang

A > B. .. C. .. p. !
8 8 8 8
L&i gidi
. . 3\ 1
Taco:cos2aa=1—-2sin“oc=1-2-|—- ) =—-.
4 8
Chon dAP AN (B) ...\ttt ettt O
. 5 3 X
Cau 12. Cho géc o thdéa man cosa = e va 77[ < o0 < 27. Khi d6 tan2¢ bang
Ny —— B. P=— 1t c.p=12. D.P= 0.
119 120 119 120

Lo gidi.
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sin2o 2sin o - cos o

Taco P=tan20o = = .
cos2a 2cos?a— 1

12
Tir hé thiic sin® a 4 cos? & = 1, suy ra sina = +v/1 — cos?a = j:E.
3 12
Do 7% < o <27 nén ta chon sinax = S
12 5 120
Thay sino = T vacosQo = - vao P, ta dugc P = 19"
Chon ddp an (C) ... ..o O
~ £ 1 N
Cau 13. Neéu sinx+ cosx = 5 thi sin2x bang
1 -3 1 —1
A —. B. —. .= D. —.
4 4 ¢ 2 2
Loi gidi.
o 1 . , 1 , 1 . 3
Ta c6: sinx+ cosx = 5= (sinx+cosx)* = e 1 +sin2x = 1 sin2x = 1
Chon ddp a0 (B) .. ..\ttt ettt e e O
. . 4 3 . . N
Cau 14. Cho goc o théa man sin2a = —3 va TE < a < w. Khi d6 sin o — cos @ bang
A B. - . c. ¥ p. -3
V5 V5 3 3
Loi gidi.
3n simaa >0 .
Vi— < a<msuyra nén sina —cos & > 0.
4 coso <0
9
Ta c6 (sino —cos)® = 1 —sin2a = 1—1—5 =3
3
Suyrasinot —cosa =+——. Do sina—coso > 0nénsine —cosot = —.
S V3 V3
Vay P = —.
y /5
Chon dap a0 (A) . ... 0

~ 2 N
Cau 15. Cho géc o thdéa man cos20 = ~3 Khi d6 (1+ 35in20¢) (1 —4008206) bang

A. 12. B. 22—1 C. 6. D. 21.
Loi gidi.
1 —cos2a 1 20 5 3
Tac6 P = (1+3~&) (1—4-“*) - (———cosZa) (—1—2cos2a).
2 2 2 2
e G+1)(-1+3) =5
Th 200 =—= PitadugcP=(-+1)| -1+ )=~
ay coslo 3Vao a dugc 2+ +3 6
Chon dap én@ ........................................................................... U
~ 1 3 N
Cdu 16. Cho0< a,B < g va thda man tan @ = 7 tanff = T Goc a + B ¢ gia tri bang
Az B. Z. c. Z. D. 2.
3 4 6 2

Lo gidi.
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) tan o + tan 7
Tacétan(a+fB) = I —tan-tan B N

T
=lsuyraa+b= 1

Chon ddp an (B) . ...\ttt ettt et O

N T 3 I . N
Cau 17. Cho0<x,y < 5 thoa man cotx = 7 coty = = Tong x + y bang

T 3n T
A —. B. —. .= D. «.
4 4 C 3 4
Loi gidi.
31 !
tx-coty—1 47
Tacécot(x+y)zcox oV _47 =—1.
cotx—+coty §+1
4 7
o /4 , 3n
Mat khac 0 < x,y < 5 suyra0 <x+y<m. Dodox+y= ik
Chon dAp 40 (B) ... ..t O
Cau 18. Néu tan o va tan 8 1a hai nghiém ctia phuong trinh x*> + px+¢ = 0 (¢ # 1) thi tan (a + B)
bing
2 B. - c. 2 D. 2P
q—1 q—1 I—gq I—gq
Loi gidi.

o, s 9 . N _[tana+tanB = —p
Vitan @, tan 3 1a hai nghiém cta phuong trinh x“+ px+ ¢ = 0 nén theo dinh li Viet, ta cé .
tana.tanff =g
_ tana+tanff p

" l—tanatanf g—1
ChQndépén@ ........................................................................... O

Cau 19. Cho hai dao dong diéu hoa ciing phuong c6 phuong trinh 1an lugt 1a x; = 5cos(1007t +
7)(cm) va x, = 5cos(1007t — 7/2)(cm). Phuong trinh dao dong tong hgp cta hai dao dong trén

Khi d6 tan (o + )

la
3n 3n
A. x =5v2cos 1007rt—|—T (cm). B. x =5v2cos lOOm—T (cm).
C. x=10cos (IOOm— %t) (cm). D. x = 10cos (100m+ %Tﬂ:) (cm).
Loi gidi.
Ta co
x=x1+x2 = 5cos(1007t+ 1)+ 5cos(1007t — 7/2)
= 5[cos(100xmt+ ) 4 cos(1007t — 7 /2)]
= 5-2cos (1007ct+§) cos?%t
= —5V2cos 100z + )
= 5V2cos (1007:1‘—?%).
Chon dAp 40 (B) .. ... O
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Cau 20. Mot vat thuc hién dong thdi hai dao dong diéu hoa cling phuong, cling tin s6 theo cac phuong
trinh: x; = 2cos <57tt + g) (cm) ; x, = 2cos(5xt)(cm). Bién do cta dao dong tong hgp cla hai dao
dong trén la

A. 2. B. 4. C. 2V2. D. V2.

Loi gidi.
Xét x(t) = x1 +xp = 2cos <5m + g) +2cos(5mt) = 2v/2cos (57rt + %)

Chon ddp an (C) ... ..o O

PHAN Il. Cau tric nghiém ding sai. Hoc sinh tra 18i tir cau 21 dén cau 25. Trong mai
y a), b), ¢), d) 8 mai cau, hoc sinh chon ding hoac sai.

- : 12 . n (e e Do iia
Cau 21. Chosina = — va — < a0 < 7. Xét tinh dung sai cta cac khang dinh sau:

13 2
5 119
=——. 200 = ——.
a) coso 3 . b) cos2« 169
) T 12—-5v3 T 7
C) Sln<a+§> _2—6 d) tan (a—f-z) _ﬁ
Loi gidi.
12\? 5
a)Vlg<Oc<7rnéncosa:—\/1—sin2a:— 1_(5) :—E.
52 119
b 200 =2 2a—1:2-(——> —l=——.
) cos cos 3 169
12 1 5 3 12-5v3
c) sin<a+§> :sinacosg—i—cosasin%:B-E%—(—E)%:Tf.
12
i 13 12
d) Tacotana = ot ﬁz——.
cosat 5 5
13
/4 12
. tana—HanZ —?—kl 7
Suyratan(OH——) = T = B =—.
4 I —tan ortan — 1_<__).1 17
4 5
Chon ddp 4n |a ding | bding | cding | dding| ... O
~ ) 3 12 L ) . N i
Cdu 22. Cho smazg,cosﬁ:Eva0°<a,[3<900.Xettlnh dung sai cia cac khang dinh sau:
4 25 56 63
a) cosa = —. b) sinﬁ:@. c) sin(oc—i—ﬁ):@. d) cos((x—[j’):g.
Loi gidi.

a) Vi0° < o <90° nén cosca > 0. Do d6

2
4
cosoc:\/l—sin2 = 1—(§) = —.
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48

b) Vi0° < B < 90° nén sin > 0. Do d6

12\* 5
sinB =14/1—cos?f = 1_<B> =13

. . . 312 4 5 56
) sm(a—i—ﬁ)—smoccosﬁ—l—cosocsmﬁ—E-B—i—gﬁ—g,
. . 4 12 3 5 63
d) cos(oc—ﬁ)—cosacosB+51nas1nﬁ_5-1—4—5-@_%
Ch()ndépén]asai|bsai|cdling|dd1’1ng\ .................................................. U
N > 7 C . .
Cadu 23. Biét cos2a = ~3s val<a< g Xét tinh ding sai cia cac khang dinh sau:
9 16 3
a) cosa:g. b) sina:g. c) tana:Z. d) cotax = —.
Loi gidi.
TacécosZoc——7 IléIIZCOSZOC—l—l—ZSinz(X——7
25 B 25
) 9 _ .. T . R 3
a) Suyracos“ax = —.Vo10 < o < — thicosat >0néncosox = —.
25 2 5
16 4
b) Suyrasinzoc:—.V610<a<Ethi sinat >0nénsino = —.
25 2 5
4
sinax 5 4
tano = =2 =,
€) tan cosee 3 3
5
1 3
d) cota = =—.
) co ana 4
Ch()ndépén’asai|bsai|csai‘dsai‘ ...................................................... 0

Cdu 24. Phuong trinh dao dong diéu hoa ctia mot vat tai thdi diém ¢ gidy dudc cho bdi cong thiic
x(t) = Acos (@t + @), trong d6 x(¢) (cm) 1a 1i do cta vat tai thdi di€m ¢ gidy, A 1a bién do dao dong
(A >0), ¢ € [~r; 7] la pha ban dau cla dao dong va o la tan sb goc. Xét hai dao dong diéu hoa c6
phuong trinh 1an lugt 1a
T T
x1(t) =3cos (Zt + 5) (cm) va xp(t) =3cos (Zt — E) (cm).

Dit x(¢) = x; (t) +x2(¢) 1a phuong trinh tdng hop ctia hai dao dong nay. Xét tinh diing sai ctia cac khang
dinh sau:

a) Tan so géc cua dao dong tong hogp la T

o T T
b) Phuong trinh ctia dao dong tdong hgp 1a x(¢) = 3cos <Zt + E)
¢) Bién do cia dao dong tdng hop trén bang 3.

X 2 7[
d) Pha ban dau cua dao dong tong hdp trén la -

Lo gidi.
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A A 7 T
a) Tan so goc o = 1

\ \

b) Tacéd
x(t) = x1(t)+x2()
_ 3 (ﬂt+ﬂ>—|—3 (nt 7r>
= 3cos 1 3 cos 1 G
(ﬂt+7r>+<7rt 7r> (ﬂH_?r) <7rt 7r>
= 3.2cos 4 3 4 6 cosS 4 3 4 6
2 2
7rt+7r
= - T
= 6cos2 5 6cos%
T A
- vt (5o )
3v2cos 4t+12

Vay phuong trinh ctia dao ddng téng hop 1a x(t) =3+v/2cos (%t + 1—”2) .

¢) Cin cif vao phuong trinh x(z), ta ¢ bién do dao dong 1a 3v/2.

N T
d) Can ct vao phuong trinh x(¢), ta ¢ pha ban dau la 7

Chon dap an ] a dung [ b sai ‘ c sai | d dfmg\
Cadu 25.

Trén mot méanh gidy hinh vuéng ABCD, bac An dit mot chiéc dén pin

tai vi tri A chiéu chum sdng phan ki sang géc C. Bac An nhan thiy géc

chiéu sdng ctia dén pin gidi han bdi hai tia AM va AN, & d6 cic diém
R 1 1

M, N lan lucgt thudéc BC,CD sao cho BM = EBC,DN = §DC (Hinh bén).

Xét tinh diing sai ctia cac khang dinh sau:

a) tan BAM —

W =P | =

b) tan@\/ =

¢) BAM +DAN = 60°.
d) Goc chiéu sang ctia deén pin bang 30°.

Loi gidi.
Gia st hinh vudng c¢6 do dai canh 1a 1.

— BM 1
a) Tam gidc ABM vudng tai B c6 tan BAM = B

AB 2

. R ) , —— DN 1
b) Tam giac ADN vuong tai D c6 tan DAN = — = —.
AD 3

tan BAM + tan (DAN)
1 — tan BAM tan (DAN)

c) tan(@d—l—D/ATV): :1:>W+D/147V:45°

d) Goc chiéu sang la MAN. Ta c6
MAN =90° — (BAM + DAN) = 45°

Vay géc chiéu sang ctia dén pin bang 45°.
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Chon ddp 4n |a ding | b ding | csai [dsai] ... O

PHAN I1l. Cau tric nghiém tra 18i ngdn. Hoc sinh tra 18i tir cau 26 dén cau 30 vao 6
két qua.

. . Co 1. 3 S s
Cau 26. Cho hai géc a va b véi tana = - va tanb = —. Khi do, tan (a + b) bang bao nhiéu?

4
Loi gidi.
t tanb
Ta ¢ tan (a+b) = m.
: 1— ta3natanb
Ma tana = 7 vatanb = 1 nén tan (a+b) = 1.
DD AN L] oo U
Céu 27.
Cho hinh vuéng ABCD nhu hinh vé bén. Tinh tanx (két qua 1am tron dén hang D c
phan trim).
7
E
x 5
A B

Loi gidi.
Ta co
° —_— 5
tan (45° —x) =tanEAB = 7

1 —tanx _ 5
l+tanx 12

7
& tanx= — ~ 041,
anx 17

bap an: m ............................................................................. U

. i sino 4+ sin2o
Cadu 28. Biet +s

=n-tana, n € N. Gid tri n bang bao nhiéu?
1 4cosa+cos2a

L& gidi.

Xét
sino+sin2a sina+2sinacosa sina(l+2cosa)  sina _ ano
l+cosa+cos2a 1+cosa+2cos2a—1 cosa(l+2cosar) sina '
Suyran=1.
DD AN L] U
Cau 29.
Cho tam gidc ABC nhu hinh vé. Biét B = 2C = 2a, AB = 2, A
AC = 3. Tinh do dai canh BC.
2
2a
a
B ¢ » C
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Lo gidi.

Papan: | 2,5 ...

Cau 30.

Trén néc mdt toa nha thang ding cé6 mot cot dng-ten
cao 5 m. Tu mot vi tri quan sat A cao 7 m so v6i mdt
dit va cdch tdoa nha 14 m c6 thé nhin thiy dinh B va
chan C cuia cot ang-ten véi goc BAC = 10°. Tinh chiéu
cao clia toa nha (tinh bang mét va két qua lam tron dén
hang don vi).

Loi gidi.
Pt CR = h > 0 va CAR = o. Ta ¢6
tanor = —.
e ftan 14
h+5
tan (ot + 10°) = ——.
e tan(a+10°) 7
tan(a+10°)—h+5(: tana +tan10°  h+5
i 14 l—tana.tan10° 14 °
——l—tanlOo h+5
o 14 _ . Giai phuong trinh nay, ta
h 14
1——.tan10°

14
tim dudc i ~ 12. Suy ra, chiéu cao ngdéi nha la h+7 =
19 (m).

DPapan: |19 ...

2. cAc prEP BiEN DO LUONG cliAC | NN

TOAN 11 - CTST

51



A

Chuong 1. HAM SO LUGNG GIAC VA PHUONG TRINH LUONG GIAC

53. HAM SO LUONG GIAC VA PO THI

@ KIEN THI'C CAN NHO

52

Ham sb y = sinx

Tap xac dinh: 7 =R.

y
NP o 1s I A R~ N
Tap gia tri: [—1; 1], tic la —2 V\
—1 <sinx <1, VxeR. _ i ' T X
______ NN

Ham s6 y = sinx 12 ham s6 18 nén dd thi ham s6
nhn goc toa do O lam tdm doi xung.

Ham sb y = sinx tuan hoan véi chu ki T = 27, nghia 1a sin(x + k27) = sinx, véi k € Z.

2 N 2 X v/ T £ x
Ham s0 y = sinx dong bién trén moi khoang <—5 —|—k27r;§ —|—k27r>, nghich bién trén moi

3
khodng (g L 7” + k27t> véi k € Z.

Ham sb y = cosx

Tap xac dinh: 7 =R.

y
Tap gid tri: [~ 1; 1], téc Ia —n—M\n _____

—1<cosx<1,VxeR. _\li/ _____ L_"Mx

Ham s6 y = cosx 1a ham sd chan nén d6 thi ham s
nhan truc Oy lam truc doi xdng.

Ham sd y = cosx 1a ham sb tuan hoan véi chu ki T = 27, nghia 1a cos(x + k27) = cosx, véi
keZ.

Ham s6 y = cosx dong bién trén mdi khoang (—7 + k27;k27), nghich bién trén mdi khoang
(k2m; T+ k2m) véi k € Z.

Ham sé y = tanx

1 y 1 1
Diéukiéncosx;é0<:>x7ég—I—kn,kEZ. i i i i
Tap xée dinh: 7 =R\ {5 +km ke 2}, .
Tap gid tri: R; La ham sb 1&. | 2 0 g ™ x
La ham sb tuan hoan véi chuki T = 7, nghia la tan(x + i E E E
km) = tanx, v6i k € Z. | E | |

Ham s6 y = tanx dong bién trén mdi khoang (—% +km; 5 + k7) véi k € Z.
TOAN 11 = CTST
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9 Ham sé y = cotx

o Dbiéukién sinx #0 & x £ km k€ Z.
Tap xac dinh: 7 =R\ {km,k € Z}.

e Tap gia tri: R.

e Laham sb 1é.

|
I

o Laham s6 tuan hoan véi chu ki T = &, nghia _En 37”
1a cot(x + k) = cotx, v6i k € Z. : 0 N 7 >
e Ham s6 y = cotx nghich bién trén mdi ! 2
khoang (km; 7+ km) véi k € Z. E
<§)>> PHAN LOAI, PHUONG PHAP GIAI TOAN
DT 'o' Tim tép xdc dinh clia ham sé luong gidc
Ta chd y mot s6 diéu kién sau:
a) y= @ xac dinh < g(x) #0.
8(x)
b) y= R/ f(x) xdc dinh < f(x) > 0, trong d6 n € N*.
¢) y = tan [u(x)] xédc dinh < u(x) xéc dinh va u(x) # g v kmk € Z.
d) y = cot[u(x)] xdc dinh < u(x) xac dinh va u(x) # kn,k € Z.
=Bail. Tim tip x4c dinh clia cidc ham s6 sau day:
2sinx+3 1 +cosx 2+3cos2x
a) y=———— b) y=—— c) y=———"=
CcosX I —cosx sinx
1 +cosx sinx — 3 2sinx+3
d) y=—— . i
)Y 1 +sinx ey cosx+1 Dy cosx+2
) _ 2sinx+3 h) _ 2sinx—3 D _Sinx—l
&Y Sinx—1 Y= 2sinx+3 YT
vV 2 1
i) y=+/3—2cosx. k)y:LH ) y:,/ﬂ
1 +cosx 1 —cosx
= Bai 2. Tim tip xic dinh ctia cic ham s6 sau day:
T
a) y=2tanx+3 b) y = 2tan2x— 4sinx o) y:c0t<x+z>—|—1

=Bai 3. Tim tit ca cdc gia tri ciia m d€ ham sb sau c6 tap xac dinh R.

inx— 1
a) y=+/m—cosx b) y=+/2sinx—m c) y:%

cosx+m
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54

=Bai4. Tim tit ca cdc gia tri ctia m d€ ham sd y = \/cos?x — (2 +m)cosx +2m c6 tap xdc dinh
R.

L gidii
Yéu cau bai todn tuong duong véi

cos’x — (24m)cosx+2m >,Vx € R
< (cosx—2)(cosx—m)>0,VxeR (1).

Do cosx—2 < 0,Vx € R nén

(1) & cosx—m<0,¥xeR
& cosx<m,VxeR

Diéu nay xdy ra khi va chi khi m > 1.

DT '9' Tinh chd&n 1& clia ham sé

Ta thuc hién cac budc sau:
® Tim tap xac dinh 2 clia ham sb — Tap 2 phai dbi xing.
@ Tinh f(—x) (ché nao cé bién x, ta thay bdi —x) va thu gon két qua. Khi d6

e Néu f(—x) = f(x): ham sb da cho 1a ham chén.
e Néu f(—x) = —f(x): ham sb da cho la ham 18.

e Néu khong roi vao 2 trudng hop trén, ta két luan ham s6 khong chin, khong 18.

GHI NHO

® Ham s6 y = sinx |a ham so 1é. @ Ham s6 y = cosx la ham s6 chan.

® Ham s6 y =tanx la ham s6 [é. @ Ham sb6 y = cotx la ham so |é.

= Bai 5. Xét tinh chin, 1é ctia ciac ham sb:
a) y=sinx-cosx; b) y =tanx+cotux; ¢) y=sin’x.

L& gidi.

a) Ham s6 y = f(x) = sinx- cosx 12 ham s6 18 vi:

e Tap xac dinhla D =R.
o VxeRthi —x € Rva f(—x) =sin(—x)-cos(—x) = — (sinx-cosx) = — f(x).

b) Ham s6 y = g(x) = tanx + cotx 1a ham s6 1€ vi:
T
e Tip xéc dinhléD:R\{§|k€ Z}.
o Vx € R thi —x € D va g(—x) = tan(—x) +cot (—x) = — (tanx+ cotx) = —g(x).

¢) Ham s6 y = h(x) = sinx 1a ham s6 chin vi:
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e Tap xac dinh la D =R.
o Vxe R thi —x € R va h(—x) = sin® (—x) = (—sinx)* = sin®x = h(x).

= Bai 6. Xét tinh chin 1é ctia ham sb

a) f(x) = sin®2x+ cos3x. b) f(x) = V2+sinx++/2 —sinx.

Lo gidi.

a) Tap xdc dinh ctia ham s6 2 = R.
V6i moi x € 2 thi —x € 2 nén 2 1a tap ddi xung.
Ta c6 f(—x) = sin?(—2x) 4 cos(—3x) = sin® 2x + cos 3x = f(x), Vx € 2.
Do d6 ham s6 f(x) da cho 1a ham sb chan.

b) Tap xac dinh D =R.
V6imoix e D= —xe€D.
f(=x) = /2 +sin(—x) + /2 —sin(—x) = V2 — sinx+ /2 +sinx = f(x).
Vay ham s6 da cho chin trén D.

c)

DT 'e' Tim gid tri 16n nhét - gid tri nhé nhét

Ta thuong dung mdt trong 3 phuong phap sau:
@ St dung céc bit dang thifc cd ban
@ —1<sinx<1,VxeR; @ —1<cosx<1,VxeR;
® 0 < sin’x,cos?x < 1,Vx € R; @ 0 < |sinx|,|cosx| < 1,Vx € R.
® Si dung diéu kién c6 nghiém

@ sinx = f(m) c6 nghiém khi —1 < f(m) < 1.
@ cosx = f(m) c6 nghiém khi —1 < f(m) < 1.

@ asinx—+ bcosx = ¢ ¢6 nghiém khi a® +b* > 2.

@ St dung bang bién thién: Lap bang bién thién ctia ham s6, tir d6, két luan.

=Bai 7. Tim gid tri 16n nhat va gia tri nhé nhét ctia cac ham sb sau

1 — 2sin?
a) y=2sinx+3 b) y:¥ ¢) y=+2+cosx—1
d) y=4sinxcosx+ 1; e) y=4—3sin’2x. f) y:(3—sinx)2+1

=Bai 8. Tim x dé ham s6 y = (sinx+3)* — 1 dat gid tri nhd nht.
=Bai9. Tim x d& ham s6 y = 1 —31/1 — cos2x dat gi4 tri nhd nhét.
=Bai 10. Tim gid tri 16n nhét va nhd nhét clia ham s6 sau
a) y=+/3sinx+cosx b) y =sin2x —cos2x ¢) y=3sinx+4cosx

TOAN 11 - CTST 55



BV A chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC
=Bai 11. Tim gi4 tri I6n nhét va nhé nhét ctia ham sb sau
a) y=2sin’x — 3sinx+ 1 b) y =2cos?x+3cosx —2 Cc) y=cos2x—sinx+3
=Bai 12. )
Khi du quay hoat dong, van toc theo phuong ngang cia mot

cabin M phu thudc vao goc lugng giac o = (Ox, OM) theo
ham s6 v, = 0,3sin« (m/s) (Hinh bén).

a) Tim gia tri 16n nhét va gid tri nhd nhét cda v,

b) Dua vao do thi ctia ham sb sin, hiy cho biét trong
vong quay dau tién (0 < o < 27), goc o & trong cac
khoang nao thi v, tang.

DT 'O' b thi ham sé luong gidc

= Bai 13. Xét su bién thién cia m6i ham sb sau trén cic khodng tuong dng:

) i1 trén khod ( on 77r) (217r 237r)
a) y=smxtrenkhoang \ ——;—— | ,\ ——:—=— )
2 2 2 2

b) y = cosx trén khoang (—20m;—197), (—97; —8m).

L& gidi.

a) Tacod
on 77r> T T
I ) (L g By )
'( i Il G
Do ham s0 y = sinx dong bien trén khoang <—5; 5) nén ham so6 do cting dong bien trén
_97r__77r>
27 2/
21x 23%) (n 3n )
—— )= =+107;— + 107 |.
‘ ( 22 p T T Om
Do ham s6 y = sinx nghich bién trén khoang (5’ 7) nén ham so do cung nghich bién
217r'237r)
272 )

khoang (

trén khoang (

b) Tacod

e (—20m;—197) = (0—207; © — 207).
Do ham sb y = cosx nghich bién trén khodng (0; ) nén ham s d6 ciing nghich bién trén
khoang (—20m; —197)
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o (—9m;—87) = (—m—8m;0—8x).
Do ham s6 y = cosx dong bién trén khodng (—7;0) nén ham sb d6 cling dong bién trén
khoang (—9m; —8)

= Bai 14. Mot dao dong diéu hoa c6 phuong trinh li dd dao dong 1a: x = Acos (@t + @) , trong d6 ¢

1a thoi gian tinh bang gidy, A 1a bién d6 dao dong va x 1a 1i dd dao dong déu dugc tinh bang centimét,
2r T

® > 0. Khi do, chuki T cuadaodongla T = o . Xac dinh gid tricialido khit =0, r = 7 t=

T 3T

Sit=i= T va vé do thi biéu dién li do cta dao dong diéu hoa trén doan [0;27] trong cac trudng
hop:
T T
a) A=3cm, ¢ =0; b)A:3cm,(p:—§; c)A:3cm,q):§.

Lo gidi.

2
a) Khi A =3cm, ¢ =0, tacd: x =3cos(@t) =3cos (%rt)

Ta c6 bang xac dinh gid tri li d0 tai mot
s6 thoi diém va dd thi can vé & Hinh 9:
o T[] T 3T T
412 | 4
x(3/0|-3] 0 |3
(0]
. T ) 2w
b) KhiA =3cm, ¢ = ——, taco: x =3cos (a)t — —) = 3cos (Tt— 5)

Ta c6 bang xac dinh gia tri li do tai mdt
s6 thoi diém va dd thi can vé & Hinh 10:
3T
t0 — | T

4
x|0 -310

W | N
SISTRS

/4 /4 2w
c) Khi A =3cm, ¢ = E,tacé:x:3cos (wH—E) = 3cos <—t+—).

Ta c6 bang xac dinh gid tri li do tai mot  x
s6 thoi di€ém va dd thi can vé 6 Hinh 11:

Tl TIT[3T ],
41214
x|0]=3[0] 3]0

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN
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o Tap xac dinh cta cac ham so

1
a) y= smx; b) y=+/1-+cos2x.

® Loi gidi.
a) Didu kién cosx £ 0 < x g+k7r,k A

Vay tap xdc dinh ciia ham s6la D =R\ {g +krmlk € Z}.

b) Piéukién 1+ cos2x >0
Ma —1<cos2x <1< 0<1+4cos2x <2nén 1+ cos2x > 0 ding véi moi x € R.
Vay tap xdc dinh ctia ham s6 D = R.

o Tim tap xac dinh cua cac ham so sau:

T sinx
— cot (3 ——). b) y= —*
2 y co(x 4 )y cos2x—1
2 +sinx 1 1
C))’:\/l—- d) y=—-+—.
— COSXx Sinx COSX
® Loi gidi.
, k
a) Hémsf)xécdinh<:>3x—§#kn@x;él—anr?n,keZ.
, k
Vay tap xéc dinh ciia him sc“)@:R\{%%—?n,keZ}.

b) Ham sb xac dinh khi va chi khi:
cos2x—1#0&cos2x# 1 < x#kn ke Z.

Vay tép xac dinh Z =R\ {kﬂ‘k € Z} )

2 +sinx
c) Ham s6 xdc dinh khi { 1 —cosx ~ & 1 —cosx#0 < cosx # 1 < x#k2rw, k € Z.
1 —cosx=#0
Vay tap xac dinh 2 = R\ {k2xm,k € Z}.
\ cosx # 0 x# km
d) Pidukien: 170 T oxtkl
sinx # 0 X # 5 + k7 2
T
Tap xdc dinh 2 = R\ {kz, ke Z}.
e Xét tinh chan, 1é ctia ham sb sau:
a) y=sin2x. b) y =|sinx|.
c) y=tan’x. d) y=+1—cosx.
e) y=tanx-+cotx. f) y=sinx-cos3x.

® Loi gidi.
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a) Tap xac dinh D = R.
y= f(x) =sin2x.
Ta c6 f(—x) = sin(—2x) = —sin2x = —f(x).
Vay y = sin2x 12 ham s6 18.

b) Tap xdc dinh D = R.

y = f(x) = [sinx].
Ta c6 f(—x) = [sin(—x)| = | — sinx| = [sinx| = f(x).
Vay y = f(x) = | sinx| 1a ham sd chan.

5 D:R\{g+kﬂ|kez}.
y = f(x) = tan’x
Ta c6 f(—x) = tan’(—x) = tanx = f(x).
Viy y = f(x) = tan?x 1a ham s6 chén.

d) Tap xac dinh D = R.
y=f(x) =+/1—cosx.
Tac6 f(—x) = /1 —cos(—x) = /1 —cosx = f(x).

Vay y = /1 —cos(x) 1a ham sb chan.

e) D=R\ {%MGZ}.
y = f(x) = tanx+ cotx

Ta c6 f(—x) = tan(—x) + cot(—x) = —tanx — cotx = —(tanx 4 cotx) = — f(x).
Vay ham s6 f(x) = tanx -+ cotx 1a ham s 18.

f) Tap xac dinh D =R.
y = f(x) =sinx-cos3x
Ta c6 f(—x) = sin(—x) - cos(—3x) = —sinx-cos3x = — f(x).
Vay ham s6 f(x) = sinx-cos3x 1a ham s6 1.

o Tim gia tri I6n nhat va gia tri nho nhat (néu cd) cia cac ham so sau

a) y=3—2sin2x b) y=15—3cos4ux.
¢) y=3—2|sin2x|. d) y=3sin’2x—4
® L&i gidi.

a) Tap xac dinh: Z =R.Vx € R, taco

—1 <sin2x <1
—2< -2sin2x <2
1<3-2s8in2x<5
1 <y<5.

t ¢

e maxy=>5khisin2x=—-1&x= —%—i—kn’.
o miny = 1 khi sin2x = 1 & x = §+k7r.
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b) Tap xac dinh: Z =R.Vx € R, taco

—1<cosdx <1
< 3> —3cosdx > -3
< 543>5-—-3cosd4x>5-3

& 2<y<8.
. T km
° maxy:Skh1cos4x:—l<:>x:Z+7.
km

° miny:2khicos4x:1<:>x:7

c) Tap xac dinh: Z =R.Vx € R, taco

0 <|sin2x| <1
& —2< -2[sin2x| <0
& 1 <3-—2|sin2x| < 3.

k
. maxy=3khisin2x:0<:>x:77r.

+r
e miny = 1khisin2x=+1x= T—H{ﬂ.

d) Do 0 <sin?2x < 1nén —4 <y=3sin’2x—4 < —1.

oy = —4 khi sin2x = 0, luén ton tai x thoa man, chezlng han x = 0.

R 5 T
oy=—1khi sin?2x = 1, ludn ton tai x thda man, chang han x = 1
Vay miny = —4 va maxy = —1.

© Tim gid tri 16n nhét, gid tri nhé nhat ciia ham s6 sau

a) y=2—4sin’x-cos?x. b) y = 4sin’x — 4sinx + 3.

® Loi gidi.
a) Tacdy=2—4sin’x-cos?x =2 —sin®2x.

Vi—1<sin2x<1nén0<sin’2x<1<2-0>2—sin’2x>2—-1<2>y>1.
T T
Véay miny = 1 khi sin?2x = 1 <:>2x:i§—l—k27r @x:iz—l—kn,kez;

T
maxy = 2 khi sin22x:0<:)2x:k7r(:>x:k§,k€Z.

b) Tap xac dinh Z = R.
Bién d6i y = 4sin?x — 4sinx+3 = (2sinx+1)* +2.
V6imoi x € R ta co

—1 <sinx <1
—1<2sinx+1<3

0 < (2sinx+ 1)2 <9

& 2< (2sinx+1)?+2< 11,

Tt 0

/4 1
Vay maxy = 11 khi x = — va miny = 2 khi sinx = — .
xeR xeR 2
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o Cho ham s y = cosx véi x € [0;37].
a) V& dd thi ciia ham sb da cho.
b) Ham s6 da cho dong bién, nghich bién trén nhitng khoang nio?
¢) Tai cac diém nao thi gid tri ctia ham s6 16n nhit, nhé nhat?
d) Tim cac gia tri cta x € [0; 7] sao cho cos3x < 0.
® Loi gidi.

a) Ta c6 do thi clia ham s6 y = cosx trén doan [0;37] nhu sau

b) Ham sb dong bién trén khoang (7,27), nghich bién trén cac khoang (0;7) va (27;37).

c¢) Gia tri cia ham s6 16n nhét khi x = 0 va x = 27. Gi4 tri ciia ham s6 nhé nhét khi x = 7 va
x =3m.

d) batr =3x. Vi0<x<7mwnén 0 <t <3m.

N 3A 1c o N A 2 . A , N N . T 3r . Sm
Tu’doth;cuahamsodtren,tacocost§0kh1vach1kh15§t§7hoacjgt§3n.

T /3 5w
DOdégSXSEhOﬁCFSXSE

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
20. M0Gi cau héi hoc sinh chi chon mét phuadng an.

Cau 1. Tap gid tri ciia ham sd y = cosx 1a tip hop nao sau day?
A. R. B. (—;0]. C. [0;+4-o0]. D. [-1;1].
Loi gidi.

V6imoix € Rthi —1 <cosx <1.

Chon dAp 4N (D) ...\ttt e e O
CaAu 2. Tap gid tri ctia ham s6 y = sin2x 12
A. [-2;2]. B. [0;2]. C. [-1;1]. D. [0;1].
Loi gidi.

Tap gid tri ctia ham s6 y = sin2x 1a [—1;1]
Chon dap an @ ........................................................................... O
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Cau 3. Ménh dé nao duéi day sai?
A. Ham scf) y = tanx tuefln hoan véi chu ki 7. B. Ham sé y = cosx tuan hoan véi chu ki 7.
C. Ham s0 y = cotx tuan hoan véi chu ki 7. D. Ham sd y = sin2x tuan hoan véi chu ki 7.
Loi gidi.
Ham sb y = cosx tuan hoan véi chu ki 27, cac ham s6 y = tanx, y = cotx,y = sin2x tuan hoan véi chu
ki .

Chon dAp 4N (B) ... ... O
Cau 4. Ham sb y = sin2x c6 chu ky tuan hoan 1a
T
A. T=2m. B'TZE' C.T=m. D. T =4nm.
Loi gidi.

s A A s % : . . 2n
Chu y v6i k 1a sO nguyén duong ham s6 y = sinkx cé chuky T = -
Chon dap an @ ........................................................................... O
Cdau 5. Ménh dé nao dudi day diing?

A. Ham s6 y = sinx 12 ham s6 chén. B. Ham sb y = cosx 12 ham s6 chén.

C. Ham s6 y = tanx 1a ham s6 chén. D. Ham sb y = cotx 12 ham s6 chan.

L& gidi.

Theo dinh nghia thi trong bén ham s da cho, chi ¢6 ham s6 y = cosx 12 ham s6 chén.

Chon dAp 40 (B) .. ... ' v O
Cau 6. Tim ham s6 1é trong cac ham sb sau:
A. y=sin’x. B. y =xcos2x. C. y=xsinx. D. y=cosx.

L& gidi.

TAt ca cac ham & 4 dap an déu c6 tap x4c dinh 12 R, nén dé€ kiém tra tinh 18, ta chi cAn kiém tra tinh chat
f(—x) c6 bang véi f(x),Vx € R va ham d6 1a y = xcos2x.

Chon dAp A0 (B) ...ttt e e e e O
Cdu 7. Ham sb nao trong cac ham sb dudi day 1a ham sd chin?
T T
A. y=sin <x+§>. B. y=cos <x+§). C. y=sin2x. D. y = tanx — sin2x.
L gidi.

T
Xét y = sin <x—|— 5) c6 tap xac dinh ¥ = R.

T .
Mat khac y = sin (x + §> = cosx nén la ham chan.

Chon dap an (A) ... .o 0
Cdu 8. Tim tap x4c dinh ctia ham sb y = cotx.

A. Q:R\{k§|kez}. B. 2 =R\{kn|k € Z}.

C. 2 =R\{2nlk € Z}. D. 7= R\{g+kn|k ez},

Loi gidi.
Ham s6 x4c dinh khi va chi khi sinx # 0 < x # km,k € Z.
Viy 2 =R\{kr|k € Z}.
TOAN 11 - CTST




3. HAM SO LUONG GIAC VA DO TH|

Chondap an (B) ... ..o o

~ R p 1-—
Cau 9. Diéu kién xac dinh cia ham sf)y:ﬂlé
sinx
/4 km
A.x#Z+kn kel B.x#km kel C.x#— keL  D.x#km kel

Lo gidi.

Diéu kién x4c dinh ctia ham sb di cho 1a sinx # 0 < x £ kx, k € Z.

Ch(_)ndépén® ...........................................................................
- L i AL, g 2sinx+1
Cau 10. Véi ky hiéu k € Z, dieu kién xac dinh cia ham soyzl—la
—Ccosx
T i1
A. x#k2m. B. x #km. C. x;«é§+k7r. D. x# §+k2ﬂ:.

Lo gidi.

Ham s6 xdc dinh < 1 —cosx # 0 < cosx # 1 & x # k27 (k € Z).
Vay diéu kién xdc dinh ctia ham s6 da cho 1a x # k27 (k € Z).

Chon dap a0 (A) . ...

~ . - [N <X [N , . 2 N A Y/ N
Cau 11. Vé6iky hiéu k € Z, diéu kién xac dinh ctia ham s6 y = tan <2x - §> la

T

5wt /4 5w
> B.x;«éﬁ—kkﬂ. C.x;é§+k7t. D.x#ﬁ—i—k

A. x;«ég—i—k

Lo gidi.

. 5
Ham s0 xac dinh < cos (2x—§> #0(:)2x—§7ég+k7r<:)x7é 1_72r+kg (ke Z).
. ) 5
Vay dieu kién xac dinh cta ham s6 da cho la x # 1_72I+kg (ke Z).
Chon dadp A0 (D) ...\ttt e e
Cau 12. Tim diéu kién x4c dinh cia ham s6 y = tanx + cotx.
T km
A. x#km ke Z. B.x;«éa—i—kn,kez. C.x;éT,keZ. D. xeR.
Loi gidi.
N A 2 . . km
Ham s0 xac dinh < sin2x # 0 < x # T’kGZ'
Chon ddp an (C) .. ..ot e
. NP o e % 2cos3x—1 .
Cau 13. Tap xac dinh ciahams6y= ——— Ia
cosx—+ 1
A. 2 =R\{n+kmkecZ}. B. 2 =R\ {k2m;k € Z}.
C. _@:R\{ngkn;keZ}. D. 2 =R\ {n+K2m:k € 7).

Loi gidi.
Ham sb xdc dinh khi va chi khi cosx+ 1 # 0 < cosx # —1 < x # n+ k27w, k € Z.
Vay ham sb ¢6 tap xic dinh 2 = R\ {7 + k27;k € Z}.

Chon dap 40 (D) ... vt

~ B 2 7 T
Cau 14. Tim gia tri 16n nhat, gia tri nho nhat cia ham s6 sau y = 1+ 3sin <2x - Z)
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A. miny = —2, maxy = 4. B. miny =2, maxy =4.
C. miny = —2, maxy = 3. D. miny = —1, maxy = 4.
Loi gidi.

Tacé:—1§s1n<2x—§) <1= 2<y<4
. T T .
° y:—2(:>sm<2x—z> :—1(:)x:—§+k7t:>mmy:—2.

3
. y=4<i)sin<2x—§> :1@x:§+kn:maxy:4.

Chon dap an (A) ... O
Cdu 15. Tim gid tri 16n nhit, gia tri nhd nhit ctia ham sb sau y = 3 — 2 cos? 3x.
A. miny = 1, maxy = 2. B. miny =1, maxy = 3.
C. miny =2, maxy = 3. D. miny = —1, maxy = 3.
Loi gidi.

Tacé:0§c0s23x§1:>1§y§3.

km
° y:l<:>COSZ3x:1<:>x:?:>miny:l.

T km
_|_

oy:3<:>cosz3x:0<:>x:g ?:>maxy:3.
Chon dap an (B) .. ...\ttt O
Cdu 16. Tim gia tri 16n nhit, gid tri nhd nhit cia ham s6 sau y = v/2sinx + 3.

A. maxy=+/5, miny = 1. B. maxy = /5, miny = 2/5.

C. maxy=+/5, miny = 2. D. maxy = /5, miny = 3.

Loi gidi.
Tacé 1 <2sinx+3<5=1<y<05.
T T
Viy maxy = v/5 khi sinx = 1 & x = 5 Tk2m vaminy = 1 khix = —= +k27.

Chon dap a0 (A) .. ..o O
- ) . . 4
CaAu 17. Tim gia tri 16n nhat, gid tri nhd nhat ctia ham s6 sau y = —————.
1+ 2sin“x
. 4 : 4
A. mmy:§,maxy:4. B. miny = g,maxy:?).
4 1
C. miny = 3 maxy = 2. D. miny = 5> maxy = 4.
Loi gidi.
4
Tacé:OSsin2x§1:>§§y§4.
Y esintx=1ox=" 1 kx = mi 4
o y=—&sin‘x= xX=—= miny = —.
Y73 2 Y73
o y=4 & sin’x =0 x =k = maxy = 4.
Chon dap én@ ........................................................................... O

Cdu 18. budng cong trong hinh dudi diy 1a do thi ciia mot ham sb trong bon ham sb dugc liét ké &
bdn phuong 4n A,B,C,D. Hoi ham s6 d6 1a ham sb nao?
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A. y=1+sinx. B. y=1—sinx. C. y=sinx. D. y =cosux.
Loi gidi.
Ta thdy y(0) = 1, do d6 loai dap 4n C.
£ \ T T
Ham so khong dat gia tri bang 2 tai x = 0 hay x = —5 loai dap an A va B.
Do d6, ham s6 can tim phéi 1a y = cos.x.
Chon déap an @ ........................................................................... 0

Cau 19. budng cong trong hinh vé bén dudi 1a do thi ctia mdt trong bdn ham sd dugc liét ké & bon
phuong 4n A, B, C, D. Hoi d6 12 ham s6 nao?

!
T
2

A. y=cosx+1. B. y=2—sinx. C. y=2cosux. D. y=cos’x+1.
L gidi.
Do thi ham s da cho di qua diém (0, 7). Trong cac ham sb da cho chi c6 ham s y = cosx + 1 théa
man.
Chon dap an (A) . ... O
Cadu 20. Ham s6 nao trong cac ham s sau c6 do thi & hinh vé dudi day?

y
3n -\ T ' 0 3 ' b 3l X
2 2 2 2
A. y= —tanx. B. y=cotx. C. y=tanx. D. y = —cotx.
Loi gidi.
Tir d6 thi ham sb y = tanx ta suy ra d thi trén ctia ham sb y = — tanux.
Chon dap a0 (A) . ... O
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PHAN Il. Cau trég nghiém ding sai. Hoc sinh tra 18i tir cdu 21 dén ciu 25. Trong mdi
y a), b), c¢), d) 8 moi cau, hoc sinh chon ding hoac sai.

Cau 21.
Cho ham s6 y = 2sinx c6 dd thi nhu hinh bén. Xét tinh ding y
sai clia cdc khang dinh sau: 2

a) Tap x4c dinh ctia ham sb 1a R.
b) Tap gid tri clia ham s 1a [—1;1].

¢) Ham sb dong bién trén khoang (—2;2). -z
d) Do thi ham s6 cat dudng thang y = —1 tai ding 2 diém  — 3
phén biét. !
,,,,,,,,,,,, e RRRRRREEEEESEE
Loi gidi.
Chon dap én’adljng [ b sai | c sai \ dsai‘ .................................................... UJ

Cau 22. Cho do thi ham s6 y = cosx trén doan [—27;27] nhu hinh bén dudi

Xét tinh diing sai ctia cac khang dinh sau:
a) Ham sb dong bién trén khoang (—7; 7).
b) Ham sb nghich bién trén khoang (—27; — 7).
¢) Trén doan [—27;27], ham sb c6 gid tri 16n nhat bang 1.
d) Trén doan [—27;27], c6 ding 3 gid tri ctia x && ham s6 nhén gi4 tri bing 0.

Lo gidi.

Chon déap an ] a sai | b dung | c ding | d dﬁng‘ ................................................ O

Cdu 23. Cho ham sb y = cotx c¢6 d6 thi nhu hinh bén dudi.

y

N5

27

|
TS
TS

Xét tinh ding sai clia cdc khang dinh sau:
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a) Tap xac dinh cia ham s6 1A R\ {k7,k € Z} ..
b) Ham sb nghich bién trén (—; pi).
¢) Trén [—x; 7] c6 ding ba gid tri cta x d€ cotx = 0.

d) Trén [0;7], cotx < 1 khi va chi khi x € (g@
Loi gidi.
Chon déap an ’ a dung [ b sai ‘ c sai | d dﬁng‘ .................................................. 0J

CAu 24. Cho ham s y = f(x) = 2sin®x — 5. Xét tinh diing sai ctia cdc khing dinh sau:

a) Ham s6 tuan hoan véi chu ki 27.
b) Ham so la mot ham so chan.

¢) Gia tri 16n nhét ciia ham s6 dat ducc khi x = g +km, v6i k € Z.
d) Gia tri nhd nhét cia ham s6 bang —3.
Loi gidi.
a) Ham s6 tuan hoan véi chu ki 7.
b) V6i mbi x € R thi f(—x) = 2sin?(—x) — 5 = 2sin*x — 5 nén ham sb da cho 14 ham s chén.

¢) Tac6 0 <sin®x < 1==—-5<2sinx—5< —3.

. s . 2, A 2 N A v . . 7r
Suy ra, gia tri 16n nhat cia ham so bang —3, dat dudc khi sinfx=1<cosx=0&x== + krm,
véi k € Z.

d) Tacd0<sin’x < 1==-5<2sin’x—5<-3.
Suy ra, gi4 tri nhd nhét ciia ham s6 bang —5

Chon déap an ’ a sai | b ding ‘ c ding [ d sai‘ .................................................. U

Cdu 25. Huyét 4p la dp luc mdu can thiét tac dong 1én thanh dong mach nham dua méu di nuéi dudng
cic mo trong co thé. Nhd luc co bop clia tim va stic can cia dong mach ma huyét 4p dudc tao ra. Gia
st huyét ap clia mot ngudi thay d6i theo thdi gian dugc cho bdi cong thiic: p (t) = 120+ 15cos 1507,
trong d6 p () 1a huyét ap tinh theo don vi mmHg (milimét thiily ngan) va thdi gian ¢ tinh theo don vi
phit. Xét tinh diing sai ctia cac khang dinh sau:
) 5 T

a) Ham so p(¢) tuan hoan véi chu ki 7"

b) Thoi diém ¢ = 0, huyét 4p clia ngudi nay 1a 120 mmHg.

¢) Huyét 4p tdm thu (huyét 4p cao nhit) clia ngudi nay 13 135 mmHg.

d) Huyét 4p tdm tuong (huyét 4p thip nhét) ctia ngudi nay 1a 105 mmHg.

LSi gidi.
s o4 A opos L 2m
a) Ghi nh6: Ham sO y = cosat tuan hoan véi chu ki —.
a
2 1

S ham sb nay tuan hoan véi chuki —— = —.
uy ra ham s nay tuan hoan véi chu ki = = —

b) V6it =0,tacé p=120+ 15c0os0 = 135 mmHg.

¢) Vi—1<cos150mt <1 v6imoit € Rnén 105 < p(t) < 135 véi moi ¢ € R nén huyét ap tdm thu
(huyét ap cao nhit) 1a 135 mmHg.

d) Huyét 4p tam tuong (huyét ap thip nhit) ctia ngudi nay 1a 105 mmHg.

Chon dap an ] a sai | b sai [ ¢ ding | d dfmg\ .................................................. U
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PHAN I1l. Cau tric nghiém tra 18i ngdn. Hoc sinh tra 18i tir cau 26 dén cau 30 vao 6
két qua.

CA&u 26. Tim gia tri 16n nhit ciia ham sd y = v/5 — v/3 cos 2x. (K&t qua lam tron dén hai chit sb thap
phan)

Lo gidi.

Tacé —1 <cos2x < 1= 3> —v3c0s2x > —v/3 = V5+V3>vV5—v3c082x > v/5— /3.
Suy ra gia tri I16n nhét ctia ham s6 13 /5 + V4 ~ 3,97.

bap an: m ............................................................................. U

CAu 27. Xét ham sb f(x) = cos2x trén [0;27] ¢6 do thi nhu hinh vé.

Goi T 1a tap hop tit ca cdc gia tri cla x € [0;27] d€ cos 2x = 0. Tinh tdng tat ca cc phan ti ctia T (1am
tron dén hang phan chuc).

Loi gidi.
R T 3n 5t In 0 N .
Dya vaodo thi 7T = {Z;T;T;T}'Suy ra, tong cac phan tu trong tap hop T 1a
n 3n Sm Ixm
4+ —=12,6.
4+ 4 * 4 * 4 ’

bép an: m ............................................................................. U

CdAu 28. Hing ngay, Mt Trdi chiéu sdng, bong ctia mot toa chung cu cao 40 (m) in trén mét dit, do

X T X
dai bong cua toa nha nay dugc tinh bang cong thic S (t) = 40 ‘cot Et , 6 do6 S dudc tinh bang mét, con

t 1a s6 gio tinh tif 6 gid sang. Tim do dai bong clia toa nha tai cac thdi diém 8 gid sang (1am tron dén
hang phan chuc).

Loi gidi.
Tai thoi diém 8 gid sdngtacot =8 — 6 = 2.

2 . 7.[
Vay do dai béng ciia toa nha tai thdi diém 8 gid sang 14 §(2) = 40 ‘cot <E : 2) ’ — 40v/3 (m)

D AP AN | 100, 3| e 0

Cau 29. Gia st khi mot con séng bién di qua mot cdi coc & ngoai khoi, chiéu cao clia nuée dude mod
. PR REN % T . NP . 3 T .
hinh hoa bdi ham so A(t) = 90cos (Et>’ trong d6 A(t) la do cao tinh bang centimét trén myc nude

bién trung binh tai thoi diém ¢ gidy. Tim chiéu cao ctia séng (cm) (1a khoang cach theo phuong thang
dung gitra day va dinh ctia s6ng).
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Lo gidi.

Ta c6 —90 < 90cos (%t) < 90, suy ra chiéu cao clia song 1a 90 — (—90) = 180 (cm).

DD AN | I80 | . e U
Cau 30. Cho hai diém A, B thudc dd thi ham sb y = sinx y
trén doan [0; 7], cdc di€ém C, D thudc truc Ox thoa man M
2
ABCD 12 hinh chi nhét va CD — ?” Tinh do dai doan BC. 0 T x
D C
y = sinx

Lo gidi.

Theoh‘mhvéthiOD:CK:>20D:77:—CD:§=>OD:%:>xD:

ol a

Tung do diém D 12 yp = sin (g) — - —AD=BC.

1
2

DD AN [0, 5 | oo e U
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4. PHUONG TRINH LUONG GIAC CO BAN

KIEN THFC CAN NHO

@ Phuong trinh sinx = a.

™ Trudng hop a € {—1;0;1}.

sin
‘l )
cos
W {
B/

sinx=1&x=54+k2n sinx=—-1&x=-7+k2x [sinx =0 x= kx|

™ Trudng hop a € {jzz :l:\é_ \é—} Ta bAm may | SHIFT @ [a] d€ d6i sO a vé géc o hodc

B° tuong tng.
@ Cong thuc theo don vi rad: s
xX=a+k2x

sinx =a < kel 22 LoD
e !x:n—a+k27r N a

@ Cong thuc theo don vi do: 0

, lx = B° +Kk360°
SINx = a <=

keZ
x = 180° — B° +k360°

™ Trudng hop a € [—1; 1] nhung khac céc s6 & trén.

) x =arcsina + k2w
sinx = a < . kel
x =7 —arcsina+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

f(x)=m—gx)+k2x’

sinf (x)] = sin[g(x)] < [

B3 Phuong tinh cosx = a.

70

™ Trudng hop a € {—1;0;1}.
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A
19} cos A\ O cos o cos
B/

[cosx=1ox=kn] [cosx=—lox=—nt+ken| [cosx=0&x=3F+kn

sin

@ Trudng hop a € {:l:z j:\é_ \/_} Ta bam mdy | SHIFT |[cos|[a] d€ ddi sO a vé gdc o hoic

B° tuong tng.
@ Cong thuc theo don vi rad:

xX=o+kKk2x
cosx=a < ykeZ
x=—o+k2m

cos

@ Cong thic theo don vi do: 0

x = B° +k360°
CoOsSX =a < ,
x=—B°+k360°

™ Trudng hop a € [—1; 1] nhung khéc céc s6 & trén.

Xx = arccosa + k2w
CoOsSx =a & JkeZ
x = —arccosa+ k2w

@ Cong thiic mé rong cho hai ham f(x) va g(x)

flx) =g(x)+k2n
flx)=—g(x)+k2m’

cos|f(x)] = cos[g(x)] = [

Phuong trinh tanx = a.

3 £ 2 2 A A ’ ~
W Truong hop a € {O; :I:g; +1; :I:\/§} . Ta bam may | SHIFT @ dé doi so a ve goc o hoac
B° tuong tng.
tang

@ Cong thuc theo don vi rad: N/a

tanx=a<sx=a+kn, ke’

0]
@ Cong thuc theo don vi do: /

tanx =a < x = B°+kl180°, k€ Z

@ Truong hop a khic céc sb & trén thi

tanx =a < x = arctana+km, k € 7.
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B3 Phuong tinh cotx = a.

W Truong hop a € {i%;il;iﬂ}. Ta bam may | SHIFT dé doi s0 a vé goc o hodc

T
B° tuong ung. Riéng a = 0 thi o = >

a cotang

@® Cong thuc theo don vi rad: N

cotx=a<sx=a+kn, ke’

(0]
@ Cong thuc theo don vi do:
M
cotx=a < x=PB°+kl180°, k€ Z
@ Truong hop a khic cac sb & trén thi
| cotx =a << x =arccota+km, k € 7.

@ PHAN LOAI, PHUONG PHAP GIAI TOAN

DT '0' Gidi cdc phuong trinh lvong gidc co bdén

e Nhan dang (bién d6i) vé ding loai phuong trinh co ban, xem sd a quy ddi vé géc "dep" hay
xau;

e Chon va rap cong thuc nghiém.

= Bai 1. Giai cic phuong trinh sau:

3
2) sin3x:—\/7_ b) 2sin <§—x> —1 ¢) 2sin(x—45°)—1=0
21
d) cos(x—?) =1 e) V2cos2x—1=0 f) 3cosx—1=0.

= Bai 2. Giii cac phuong trinh sau:

2 tnzee Y b) ﬁtan(f—x> —1 ¢) tan (x—45°) —1=0
3 6
d) sinx—+v/3cosx =0 e) V3cotx—1=0 f) sinx+4cosx =2+ sin2x.

= Bai 3. Tim nghiém clia cic phuong trinh lugng gidc sau trén khoang cho trude

a) v/3tanx—3 =0 trén (0,37). b) v2sin(x—1)=—1tén (- F, ).

c) 2cos (Sx— g) —1=0trén (7, 7). d) tan(3x+2) —v3=0tren (—%,%).
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DT '9' Gidi cac phuong trinh lvong gide dang mé réng

e Bién ddi vé mot trong céc ciu tric sau
@® sinu = sinv @ cosu =cosv ® tanu =tanv @ cotu = cotv

e Chi y cic cong thiic bién déi luong gidc sau:

® —sinx = sin(—x). @ —cosx =cos (T —x).
® sinx = cos (g—x>. @ cosx = sin (g—x>.

= Bai 4. Giai c4c phuong trinh sau:
a) sin3x = sin2x b) sin2x —sinx =0 ¢) sinSx—+sinx =0
d) cos2x—cosx=0 e) cos8x+cosx=0 f) cosd4x—sinx=0
=Bai 5. (B.2013). Giai phuong trinh sin5x+2cos?x = 1
Loi gidi.
Phuong trinh tuong duong vé6i

sin5x+2cos’x—1=0 < sin5x+cos2x=0

& cos2x = —sin5x = cos (5 +5x)
=" 1 sxqion
o 2
T
2x:—§—5x—|—k2ﬂ:
- 2
xz—g—k?n
& (keZ).
7t+k27r
X=——+k=
L 14 7

DT '9' Van dung thuc tién

=Bai 6. S6 gio c6 anh sang mit troi cia mot thanh phd A & vi dd 40° bac trong ngay thi ¢ ctia mot
nim khong nhuin dudc cho bdi ham sb

T

d(t):3sin[182

O—gmy+UV&IGZ@O<IS3@.

a) Thanh phd A c6 diing 12 gid ¢6 dnh sang mit trdi vao ngay nio trong nim?

b) Vao ngay nao trong nim thi thanh phd A c6 it gid c¢6 dnh sang mit trdi nhat?

¢) Vao ngay nao trong nim thi thanh phd A c6 nhiéu gid c¢6 dnh sang mit trdi nhat?

Lo gidi.

a) Ta c6 phuong trinh
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74

T

in|—(t— 12=12

3s1n[182(t 80)}4—

[ m
& sm[@(z‘—SO)]—O

T

—(t— = = 182
= 182(t 80) =km <t =80+ 182k

V6i k,t € Z va 0 <t <365, tatim dudc k = 0 va k = 1 thoa.
Suy ra thanh phd A c6 12 gio 4anh sdng vao ngay thid 80 va ngay thif 262 clia nim.

b) Thanh phd A c6 it gid c6 dnh sdng mit troi nhat dong nghia véi d(¢) nhd nhét. Dicu nay xdy ra

khi sin [%(r — 80)] = —1. Giai phuong trinh nay, ta tim dugc ¢ = 353.

¢) Thanh phd A c6 nhiéu gid c6 dnh sang mit troi nhit dong nghia véi d(¢) 16n nhit. Diéu nay xay

T
ra khi sin [@(z - 80)] — 1. Gidi phuong trinh nay, ta im dude 7 = 171.

=Bai7.
Trong Hinh bén , khi dudc kéo ra khai vi tri can bang &
di€ém O va budng tay, luc dan hdi ctia 10 xo khién vat A ‘
gin & dau clia 10 xo dao dong quanh O. Toa dd s (cm) MWW T
clia A trén truc Ox vao thdi diém ¢ (gidy) sau khi budng

T 23
tay dugc xdc dinh béi cong thic s — 10sin (10z n 5). o ; X

Vao cdc thoi diém nao thi s = —5v/3 cm?
Loi gidi.
Theo yéu cau bai toan

s=-5V3 < 10sin (10t+ g) — 53

T 3
< sin( 107 —) = ——
sm( + 5 >

T T
Giai phuong trinh nay ta dugdc t = iﬁ + k;, véi k € Z.

=Bai 8. Vin toc v; (cm/s) ctia con lic don thi nhét va van téc v, (cm/s) clia con lic don thit hai
theo thdi gian ¢ (gidy) dugc cho bdi cac cong thic

2
vi(t) = —4cos (é + %) va vy(t) = 2sin (2t+ %) '

Xéc dinh cdc thoi di€ém ¢t ma tai do
a) van tdc ciia con lac don thit nhit bang 2 (cm/s);
b) van tbc ctia con lic don thif nhit gip hai 1an vén tdc ctia con lac don thi hai.

L& gidi.

a) Van toc clia con lac don thi nhat bang 2 (cm/s) khi va chi khi

4cos<2t—|—7t)—2 & cos<2t—|—ﬂ)— !
3 4/ 3 4/ 2
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& cos<2t+ﬂ>—cos2ﬂ
3 4) 3
M2t 2
§+%_?ﬂ+k2ﬂ'
& JkeN
2t ﬂ—2ﬂ+k27r
L3 4 3
i 5
t:?ﬂ—%k?m
& JkeN
137
:T+k3

5 13 , , ,
Viy v6i t = { 37,k € N hoiic £ — Tﬁ 437,k € N thi van téc ciia con lic don thi nhét
bi“mg 2 (cm/s).

b) Van tbc ctia con lic don thi nhat gip hai 1an van tdc clia con lac don thi hai khi va chi khi

2 2
—4cos (é—kE) :2-25in(2t+g> < cos (—I+E) :sin<—2t—E>

4 3 4 6
o <2t+7r>_ (27r+2t>
COS 3 4 = COS 3
2 2
ud E=—7r+2t+k27r
s |3 04 3 ke
. % 27 2t + k2w
L3 4 3
i 5 3
_ O o7
& 6 2 kel
B 117r+k37t
L 32 4
197 3w 137 3r
énnhint = —— 4+ k— At = —— +k— .
Vit > 0 nén nhén ¢ 16—|—k2,k€Nvat 32+k4,keN

BAI TAP TONG HOP TU LUYEN CHO CAC DANG TOAN

/4 -7 2n
o Giai phuong trinh: 3 — /3 tan <2x— §> =0Vl — <x< —.

~ . =2 4 3
® Loi giai.
Phuong trinh tuong duong véi

k
tan(2x—§) :ﬁ@ng%—?ﬂ,kez.

kr 2m —-In kn =

T <27[ o To <& <= <
4 'S 4 2 73 2 °72°3
6

2
<k<=
3

T
3

=
Do k € Z nén k € {—1;0}.

. Véik:—lthix:%n;
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. V(Sik:Othing.

—T7 T N
Vay x = T3 vax = 3 thda man yéu cau bai toan.
Giai phuong trinh: tan (x +30°) 4+ 1 = 0 v6i —90° < x < 360°.
® Loi gidi.
Ta c6: tan (x+30°) +1 =0 < tan (x +30°) = —1 = tan (—45°) < x = —75° + k180°.
Do —90° < x < 360° nén tap nghiém cia phuong trinh 1a § = {—75°,105°,285°}.

e Giai cac phuong trinh sau:

1
a) cos3x =sin2x b) cos3x—2cos§:0 c) cos <2x+§> =~
1 T
d) cos (2x+30°) = 5 &) 2cos <x—§> —0 f) 2cos(2x—60°) —1=0
T X o " .2 1
g) c0s<2x+z)+2:0 h) cos (5—30 ) =1 1) sin 2x:4—1
® Loi gidi.
3x=" _x+ken we Foim
_ _ T_ 2 10 "5
a) cos3x = sin2x < cos3x = cos 2x) & &
2 4 /4
3x:—5+2x+k27r x:—§+k27t
(keZ).
/4
b) c0s3x—2cosz =0 < cos 3x = /2 (Phuong trinh vo nghiém)
T 2z /4
1 2x+—=—+4k2rm x=—+km
T _ 1 3 3 6
c) cos 2)c-|-3 =—5% T o & - (keZ).
_ = —— — — = k
2x+3 3 + k2 X 2+ T
1 2x+30° = 60° + k360° x =15 +k180°
d 2x4+30°) = - & & keZ).
) cos (264307 = 7 [2x+30°:—60°+k360° [x:—45°+k180° (ke)

5
e) 2cos< _§> :0<:)c0s<x—§> :0<i)x—§=§+k27r<:)x:£+k2n’(k€Z).

1 lzx —60° = 120° + k360°

2c08(2x—60°) + 1 = 0 < cos(2x—60°) = —~ < <
f) 2cos (2x ) + cos (2x ) ) 2x — 60° = —120° + k360°

(keZ).

x=90°+k180°
x = —30°+k180°

T T
g) cos <2x n Z> +2=0< cos <2x + Z> _ _2 (Phuong trinh vo nghiém)

h) cos (;ﬁ —300> — e g —30° = k360° < x = 90° + k1080° (k € Z).

2= 2 +h2m = Ttk
1 57 5
sin2x = - 2e= "= +kom x:1—72r+k7r
D sin2v= g & 1< 3 < . (k € 7).
sin2x:—E 2x:—g+k27r x:_E_Hm
5w St
_2X——?+k27r _x_—ﬁjukn

76 TOAN 11 - CTST




o Giai cac phuong trinh sau:

a) tanx = V3.

¢) tan(x+48°) =tan25°.

® Loi gidi.

4, PHUONG TRINH LUONG GIAC CO BAN

mcm@—g):L

3w
) tan | x+ 1

( T
an—.
7

a) tanx =3 < x= §+k7r, (keZ).

T
Vay tap nghi€ém cua phuong trinh 1a S = {§ +km, ke Z}.

T T I
:1<:>x——:—+k7r<:>x:5+k7r

3

1 (keZ).

\ \

c) tan(x+48°) = tan25° < x448° = 25° +k180° < x = 25° —48° +k108° < x = —23° +

k180°, (k € 7).

Viy tap nghiém cta phuong trinh 1a S = {—23°+k180°, k € Z}.

371) T 3n w T 37 17
d) t — | =tan— —_— == === — = —— k
) an(x+ 1 an7<:>x+ 1 7-|—k7t<:»x 7772 +kn < x >3 +km, (ke
7).
A . n , . . 17m
Vay tap nghiém cua phuong trinh 1a § = ~ 58 +kn, keZg.
e Giai phuong trinh
T b4 sin2x+2cosx —sinx — 1
a tan<2x+—>+tan<——x>:0. b =0.
: 6 3 ) V3 +tanx
® Loi giéli.
a) bieu kién p p & . ,m € 7.
g—x#z—l—mn x#—g—mn
PT <:>tan<2x+%) = —tan (g—x> & tan(2x+%> = tan (—g—f—x) S x = _T+

km,k € 7.

2 N —TT
Keét hop véi diéu kién ta suy ra phuong trinh ¢ mot ho nghiém x = > +km, k € 7.

b) Diéu kién x4c dinh {

tanx # —/3

cosx #0
Khi d6, phuong trinh tuong ducng véi sin2x+ 2cosx — (sinx+1) =0

& (2sinxcosx+2cosx) — (sinx+1) =0
& 2cosx(sinx+1)— (sinx+1) =0

=

[ sinx = —1 (loai, do cosx # 0)

CoSX = —
L 2

r T
—+k2
X 3-1- T

- :
=——+kn
=3t
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\ T
Thu lai v6i dieu kién, ta loai nghiém x = —3 + k27, do khong thoa tanx # —+/3.
i1
Vay, nghiém ctia phuong trinh la x = 3 +k27.
o Mot qua dan phdo dudc bin ra khoi nong phao véi van tbe ban dau c6 do 16n v khong ddi. Tim

gbc ban o d€ qua dan phdo bay xa nhit, bd qua stic can ctia khong khi va coi qua dan phao dudc
ban ra tit mét dat.

® Loi gidi.
Trong Vit li, ta biét rang, néu boé qua stic can cta khong khi va coi qua dan phdo dudc ban
ra tif mit dat thi quy dao clia qui dan tuan theo phuong trinh y = 2_—gzx2 +xtanc, 6 do
2vicos-a
g =9,8 m/s? 1a gia tc trong trudng.
Ap dung cong thic nay:
) 5 vgsin2a
e Cho y = 0 ta dudc 55 X" txtana =0,suyrax=0hodacx = ——.
2v;cos o g
5 3 % . V% sin2o
e Qua dan tiep dat khi x = ———.
8

v§sin2a
g

2
2 V A Y Iy .
Tacox = < -0 d4u bing xay ra khi sin2a = 1.
8

T T T
Giai phuong trinh sin2o = 1, ta dudec @ = Z+kﬂ:,k cZ.Do0<a< 5 nén o = 1 hay ¢ =45°.
Vay qué dan phdo sé bay xa nhit khi géc ban bang 45°.

o D6 sau A( m) clia muc nudc § mot cang bién vao thdi diém ¢ (gid) sau khi thuy triéu 1én 1an du
tién trong ngay dudgc tinh xap xi bdi cong thic h(t) = 0,8cos0, 5t + 4.

a) Do sau clia nudc vao thoi diém ¢ = 2 12 bao nhiéu mét?

b) Mot con tau can muc nuéc sau tdi thi€u 3,6 m dé c6 thé di chuyén ra vao cang an toan.
Dua vao dd thi ctia ham s cosin, hdy cho biét trong vong 12 tiéng sau khi thuy triéu 1én
1an dau tién,  nhiing thdi diém ¢ nao tau c6 thé ha thuy. Lam tron dén hang phan trim.

o Loi gidi.
a) Tai thdi diém ¢t = 2. Ta c6: h(2) = 0,8 -co0s(0,5-2) +4 =4,43 m.
b) Tau khong thé di chuyén ra vao cang khi

1 2=z 4r 4rm 81
h(t) <3,6c0s05t < —~= —<0,5t < — = — <t < —.
(1) <3, c080,5t < —5 = —= < 0,5 < 3 <I<3
Vi diéu kién ¢ € [0;12], ta chon dudc thdi gian tau c6 thé di chuyén ra vao cang 1a

4 8
Ogtg?ﬂhoéc?ﬂgtglz

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 18i tir cau 1 dén cau
20. Moi cau héi hoc sinh chi chon mot phuong an.
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Cau 1. Phuong trinh nao sau day vo nghiém?

1 1
A. sinxzi. B. tanx = /3. C. sinx=3. D. cosx = —5.
Cadu 2. Nghiém cia phuong trinh sinx = —1 la
A. x= —§+kn,kez. B. x—kr,keZ.
3
C. x:7ﬂ+kﬂ,kEZ. D. x:—g+k27t,keZ.
Loi gidi.
L . . —T -t
Ta co s1nx:—1<:>smx:s1n7 <:>x:7—|—k27r,k€Z.
Chon ddp AN (D) ... .ottt e e 0
" e —_ V3
Cadu 3. Tim tat ca cac nghiém cia phuong trinh sin3x = -
- .
= R ey x=5+kam keZ
A. SO . B. o .
e Whiniad =—+kn, keZ
:x 9+k3 , kel :X 9+k2
=245 ez x=Z 8 ez
9 3 3 3
C. : D. .
27r+k7r ke 27r+k27r ke
xX=—+— xX=—+——
A 9 3’ A 3 37
Loi gidi.
/3 3x:§—|—k27r,k€Z x:f+sz”,kez
sin3x = 7 = o7 = 37[ o .
Ch(_)ndépén@ ........................................................................... O
Cadu 4. Nghiém ctua phuong trinh 2sinx+1 =0 1a
117 —T T —r
— 7 — 7
C. x:—n+knvéx:—n+kn. D. x:—n+k27tvéx:—n+k27r.
6 6 6 6
Loi gidi.

1 7
25inx—|—1:O<:>sinx:—§<:>sinx:sin<—%><:>x:—%—|—k27tvéx:%+k2n’
Chon dap 40 (D) ...\ e O
Cau 5. Tap nghiém cta phuong trinh sin2x = 1 1a

T T T
A. {Z-I—an,kez}. B. {Z—i-kn,kEZ}. C. {kn,keZ}. D. {5+2k7t,k€Z}.

- 3 A s
Cau 6. Phuong trinh cosx = —\/7_ ¢ tap nghiém la

A. {x:i%Jrkzn;kez}. B. {xz:l:§+k7r;keZ}.
C. {xz:l:g—i—an;kEZ}. D. {xz:l:g+k7r;keZ}.
Loi gidii.
Ta c6 cosx = —73 & COSX = COS <%> S x = i—% +k2m k € Z.
Chon dap a0 (A) . ... O
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Cau 7. Tap nghiém ctia phuong trinh cos2x = —1 1a

A. —km k€ Z. B. {—%Jrkn,keZ}.

C. {—g+k27r,k€Z}. D. {90° + k180°,k € Z}.
Cadu 8. Phuong trinh 2cosx — 1 = 0 ¢6 nghiém la

A.x:ig+k2n,keZ. B.x:ingkn,keZ.

C.x:ig+2n,k€Z. D.x=i§+k27r,kEZ.

L&i gidi.

2003x—1=0<:)c0sx:%@x:i§+k2n,kez.
Chon dap én@ ........................................................................... O

~ £ . ) N T 5 N
Cadu 9. S6 nghiém cua phuong trinh 2 cos (x — 5) = 1 trong khoang (0;7) la

A. 4. B. 1. C. 2 D. 3.
Loi gidi.
Chon ddp An (C) ... ..o O
Cau 10. Phuong trinh sinx — cosx = 1 ¢c6 mdt nghiém la
T /4 2
A ——. B. —. C. —. D.n
2 4 3
Loi gidi.
Ta co
sinx — cos 1<:>s'n< ﬂ) !
inx —cosx = infx——)=—
AN
T T P
Xx—g =gtk x=>+kem
& T - & 2 (ke R).
X—Z:ﬂ'—z-i-kZTC X=T+k2n

Vay phuong trinh da cho c6 mét nghiém la x = 7.
Chon dép an @ ........................................................................... 0]
Céu 11. Nghiém ctia phuong trinh sin* x — cos*x = 0 1a

T T T
A. x=m+k2x. B. x=km. C. x=—+km. D. x=—+k—.
2 4 2
Loi giai.
sin*x —cos*x=0< (sinzx—f—coszx) (sinzx—coszx) =0
<:>—c052x:0<:>2x:g+k7r(:>x:§+kg,kez.
Chon ddp AN (D) ...\ttt e e ]

~ 2
Cau 12. Xét trén (—m; ), phuong trinh sinx = 3 ¢6 bao nhiéu nghiém?
A. 1. B. 3. C. 2 D. 4.
Loi gidi.
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. 2 . R .
sinx = 3 S x= arcsm% +k2rvax=m— arcsm% + k27,
Xét trén (—m; ) thi ta duge hai nghiém la x = arcsin% va x = T — arcsin %
Chon dap an @ ........................................................................... O

- 3 )
Cau 13. Cho phuong trinh sin2x = \/7— Goi n la s6 cac nghiém ctia phuong trinh trong doan [0; 37]
thi gia tri cia n la
A. n=28. B. n=>5. C. n=6. D.n=2.
Loi gidi.
Ta co

3 T
sin2x = > & sin2x = sing

[0x = §+k2n

PN
2

2x = —n+k27c

L 3

x= g+k7r
= T

x=—+km.

L 3

Xét trén doan [0;37] c6 tit ca 6 nghiém 1a x = {%, 7?71:, 13?71" g, 4?717 7?%}

Chon dap én@ ........................................................................... O
Cau 14. Tinh tong cdc nghiém x € [0;20187] ctia phuong trinh sin2x = 1.

40713157r. _ 4071315717. §_ 81416217r. D.S— 81416217r.

A. S= B. . e i .
S S 4 2 4

L&i gidi.
sin2x = 1 < x = §+k7r,k€ 7.

Do x € [0;20187] nén 0 < g—l—kﬂ? <20187 & —0,25 <k <2017,75.

Céac nghiém ctia phuong trinh lugng gidc 1p thanh mot cip s6 cong véi s6 hang dau dng véi k = 0 va
s6 hang cubi ting véi k = 2017.

2017
< /8 2 4071315x
Ba ay: (— ),t dugc ket qua —.
am may xgb 4+x7r a dudc ket qua >
Chon dap a0 (A) . ...\ O
Cau 15. Tim s6 nghiém thudc khoang (—; 7r) clia phuong trinh cosx + sin2x = 0
A. 1. B. 4. C. 2. D. 3.
Loi gidi.
T
cosx+sin2x = 0 < cosx = sin(—2x) < cosx = cos (§+2x> & T o (keZ).
— 4=
5 6 3
T m Sm=w
Vix € (—7;7) nén ta c6 cdc nghidm — ~; — —; — s =,
ix € (—m; ) nén ta c6 cac nghiém e T 6
Chon dAp 40 (B) .. ...t O
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Cau 16. Phuong trinh sin5x — sinx = 0 ¢6 bao nhiéu nghiém thudc doan [—20187;20187]?
A. 16145. B. 20181. C. 20179. D. 16144.

Loi giéi.
Ta co

sinSx —sinx =0 < sinS5x =sinx

[Sx=x+k2m
<~
Sx=rm—x+k2n
X = kg
< T +k?t
x=—+k=
L 6 3
x= kg (ke)
5w
< XZF—}—I’I’ZTC (meZ)
T
x=< +nw  (ne€Z).
[ —20187 < &5 < 20187 4036 < k < 4036
57 12113 12103
Vix € [-20187:20187] nén § —20187 <"~ +mw <2018 < § " 6 SmS —c— Do dé
T 12109 12107
— 20187 < = +n7 < 20187 T SPST
\
c6 8073 gia tri k, 4036 gid tri m, 4036 gi4 tri n, suy ra s6 nghiém can tim 1a 16145 nghiém.
Chon dédp an @ ........................................................................... U
Cau 17. D6 thi clia cac ham sd y = sinx va y = cosx cat nhau tai bao nhiéu diém c6 hoanh d6 thuoc
Sm
d [—2%; —} ?
oan >
A. 5. B. 6. C. 4. D. 7.
Loi gidi.

Xét phuong trinh hoanh do giao di€ém

) T
sinx =cosx<tanx =1 < x = Z+k7r

Vé6i
b4 T S 9 9
2 <x<—=-2n<—+kn<—=——=<k<-.
=t=5 N I
Mak € Znén k € {—2;—1;0;1;2}. C6 5 gid tri thda yéu ciu, suy ra hai do thi cat nhau tai 5 diém.
Chon dap a0 (A) .. ..o O

~ 2 T
Cau 18. Vi gia tri cia tham so m thi phuong trinh cos (x — §> —2m =0 v6 nghiém?

_ ! _ ]
m< —= m< ——

A. 12. B. 12. C.

_ > _

m>2 M_z

m< —1
m>1

Lo gidi.
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Ta co: cos( —g)—Zmzo(:)cos(x—§> =2m.

1
2 N A ‘A PN 9 . 2m < -1 m< _5
bé phuong trinh v6 nghiém khi va chi khi
m> 1 1
m> =
Chon dap a0 (A) ... O
Cau 19. Tim tit ci cic gia tri nguyén ctia tham s& m d€ phuong trinh cos? mx = m? —9 c6 nghiém.
A. 5. B. 2. C. 1. D. 3.
Loi gidi.

Do 0 < cos?7tx < 1 nén 0 < m? —9 < 1. Chon dudc m = +3 thda man.

Chondap an (B) . ... ..o O

Cau 20. Cho van téc v (cm/s) ctia mdt con lac don theo thdi gian ¢ (gidy) dugc cho bdi cong thic
. ﬂ - . , <, 4 N . , A A 4 ., . -, A
v = —3sin (1 , 5t + 5) X4éc dinh cac thoi diém 7 ma tai d6 van toc con lac dat gia tri 16n nhat.

Skt 4w T 4m
A.t=—+—k keZ. B.t=—+—k keZ.
89—'_43, ) 49_{—43, )
T 4rm T 4n
C.t=—+—k keZ. D.t=—+—k keZ.
g T3 ke g T3hke
Loi gidi.
Van tdc dat gia tri 16n nhat khi sin (1,5t + g) =—1.
7 4
Giai phuong trinh nay, ta dudc nghiém r = ?75 + ?nk, keZ
Chondap an (B) ... ... O
PHAN Il. Cau tric nghiém ding sai. Hoc sinh tra 15i tir cau 21 dén cau 25. Trong mbi

y a), b), c), d) @ mdi cau, hoc sinh chon ding hoac sai.

Cdu 21. Cho phucng trinh cos2x = 0. Xét tinh ding sai ctia cac khang dinh sau:
a) x =0 la mot nghiém cua phuong trinh.
T
b) Nghiém cua phuong trinh la x = 5 +km, voi k € Z..
1
¢) Phuong trinh c6 cing tdp nghiém véi phuong trinh cos?x = 5
d) Trén (0;27), phuong trinh c6 ding 2 nghiém.
Loi gidi.

a) V6i x =0, ta c6 cos2x = cos2-0 = cos0 = 1. Suy ra x = 0 khong phai la nghiém cta phuong
trinh cos 2x = 0.

b) XétcostzO@Zx:g—i—kﬂ(:)x:%—kkg,véikez.

1
¢) Xét cos’x = 3 & 2cos’x =1 < 2cos’x — 1 = 0 < cos2x = 0. Vay hai phuong trinh nay c6

cung tap nghiém.

d) Tacocos2x =0 2x= ¥ 4 km e x= 2 4 k2.
NN
" . T L !
V01x€(0,27r),suyra0<4+k2<27r(:> 4<k<2.
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Do k € Z, suy ra k € {0;1;2;3}. Mbi gid tri k, ta tim dudc 1 nghiém, nén trén (0;27) phudng
trinh c6 ding 4 nghiém.

Chon ddp 4n |asai | bsai [cding [dsai| ... O

Cdu 22. Cho phuong trinh sinx = cosx. Xét tinh ding sai ciia cac khang dinh sau:
3n
a) x= e 1a mot nghiém cua phuong trinh.

b) Nghiém cua phuong trinh la x = g + k27, véi k € Z..

¢) Phuong trinh c¢6 cung tap nghiém véi phuong trinh tanx = 1.
d) Trén (0;27), phuong trinh ¢ ding 2 nghiém.

Lo gidi.

3n 3n
a) Thay x = T vao phuong trinh khong thdéa. Suy ra x = T khong la mot nghiém cia phuong
trinh.

i sinx T
b) sinx=cosx< —=1<tanx=1<x= — + k.
COSX 4

v/
¢) tanx=1&x= 1 + k7. Vay hai phuong trinh c6 cung tap nghiém.

V9 5w
d) Trén (0;27), ta c6 dung hai nghiém x = e X = T

Chon ddp 4n |a sai | b sai | ¢ ding | d ding]

Cdu 23. Nhiét dd ngoai trdi & mot thanh phd vao céc thdi diém khéc nhau trong ngay c6 thé dugec mo
phong bdi cong thuic

T
h(t) =29+ 3sin | = (1= 9)|

véi h tinh bang d6 C va ¢ 1a thoi gian trong ngay tinh biang gio (0 < ¢ < 24). Xét tinh ding sai clia cac
khéng dinh sau:

a) Nhiét do ngoai trdi cao nhét bang 29 °C.

b) Nhiét d6 ngoai trdi thip nhét bing 26 °C.

¢) Nhiét do ngoai trdi cao nhit vao thdi diém 12 gid trua.

d) Nhiét d6 ngoai trdi thip nhét vao thoi diém 3 gio sang.

Loi gidi.
T
a) Do —1 < sin [E(t—9)} <1=26<h(t) <32
Suy ra, nhiét do ngoai trdi cao nhit bang 32 °C.

b) Do —1 < sin [%(t—%} <1=26<h(r) <32
Suy ra, nhiét do ngoai trdi thip nhét bang 26 °C.

P T 4
¢) Nhiét do ngoai trdi cao nhét khi sin [E(z . 9)} — 1 = ¢ = 15. Viy nhiét do ngoai trdi cao nhit
vao thoi diém 15 gio.

P 2 T
d) Nhiét d thip nhét trong ngay 12 26°, xay ra khi sin [E(z - 9)} — 1 = =3. Suy ra nhiét do
ngoai troi thAp nhit vao thoi diém 3 gio sng.

Chon dap an ] a sai | b ding | c sai \ d dl’mg\ .................................................. U
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CdAu 24. Hing ngay, Mit Troi chiéu sang, béng clia mot toa chung cu cao 40 (m) in trén mit dat, do

N 7[ N\
dai bong cua toa nha nay dugce tinh bang cong thiic S (1) = 40 ‘cot Et , 3 d6 S dugc tinh bang mét, con

t 12 s6 gio tinh tir 6 gid sang. Xét tinh diing sai clia cac khang dinh sau:
a) 0<S()<1.
b) D0 dai bong cuia toa nha tai thoi diém 12 gid trua 1a 0 (m).
¢) Do dai béng clia toa nha tai thoi diém 2 gio chiéu 1a 40v/3 (m).
d) C6 ding 2 thoi diém trong ngay ma do dai bong clia toa nha bing chiéu cao ctia tda nha.

Loi gidi.
a) Do0 < ‘cot%t‘ < +oo, suy ra 0 < S(t) < +oo

b) Tai thdi diém 12 gid truatacét = 12— 6 =6.
9 ‘s N T
Vay do dai bong ciia toa nha tai thdi diém 12 gid trua 12 S (6) = 40 ’cot <E : 6> ) — 0(m).
Tai thoi diém 12 gid trua, Mit Troi chiéu thang ding tif trén dau xuéng nén toan bo toa nha dugc
chiéu xudéng méng ciia toa nha.

¢) Tai thoi diém 2 gid chiéutacér =14 —6=8.
n 40V/3
Véy do dai bong cua toa nha tai thoi diém 2 gio chiéu la S (8) = 40 ‘cot <E . 8> ) =—3 (m)

d) Do dai béng ciia toa nha bang chiéu cao clia toa nha khi

S(1) :40<:>4O‘cot1—n2t‘ :40<:>cot1—ﬂ:2t:i1 = %t:ig—kkﬂ@t:jﬁ—kmk(keZ).

Tir day, ta tim dudc ¢ = 3 hoiic t = 9, tic 12 tai thdi diém 9 gio sdng hodc 3 gid chiéu thi bong clia
tdoa nha dai bang chiéu cao toa nha.

Chon dép an ] a sai | b ding ‘ ¢ dung [ d dﬁng‘ ................................................ 0

Cdu 25. Muc nudc cao nhit tai mot cang bién 1a 16
m khi thdy triéu 1én cao va sau 12 gio khi thiy triéu
xubng thip thi muc nudc thap nhit 12 10 m. Do thi &
hinh bén mo ta su thay d6i chiéu cao ctia muc nuéce tai
cang trong vong 24 gid tinh tii lic nia dém. Biét chiéu
cao cia muc nudc h (m) theo thoi gian 7 (h) (0 <r <
24) duge cho bdi cong thitc h = m + acos (%t) véi

m, a 1a cic sd thuc duong cho trude. Xét tinh ding sai
ctia cdc khang dinh sau:

a) Lic 12 gio trua thi muc nudc thip nhit.
b) Luic 12 git khuya thi muc nuc cao nhat.
) T
¢) Ham s6 h dudc xéc dinh béi & = 13+ 3 cos (Er> .
d) Tai thoi diém 8 gid sang hoic 4 gid chiéu thi chiéu cao ctia muc nuée 1a 11,5 m.

Loi gidi.
a) Cin ci vao do thi thi lic 12 gid trua thi muc nude thip nhat.

b) Cin cii vao dd thi thi lic 0 gid (tic 12 gid khuya) thi muc nudc cao nhat.
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86

¢) Taco
{m+a-cosO:16 {m+a:16 {m:13

=
m—+a-cosmt=10 m—a=10 a=3.

T
Suy ra h = 13+ 3cos (1)
uy ra +3cos B

d) Do chiéu cao ctia myc nudc 1a 11,5 nén

1
13+ 3cos (%t) =11,5 & cos <£t> =——

12 2
[T 2n
—t=—+k2x
12 3
&
lt——z—n+k27r
L1273
t =8+24k
& , (ke Z).
t=—8+424k ( )

Ung véi hai thoi diém trong ngay ta c6 ¢ = 8 gid var = 16 gid.

Chon dédp 4n ’ a dung [ b dung | c ding | d dﬁng‘ .............................................. 0J
PHAN I1l. Cau tric nghiém tra 18i ngin. Hoc sinh tra 15i tir cau 26 dén cau 30 vao 6
két qua.

Cdau 26. Tim nghiém ctia phuong trinh cotx = 2 trén khoang (0; 7). (két qua 1am tron dén hang phan
tram)

Lo gidi.

bép an: m ............................................................................. U

Cau 27. Tim nghiém am 16n nhit cia phuong trinh sin2x = —1. (két qua 1am tron dén hang phan
chuc)

L& gidi.

DA An: | =0, 8| oo O

Cdu 28. Chiéu cao & (m) ctia mot cabin trén vong quay vao thdi diém ¢ gidy sau khi bat dau chuyén

T 7
dong dugc cho bdi cong thic h(r) = 304 20sin (51‘ + §> . Sau bao nhiéu gidy thi cabin dat do cao 40

m lan dau tién?

Lo gidi.

Pé cabin dat do cao 40 m thi

ﬂ:t—l—ﬂ: ﬂ—l—k27r 25+50k
1 |5'737% t=——
W) =40 ¢20sin (i + 5 =10esin (14 D) =2 e |2 38 - 6 ez
25' 73 573) T2 | m 5w, T s
25737 6 =3
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Dé thiy, gia tri # > 0 nhd nhéat thod man 1a ¢ = 12,5 (gidy).

bép an: m ............................................................................. U

Cau 29. Gia st mot vat dao dong diéu hoa xung quanh vi tri cin bang theo phuong trinh
T
=2cos (51— 7).
x = 2cos c

O day, thoi gian  tinh bang gidy va quang dudng x tinh biang centimét. Hay cho biét trong khoang thoi
gian tir 0 dén 6 gidy, vat di qua vi tri can bing bao nhiéu 1an?

Loi gidi.
Vat di qua vi tri can bang khi va chi khi

/4 /4 T T 2w kmw
x—0<:)2cos<5t—g> —O@cos<5t—g> —O@SI—E—E—Fkﬂ@t—E—F?(kGZ).

ok
W0§t§6nénogl—75r+?n§6(:>—O,6§k§8,8 mak € Z. Do dé k € {0;1;2;3;4:5;6:7;8}.

Vay vat di qua vi tri can bang 9 1an.

Cau 30. Cho db thi ham s& y = cos2x va do thi ham s6 y = cosx cit nhau tai hai giao di€ém c6 hoanh
do x = a va x = 8 nhu hinh bén dudi

ANIANG

Tinh gid tri sin (8 — &) (két qua 1am tron dén hai chit s6 thap phan).

Lbigiéi.
Xét phudng trinh 2 & 2x=x-+thkom e x:k27r© n GikeZ
c ng trinn CoS = COS = ——, VO1 .
phtong O T = x4 R2m x:’% T3
27 4
Suyraa:?véﬁ:?Khldé

bép an: m ............................................................................. U
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DAP AN TRAC NGHIEM

DAP AN TRAC NGHIEM BAI 1

1. B||2. cC||3. B||4 B||5. D||6. A||7. DJ|[8. cC||9. A||l10. C
11. B||12. C||13. D||14. D||15. B||16. C]|[17. A|[18. A|[19. B|[20. C
21. B||22. B|[23. D||24. B|[25. D

Cau26. @D[®)DP()S@S Ccau27. @S®S(@DP@S |
Cau28. (a)s()s(e)p(d)s Cau29. @Pb)P()PD
Cau30. @)s®P()P@D

(Cau3l. —2,1||Cau32. 6,28 |[Cau33. 495 | |Caus4. 6,57 ||Causs. 75 |

@ DAP AN TRAC NGHIEM BAI 2

1. Bj|2. B||3. C||4. B||56. Cj|6. B||7. C||8 DJ||9. D||10. B
11. B||12. C||13. B||14. A||15. D||16. B||17. B|[18. A||19. B||20. C

Cau2l. (@P(b)P()P(DP Cau22. (a)sS(e)p(dD
cau23. (as(®s(c)sds Cau24. @P(D)S(c)s(@)P |
Cau2s5. @)P(b)P(c)s (s

[Cau26. 1 |[Cau27. 041|[Cau28. 1 ][Cau29. 2,5 |[Cau30. 19 |

@ DAP AN TRAC NGHIEM BAI 3

1. Dj|2. C||3. Bj||4. C||5. Bj|6. B||7. A||8 B||9. D||10. A
11. D||12. C||13. D||14. A||15. Bj||16. A||17. A|[18. D||[19. A||20. A

cau2l. @DPD)S()S @S Ccau22. (2)S(®DP ()PP |
Ccau23. (@P(D)s(c)s@P Cau24. (@)S(P()P)S |
Cau2s. (@)s(®)s()p@b

(Cau 26. 3,97| |Cau27. 12,6 (13?9“328' [Cau 29. 180 | |Cau30. 0,5

DAP AN TRAC NGHIEM BAI 4

1. c||2. DJ||3. A|ll4. D||5. B||6. A||7 DJ|[s. D|[9. c][10. D
11. D|[12. C||138. C|[14. A||15. B|[16. A|[17. A|[18. A|[19. B|[20. B
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Cau2l. (@)s()s(e)b(d)s Cau22. @)s®s()p@b
Cau23. @)sb)b()s@b Cau24. @)S®DP()PD
Cau2s. @Pb)P()P(D

Cau 26. 0,46 | (_33“827' |Cau28. 12,5|[Cau29. 9 ||Cau30. 0,87
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