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(NG DUNG DAO HAM BE KHAO
SAT VA VE PO THI HAM SO

s1. TINHDON PIEU VA CUC TRI CUA HAM SO

LY THUYET CAN NHO

B Tinh don diéu cia ham sé

{¥ Dinh nghia: Cho ham s y = f(x) xac dinh trén K (K 1a khoang, doan ho#c ntta khoang).

Ghi nhé 1 Ghi nhé 2

Ham sb ddng bién trén K néu Ham s nghich bién trén K néu
V1, x2 €K x1 <x2 = f(x1) < f(x2) Vy,x2 €K x1 <xg = f(x1) > f(x2)
y Y
flx1) =
fla) | == "> ‘ Flxz) \T\
f(x1) | =t ! ! !
0 ‘ x‘l xé x o) ‘ x‘l J5‘2 x

Trén K, do thi 13 mét "dudng di 18n" khi xét Trén K, dd thi 13 mét "dudng di xubng" khi
tlr trdi sang phai. xét tir trdi sang phai.

{3 Lién hé giita dao ham va tinh don diéu: Cho ham s6 y = f(x) ¢6 dao ham trén khoang (a;b).

e Néu y' =0, Vx € (a;b) va dau bang chi xay ra tai hitu han diém thi ham s6 y = f(x)
dong bién trén (a;b).

e Néu y' <0, Vx € (a;b) va dau bang chi xay ra tai hétu han diém thi ham s6 y = f(x)
nghich bién trén (a;b).

B3 cuctictahamsé
{¥ Dinh nghia: Cho ham s6 y = f(x) xac dinh va lién tuc trén khoang (a;b) (@ ¢6 thé 1a —oco,b ¢
thé 1a +oo) va diém x € (a;b).

o Néu ton tai s6 & >0 sao cho f(x) < f (xo) v6i moi x € (xg — h;x0 + h) < (a;b) va x # xo thi ta
n6i ham sb f(x) dat cuc dai tai xo.

o Néu ton tai s6 & >0 sao cho f(x)> f (xo) v6i moi x € (xg — h;x0 + h) < (a;b) va x # xo thi ta
né6i ham s6 f(x) dat cuc tiéu tai xo.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

¥ Dinh Iy: Gia st ham sb y = f(x) lién tuc trén khoang (a;b) chia diém x va c6 dao ham trén
cac khoang (a;x¢) va (x¢;6). Khi do:

e Néu f/(x) <0 v6i moi x € (a;x0) va f'(x)>0 véi moi x € (xo;b) thi xo 12 mot diém cuc tiéu
cua ham so f(x).

« Néu f/(x)>0 v6i moi x € (a;20) va f'(x) <0 v6i moi x € (x;b) thi xo 1a mét diém cuc dai
cua ham so f(x).
{3 Cac tén goi:
(x1;y1) 12 diém cuc dai ctia @6 thi ham sd;
y=f(x) o x1 12 diém cuc dai ctia ham sb;

 y1 la gia tri cuc dai ctia ham so.

(x2;y2) 12 diém cuc tiéu ctia d6 thi ham so;

e x9 12 diém cuc tiéu ctia ham sb;

T N .2 . - R > N A
\./ x * y9 la gia tri cuc tiéu ctia ham so.
|
|
N SV .

<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Bai todn tim khodng don diéu va cuc tri ctia ham sé cho truéc

® Tim tap xac dinh 2 cta ham sb y = f(x) .

@ Tinh dao ham f/(x). Tim c4c diém x; (i = 1,2,...,n) thudéc 2 ma tai d6 dao ham bang 0 hoic
khong xac dinh.

® Sap xép cac diém x; theo thit tu ting dan, xét dau y’ va lap bang bién thién. Tu day, néu
cac khoang dong bién, nghich bién va cac diém cuc tri.

Ghi nhé cach xét diu:

® Néu
y
fl(x) = (x—a)(x—b)2(x—c)* (x—d)*"*!, Vn e Nx
thi phuong trinh f'(x) =0 c6 A

e x=a la nghiém don;

o x=b la nghiém kép;

« x =c 1a nghiém bdi chan; N4 -
« x=d la nghiém boi 1é.
@ Khi xét diu f'(x) thi f'(x) sé y= ')

khong d6i dau khi qua nghiém
kép (nghiém boi chin) va d6i déu
khi qua nghiém don (nghiém boi

18).
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1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

BAI TAP TU LUAN

=Bail. Tim cac khoang don diéu va cac diém cuc tri ciia ham sb sau
a) y=—-x2+3x2-4; b) y=x%-3x2+1; c) y=x3+3x2+3x+2;

d) y=—-2x*+4x?; e) y=xt+4x3-1; f) y=-16x*+x-1.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

=Bai 2. Tim cac khoang don diéu va cuc tri cha

2x+1 3x+1
a) y= ; b) y=——;
e, G,
d) y=x+-; e) y=vx2-2x;

cac ham so sau:

4
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

=Bai3. Thé tich V (don vi: centimét khéi) cta 1 kg nudc tai nhiét d6 7' (0°C < T < 30°C) dudc
tinh béi cong thic

V(T) = 999,87 — 0,06426T +0,0085043T2 — 0,0000679T">

Héi thé tich V(T), 0°C < T < 30°C, giam trong khoang nhiét do nao?

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phudng an lwa chon. M&i ciu héi hoc sinh chi chon mét
phuong an.

Céau 1. Cho ham sb y = f(x) ¢6 db thi nhu hinh vé bén. Ham sé y = f(x) y
nghich bién trén khoang nao duéi day? 9
A. (V2;+00). B. (-2;2).
C. (-o0;0). D. (0;v2).
V2 /o V2
T N
_____ L
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Céu 2. Cho ham sb y = f(x) ¢6 d6 thi nhu hinh vé bén. Ménh dé nao y
sau day 1a ménh dé sai? 2
A. Ham sb dat cuc dai tai x =0.
B. Ham sb c6 gia tri cuc tiéu bang —2. 9
C. Ham s6 doéng bién trén (—oc;2). 0 T x
D. Ham s6 nghich bién trén (0;2). i
AN
Céu 3. Ham s6 y = f(x) c6 d6 thi 12 dudng cong trong hinh vé bén. y
Ham s6 y = f(x) dat cuc tiéu tai diém nao dudi day?
A. x=2. B. x=0. :,,,,E,, 1
C. x=-2. D. x=4. |
| |
-2 D2
ECRCETIR

Céu 4. Cho ham sb y = f(x) c6 bang bién thiér} " oo _9 oo
nhu hinh bén. Ménh dé nao sau day la ménh dé p
ding? &) o - 0
A. Ham s6 dong bién trén khoang (-oo;3). 3 +00
B. Ham s6 nghich bién trén khoang (—-2;+o0). £(x) / \ /
C. Ham sb dat cuc dai tai x = 3.
D. Ham sb dat cuc tiéu tai x = 2. —° 0

x —00 -2 0 2 +00
f'(x) + 0 - - 0 +
4 +00 +00
N N
—00 —00 4

Khang dinh nao sau day 1a khing dinh sai?

A. Ham s6 c6 hai diém cuc tri.

B. Toa d¢ diém cuc dai ctia d6 thi ham s6 14 (-2;-4).
C. Ham s6 nghich bién trén khoang (-2;2).

D. Ham s6 dong bién trén khoang (3;+c0).

6 TOAN 12 — CHUONG TRINH MO




1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

~ N A 1 A A N 4. ~ .
Cdu 6. Cho ham so y = —§x3 —x—3. Ménh dé nao dudi day dang?

A. Ham s6 dong bién trén (-oo;1) va trén (1;+o0).
B. Ham sb nghich bién trén R.

C. Ham s6 dong bién trén (-1;1).

D. Ham sb dong bién trén R.

A. 2 B. 1. C. -1. D. o.

A. 2V/5. B. 2v2. C. 2. D. 4.

A. (-1;0). B. (-1;+00). C. (-3;8). D. (—oo0;—-1).
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

. <oz 1 1 2 . . T ) .
Cau 10. Cho ham so y = —Zx“ +—x2—-3. Khang dinh nao sau day la khang dinh ding?

2
A. Ham s6 dat cuc tiéu tai x = -3. B. Ham s6 dat cuc tiéu tai x = 0.
C. Ham s6 dat cuc dai tai x = 0. D. Ham sb dat cuc tiéu tai x = —1.

A <oz 3x—-1 A s e AA 1S
Cau 11. Cho ham soy:%.Menh dé nao dudi day la dung?

A. Ham s6 nghich bién trén R.

B. Ham sb dong bién trén cac khoang (—oo;2) va (2;+00).
C. Ham s6 nghich bién trén cac khoang (—oco;2) va (2;+00).
D. Ham s6 dong bién trén R\ {2}.

~ N A - 2 A X N 2. A -
Cau 12. Cho ham so y = xTS Ménh deé nao duéi day dung?
X

A. Ham s6 nghich bién trén khoang (—oo; —3) U(—3;+00).
B. Ham sb dong bién trén khoang (—oo; —3) va (—3;+00).
C. Ham s6 nghich bién trén khoang (—oco;—3) va (—3;+00).
D. Ham sb dong bién trén khoang (—oo; —3) U(—3;+00).

2

A . N I Y x“+3x+3 ..

Cau 13. Goi ycp, yor lan lugt 1a gia tri cuc dai va gia tri cuc tiéu cia ham so Y=g Gia
x

tri cia biéu thic 2, —2y%, bang

A. 8. B. 7. C. 9 D. 6.

8 TOAN 12 — CHUONG TRINH MO




1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

Cdu 14. Tim diém cuc tiéu ctia ham s6 f(x) = (x — 3)e*.

A. x=3. B. x=0. C. x=2. D. x=1.

Céu 15. Cho ham s6 y =x2 +4In(3 - x). Tim gia tri cuc dai ycp ctiia ham sé da cho.

A. yop=2. B. ycp =4. C. yop=1+4In2. D. yecp=1.

Cdau 16. Cho ham sb6 y = f(x) xac dinh trén R va ¢6 dao ham y’ = f/(x) = 3x3 — 3x2. Ménh dé nao sau
day sai?

A. Trén khoang (1;+o0) ham s6 dong bién. B. Trén khoang (-1;1) ham sb nghich bién.
C. Do thi ham sb c6 hai diém cuc tri. D. D6 thi ham s6 ¢6 mot diém cuc tidu.

TOAN 12 — CHUONG TRINH MO 9 I



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

10

Céu 17. Cho ham s y = f(x) lién tuc trén R va c6 dao ham f/(x) = x(x — 1)2(x — 2)3. S6 diém cuc tri
cta ham sb y = f(x) 1a

A. 1. B. 2. C. 0. D. 3.

Céu 18. Cho ham sb ]?éc bén y = f(x). Biét f'(x) C(’, do y
thi nhu hinh bén. Khang dinh nao sau day la khang y=f'(
dinh dung?
A. Ham s6 f(x) dong bién trén khoang (—oo;0).
B. Ham s6 f(x) nghich bién trén khoang (-1;1). ‘ /\ L
C. Ham s6 f(x) c6 ding mot diém cuc tiéu. 2 /1 1N 2 3 /4 x
D. Ham sb f(x) c6 ding mot diém cuc dai.

Céu 19. Cho ham sb y = f(x) x4c dinh va lién tuc trén R. Biét rang y
ham sb6 f(x) c6 dao ham f’(x) va ham s6 y = f'(x) ¢6 d6 thi nhu hinh vé.
Khi d6 nhan xét nao sau day dung?
A. Ham sb f(x) khong c6 cuc tri.
B. D6 thi ham sb f(x) c6 diung 2 diém cuc tiéu. 1
C. D6 thi ham sb f(x) c6 ding mot cuc dai.
D. Ham sb f(x) ¢6 3 cuc tri.
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

PHAN Il. Cau tric nghiém diing sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Céu 20. Cho ham sb y = f(x) lién tuc trén R va c6 bang xét ddu dao ham nhu hinh bén.

a) Ham s6 dong bién trén khoang (—oo;1).
b) Ham s6 dong bién trén khoang (1;+oo).
¢) Ham s6 dat cuc dai tai x = 2. ' + 0 - + 0 +
d) Ham s6 c¢6 mot diém cuc dai va hai diém cuc tiéu.

Céu 21. Cho ham s6 y =23 —3x2 +4 c6 d6 thi (C). Goi A, B 12 hai diém cuc tri ctaa (C).
a) Tap xac dinh ctia ham sb 1a R.
b) Ham sb dong bién trén khoang (0;2).
¢) Phuong trinh dudng thang qua hai diém cuc tri ctia d6 thi ham s61a 2x+y—-4=0.
d) Dién tich cta tam gidc OAB bing 4, véi O 1a gbe toa db.

TOAN 12 — CHUONG TRINH MO 11



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

2
” . 2 +2x+2
Cau 22. Cho ham sb y=2"2%"72

cuaa (C).
a) Tap xac dinh cta ham s6 1a R.
b) Ham sb nghich bién trén khoang (-2;0).
¢) Toa do diém A(-2;-2), B(0;2).
d) Khoang cach gitia hai diém cuc tri la AB =2V/5.

¢6 @6 thi (C). Goi A, B 1an lugt 1a diém cuc tiéu va diém cuc dai

Cdu 23. Xét mot chat diém chuyén dong doc theo truc Ox. Toa d6 cta chit diém tai thoi diém ¢
dudc xac dinh béi ham sb x(t) = £3 — 62+ 9¢ v6i t = 0. Khi d6 «/(¢) 1a van téc cta chat diém tai thoi
diém ¢, ki hiéu v(¢); v'(¢) 1a gia tc chuyén dong ctia chat diém tai thoi diém ¢, ki hiéu a(?).

a) Phuong trinh ham van toc 14 v(¢) = 3¢2 - 6¢+9.

b) Phuong trinh ham gia tbc 1 a(t) = 6¢ - 12.

¢) Van toc cia chat diém tang khi ¢ € (0;1) U(3;+00).

d) Van toc cia chat diém giam khi ¢ € (1;3).
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1. TINH DON DIEU VA CUC TR| CUA HAM SO \ \

DT '9' Bai fodn tim m dé ham sé déng bién (nghich bién) trén khodng cho truéc

&% Xét ham sb bacba y=ax®+bx%+cx+d ¢6 y = 3ax?+2bx +c.
® Ham sb dong bién trén R khi va chi khi

a>0

¥y 20,VxeR & )
Ay <0

@ Ham sb6 nghich bién trén R khi va chi khi

a<0

¥y <0,VxeR & )
Ay <0

Truong hop hé sé a cé chita tham sb, ta kiém tra thém truong hop a = 0.

ax+b ad—cb . N
p— coy’:m,V01ad—cb¢Ovac¢0.

<& Xét ham phan thic y =
® Ham sb dong bién trén ting khoang xac dinh ctia né khi va chi khi
, d
Yy >0,Vx#——<ad—cb>0.
C
® Ham sb6 nghich bién trén ting khoang xéc dinh ctia né khi va chi khi
, d
y' <0,Vx#—— <ad—-cb<O.
C

2+ bx+ dx?+2aex+be—d
& Xét ham phan thiic y= 25 08 TC g, = 29T TAAEXTICTAC 45 ad £ 0.
dx+e (dx+e)?

® Ham sb dong bién trén ting khoang xac dinh ctia né khi va chi khi
y' =0, Vx # —2 o adx®+2aex+be—dc > 0,Vx # —2.
@ Ham s6 nghich bién trén ting khoang xac dinh ctia né khi va chi khi

y' =0, Vx#—s©adx2+2aex+be—dcso, Vx#—%.

BAI TAP TU LUAN

=Bail. Tim tat ca gia tri cia tham s6 m dé ham sb6
a) y=x%+mx2+2max+2 dong bién trén (—oo; +00).

3 _ mx? +(2m — 3)x — m + 2 nghich bién trén R.

1
b) y= —gx
1 p
c) y= §x3 —mx? —(2m + 1)x + 1 nghich bién trén khoang (0;5).

d) y=22-3x2+GB-m)x déng bién trén khoang (2;+00).

TOAN 12 — CHUONG TRINH MO 13



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O




1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

=Bai 2. Tim tat ca gia tri ciia tham s6 m dé ham sb6

a) y= mx+2
Y= x+1

mx—

b) y=

mx—8

c) y= dong bién trén (3;+00).

X—sam

mx+9

dx+m

dong bién trén tiing khoang xac dinh.

2 . <A A 2, 2 z .
—— nghich bién trén cac khoang xac dinh
x+m-—3

nghich bién trén khoang (0;4).

TOAN 12 — CHUONG TRINH MO 15 I



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

=Bai 3. Tim tat ca gia tri ciia tham s6 m dé ham sb6

_2x2+3x+m+1

a) y= 1 dong bién trén cac khoang xac dinh.
X
24(m+1x-1 . . <
b) y= X (n; > (m la tham so) nghich bién trén moi khoang xac dinh.
—X
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

BAI TAP TRAC NGHIEM

PHAI\[ I. Cau tric nghiém nhiéu phuong an lua chon. Hoc sinh tra 16i tir cau 1 dén cau
17. MGi cau hai hoc sinh chi chon mét phuong an.

a A 2 .z . o ~ S A + . <A A N 2 2 . N
Cau 1. Tat ca gia tri chia m dé ham so y = % nghich bién trén tung khoang xac dinh la
x f—

A. m>-2. B. m<-2. C. m=<-2. D. m=-2.

~ N A 2 ~ A I3 ., . 2 A 2 N A A « A A N
Cau 2. Cho ham s0 y = ma; . Tim tat ca gia tri cia tham so m dé ham so dong bién trén tung

x —
khoang xac dinh.
m>2 m=2
. B. -1<m<?2. C. -1=sm=<2 D
m<-1 m<-—

a N % + A Ay o s es . PR A 1A 4 A~ )
Cau 3. Cho ham so y = % Tap hop tat ca cac gia tri cia m dé ham so dong bién trén khoang
X
(0;+00) 1a

A. [2;+00). B. (2;+00). C. (—o0;2]. D. (—o0;2).
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Céu 4. Cho ham sé f(x)= ™¥=4
—

s6 dong bién trén khoang (0; +00)?
A. 5. B. 4. C. 3. D. 2.

(' m 12 tham sb thuc). C6 bao nhiéu gia tri nguyén ciia m dé ham

4 p
i nghich bién trén (—oo;1).

Céu 5. Tim tt ca cdc gié tri cia m dé ham sb y = ——
A. -2<m<2. B. -2<m<-1. C. 2=m<-1. D. -2<m=-1

mx+10
2x+m

Cdu 6. S6 gia tri nguyén ctia tham s6 m dé ham s6 y = nghich bién trén khoang (0;2)

la
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1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

Cau 7. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham s6 y = 2% - 2ma? + (m? + 3) x dong bién
trén R?

A. 8. B. 6. C. 7 D. o.

O»

Céu 8. Cho ham sb y = —x® — ma? + (@m +9)x + 5. C6 bao nhiéu gia tri nguyén cia m dé ham s
nghich bién trén R?

AT B. 4. C. 5. D. 6.

Cau 9. Cho ham sb y = (m — 1)x® + (m — 1)x? — 2x + 5 véi m 1a tham s6. C6 bao nhiéu gia tri nguyén
ctia m dé ham s6 nghich bién trén khoang (—oco; +00)?

A. 5. B. 7. C. 8. D. 6.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Cau 10. Tim tét ca céc gia tri thuc ctia tham sé m dé ham sb y = x® — 3ma2—9m2x nghich bién trén

khoang (0;1).
1 1 1 .
A. —1<m<§. B. m<-1. C. m> 2. D. nghoacms—l.

Céu 11. C6 bao nhiéu gia tri nguyén ctia tham sé6 m thudc khoang (-2019;2020) d& ham sb y =
2x% —3(2m + 1)x? + 6m(m + 1)x + 2019 dong bién trén khoang (2; +o0)?

A. 2020. B. 2018. C. 2021. D. 2019.
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1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

Cau 12. Tap hop céc gia tri thuc ctia tham s6 m dé ham sb y = —x3 — 6x2 + (4m — 9)x + 4 nghich bién
trén khoang (-oo;-1) l1a

A. (—oc;0]. B. [—§;+oo). C. (—oo;—ﬁ}. D. [0;+00).

Cau 13. Tim tat ca cac gia tri thuc ctia tham s6 m sao cho ham s6 y = x® — 6x% + mx + 1 déng bién
trén khoang (0;+o0).

A. m=<12. B. m=12. C. m=0. D. m=0.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

x2—8x

Cdu 14. Tim tat ca cac gia tri m d€ ham sb y = dong bién trén méi khoang xac dinh.

A. (=8;0). B. (0;8). C. [0;8]. D. [-8;0].

A . csog ” A PR % m N . 4 A X
Cau 15. Tap hop cac gia tri thuc cia tham s0 m dé ham so y =x+1+ s dong bien trén moi
x—
khoang xac dinh ctia n6 la

A. (—00;0). B. [0;1). C. [0;+00)\{1}. D. (—o0;0].

CAau 16. Tim tAt ca céc gia tri thuc ctia tham sé m d€ ham sb f(x) = 2<°~*"+mx+1 @dng bién trén
khoang (1;2).

A. m=<-8. B. m>-8. C. m=-1. D. m<-1.
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

Céu 17. C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé ham sb f(x) = (x+ DInx + (2 - m)x
dong bién trén khoang (0;e2)?

A. 0. B. 3. C. 5. D. 4.

PHAN Il. Cau trég nghiém ddng sai. Hoc sinh tra 13i tir cau 18 dén cau 20. Trong mdi
y a), b), ), d) 8 mai cau, hoc sinh chon ding hoac sai.

Céu 18. Cho ham s6 y = ma® + mx? —(m + 1x + 1, v6i m 1a tham sb.
a) Ham s6 12 ham s6 bac ba khi m #0.
b) Tap xéc dinh cta ham s6 1a R.

N A A <A A . N 2 . 3 o
c¢) Ham s6 dong biéen trén R khi va chi khi m < ~1 hoac m = 0.

P p 3
d) Ham so6 nghich bién trén R khi va chi khi ~1 =m<0.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
N . £ 1 s £
Cau 19. Choham s6 y = §x3 +(m+1)x? + (m?+2m) x -3, v6i m 1a tham s6.

a) Tap xac dinh cia ham s6 1a R.

b) Phuong trinh y’ =0 ¢6 hai nghiém phéan biét x; = —m va xg = —-m - 2.
¢) Khong ton tai gi4 tri ca tham s6 m d& ham sb dong bién trén R.
d) Ham sb6 nghich bién trén khoang (-1;1) khi va chi khi m = -1.

x+5

Céu 20. Cho ham sb y = , v6i m 1a tham sb.

x+m
a) Tap xac dinh cia ham s6 1a R.
b) Ham sb dong bién trén ting khoang xéc dinh khi va chi khi m = 5.
¢) Ham s6 nghich bién trén titng khoang xéc dinh khi va chi khi m <5.
d) Ham s6 dong bién trén khodng (—oo; —8) khi va chi khi (5; 8).
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1. TINH DON DIEU VA CUC TR| CUA HAM SO \ \

DT '9' B&i todn fim m dé ham sé cé cuc tri hodc dat cuc tri tai diém cho truéc

& Tim m d€ ham s6 y = f(x) dat cuc tri tai diém x( cho trude (f(x) c6 dao ham tai xo):
® Giai dieu kién y'(xo) = 0, tim m.
® Lap bang bién thién véi m via tim dudc va chon gia tri m nao théa yéu cau.
& Bién luan cuc tri ham sb y = ax® + bx? + cx +d.

Tinh y' = 3ax? +2bx + ¢ v6i A, = b% - 3ac

Ay >0 2 A 2 C o3 .
@ { 7~ 7. Ham s6 c6 hai diém cuc tri

a#0
& oA a=0 5 4 a 2 .
@ Ay <0 hoac suy bien { _: Ham so khong ¢6 cyc tri.
CHU Y N

. Cq . . N N 2b
3 Goi x1, x9 lahalnghlemphanbletcuay’=0th1x1+x2:—3— Vaxl-xgzé.
a

. x% +x§ = (x1 +x9)% — 2x1x9

o (x1—x9)% = (x1 +x9)% — 4x1%2

. x‘;’ +xg = (1 +x9)% — 3x1209(x1 + x9).

{3 Cac cong thiic tinh toan thuong gap:

Do dai MN = /(xny —xa0)2 + (yn — yu)?

IAxM +ByM + C|
VAL B

Tam giac ABC vudéng tai A & AB-AC =0 < hoanh-hoanh + tung-tung =0.

« Khoang cach tit M dén A: d(M,A) = ,V6i A: Ax+By+C =0.

1 TR —
Dlén tich tam g‘léc ABClaS = §|a1b2—a2b1|, v61 AB = (al;bl), AC= (az;bg).

. . . 2 b
{3 Phuong trinh duong thang qua hai diém cuc trila y = —%(b2 —3ac)x+d - i.
e

BAI TAP TU LUAN

=Bail. Tim m dé ham sb6
a) y:%—mx2+(m2—m+1)x+l dat cuc tiéu tai x = 3.

b) y = x5 —3max® +3(m2 - 1)x dat cuc dai tai xo = 1.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

=Bai 2. Tim tat ca gia tri ca tham s6 m dé ham s6 (d6 thi ham sb)
a) y=x3—3x%+2mx +m +2024 c6 hai diém cuc tri.

3 _max2 +(m+2)x+2019 khéng c6 cuc tri.

1

b) y=1+
) y 3%
c) y=x3-3(m+1)x%+12mx +2019 c6 hai diém cuc tri x1, xo théa man x; + x3 + 2x1x9 = —8.

d) y = -x%-3mx?+m -2 véi m 1a tham s6 c6 hai diém cuc tri A,B sao cho AB=2.
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

~ N A 2 .z . > A ~ N A 1 2 . N
Cdéu 1. Tim tat ca gia tri ctia tham s6 m dé ham s6 y = §x3 +(m+1Dx%+(1-3m)x+2 cé cuc dai va

cuc tiéu.

A. m=s-5m=0. B. m<-5;m>0. C. -5<m«<0. D. -5=m=<0.

tiéu.
A. m>-3. B. m=3. C. m=-3. D. m>3.

Céu 3. Cho ham s6 y = 2% — 3(m + 1)x2 + 3(7m — 3)x. S6 gia tri nguyén cta tham s6 m dé ham sbé
khong c6 cuc tri la
A. 2. B. 1. C. 4. D. 3.

Céu 4. Cho ham sb y = x% - 3(m + 1)x% + 3(7m — 3)x. Goi S 1a tap hop tat ca cac gia tri nguyén cia
tham s6 m dé ham s6 khong cé cuc tri. S6 phan ti cia S 1a
A. 2. B. 4. C.o. D. Vb sb.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
U TN R . o 5
Cau 5. Gia st ham s0 y = —x° —x* — —mux ¢6 hai diém cuc tri x1,x9 théa méan x1 +x9 +2x1x2 = 0. Gia

tri cia m la

Céu 6. Cho ham sb f (x) = x® —3x%+mx—1. Tim gi4 tri cia tham s6 m d€ ham sb c6 hai cuc tri x7,x2

b4 2 2 _
thoa x7 +x5 =3.
1 3
A.m:§. B. m=-2 C. m=1 D.m:§

Cau 7. Tim tAt ca cac gia tri cia tham sb6 m dé€ @6 thi ham s6 y = x® — 12x +m + 2 ¢6 hai cuc tri va
hai diém cuc tri nay nam vé hai phia truc hoanh?

A. m=-2. B. -18<m < 14.
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1. TinH DoN Bitu VA cyc TR cUA HAM 56 AT

Cau 8. Tap hop céc gia tri ciia m dé d6 thi ham s6 y =3+ ma?— (m?—4) x+1 c6 hai diém cuc tri
nam 6 hai phia caa truc Oy la

A. (—o0;2). B. R\[-2;2]. C. (-2;2). D. (2;+00).

A. m=-1. B. m=1. C. m=0. D. m=2.

A. m=3. B. m=-3. C. m=1. D. m=-1.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

~ N .. . ) A 2 N A 1 - R .
Cau 11. Tim gia tri thuc ciia tham s6 m dé ham so y = §x3 —mx? +(m? - 4)x + 3 dat cuc tiéu tai
x=3.

A. m=-1. B. m=1. C. m=-1. D. m=5.

bang

Cau 13. Goi m1,mo la cac gia tri ctia tham s6 m dé€ @6 thi ham s6 y = 2x® —3x2 +m —1 ¢6 hai diém
cuc tri B,C sao cho tam giac OBC c6 dién tich bang 2, v6i O la goc toa d6. Tich m1-mgy bang

A. 12. B. 6. C. -15. D. -20.
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1. TINH DON BIEU VA CUC TR| CUA HAM 5O “-

Cau 14. Cho ham sb y = x® — 3ma2 + 3m?. Biét rang c6 hai gia tri ctia tham sé m d€ d6 thi ham sbé
c6 hai diém cuc tri A,B va tam gidc OAB c6 dién tich bang 48. Khi d6 tong cac gia tri ciia m la

A. 0. B. 2. C. V2. D. -2.

PHAN Il. Cau tric nghiém diing sai. Trong mi ¥ a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

- N % m P N %
Cau 15. Cho ham s6 y = §x3 +2x%+mx+1, v6i m 1a tham sb.

a) Ham s6 c6 hai diém cuc tri khi -2<m <2.

b) Ham sb ¢6 diung mot diém cuc tri khi m =0 hodc m = 2.

¢) Ham s6 khong c6 cuc tri khi m < -2 hodc m = 2.

d) Ham sb c6 2 diém cuc tri théa man xcp <xcp khi 0<m <2.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
Céu 16. Cho ham s6 y =x® - 3ma2+3 (m2 - 1) x —m?® v6i m 1a tham sb.
a) Ham s6 luén c¢6 hai diém cuc tri v6i moi m.
b) Ham sbé dat cuc tiéu tai x =3 khi m = 2.
¢) Khi d6 thi ham s6 ¢6 hai diém cuc tri thi khoang céch gitta hai diém cuc tri bang 2v/5.
d) Diém cuc tiéu cta dd thi ham sb luon thude dudng thing cb dinh véi hé sb géc k = -3.

2

~ R £ x“=-2mx+m+2 . . 2

Cau 17. Cho ham so y = , v6i m la tham so.
x—m

a) Tap xac dinh ctia ham s6 1a R\{m}.

b) C6 hai gia tri nguyén ctia tham sb6 m dé ham sb ¢ hai diém cuc tri.
£ ., . 1

c¢) Ham s6 dat cuc dai tai x = -1 khim = 2

d) Khi d6 thi ham s c6 hai diém cuc tri thi dudng thing qua hai diém cuc tri cta @b thi cé
phuong trinh la y = 2x - 2m.

32 TOAN 12 — CHUONG TRINH MO




2. GIATRILON NHAT - NHO NHAT cUA HAM SO A AT
§2. GIA TRI LON NHAT - NHO NHAT CUA HAM SO

@ LY THUYET CAN NHO

Cho ham sb y = f(x) xac dinh trén tap 2. Ta c¢6

N .14 A - < 2 % f(x)SM,VxE.@
® M la gia tri 16n nhat cia ham so neu y
xpe P :flxg)=M.

Ymax

|

|
=
g

Ki hiéu |maxf(x)=M
x€9

Qe --------45

@ n 1a gia tri nhé nhat cta ham sb néu fx)zn,Vxes
& ’ Axg € P : f(xg) =n. O N 3ch /.
Ki hiéu I;éiélf(x)zn 3 b #
oty

CHU Y
® Khi yéu cau tim max min cia ham s6 ma khéong néi rd xét trén tap nao, thi ta hiéu la

tim max min trén mién xac dinh ciia ham so do.

@ PE tim max min caa ham s6 y = f(x) trén mién 2, ta thuong lap bang bién thién cta
ham sb y = f(x) trén 2. Tu bang bién thién, ta két luan:
« Diém & vi tri cao nhat — Két ludn max;
« Diém § vi tri thadp nhat — Két luan min.
® PE tim max min ctia ham sb y = f(x) trén doan [a;b] (f(x) lién tuc trén doan [a;b] va cé
dao ham trén (a;b) (c6 thé tric mét sb6 hitu han cdc diém) va f'(x) = 0 chi tai moét s hitu
han cdc diém trong (a;b)), thi ta cé6 thé giai nhu sau:
e Giai f'(x) = 0 tim cac nghiém xg € (a;b);
« Tim cac diém x; € (a;b) ma tai d6 dao ham khong xac dinh (néu cé).
o Tinh toan f(a), f(xo), f(xi), () (%)
e Goi M, n 1an lugt 14 s6 16n nhat va s6 nhoé nhéat cia cac két qua tinh toan 6 budc (x)
thi
M =maxf(x); n=minf(x)
[a;b] [a;

a;b]
@ Ta c6 thé dung cac bat déng thic ¢6 sdn dé danh gia biéu thic can tim max, min.
« Bat dang thiic Co-si cho hai s6 khéng am a, b:
a+b=2Vab
DAu "=" x4y ra khi a = b.
« B4t déng thic Cé-si cho ba s6 khéng a4m a, b, c:
a+b+c=3Vabe

Dau"="xayrakhia=b=c.
« Bat déng thic Co6-si cho n s6 khéng 4m a1, ag,..., an:

aitag+..+a, =n{/a1a2...a,

Dau "="xayrakhia;=as=...=a,.
. g
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

34

<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Bdi todn fim max, min cla ham sé y = f(x) trén mién 2

{3 Phuang phap giai:
® Tinh y'. Giai phudng trinh y' =0 tim cdc nghiém x; € Z va tim cédc diém x; € Z ma
tai d6 y' khong xac dinh.
@ Lap bang bién thién ctia ham s6 trén 2.
® Tu bang bién thién, két luan:
« Diém 6 vi tri cao nhat — Két luan max;
« Diém 6 vi tri thip nhat — Két luan min.
{3 Luu y: Néu 2 1a doan [a;b] va ham sb y = f(x) lién tuc trén doan [a;b] thi ta c6 thé lam
nhu sau:
@ Giai f'(x) =0 tim cac nghiém xg € (a;d);
@ Tim cac diém x; € (a;b) ma tai d6 dao ham khong xac dinh (néu co).
® Tinh toan f(a), f(xo), f(x;), f(B) ()

@ Goi M, n 1an lugt 1a s6 16n nhat va s6 nhé nhat caa cac két qua tinh toan 6 budc (x)
thi
M =maxf(x); n=minf(x)
[a;b] [a;b]

A © Néu ham sé y = f(x) dong bién trén doan [a;b] thi x[njg]l fx) = f(a) va max flx) =

f(b).
@ Néu ham s y = f(x) nghich bién trén doan [a;b] thi {nig]l flx)=f(®)va max flx)=
f(@). ’ ’

BAI TAP TU LUAN

=Bail. Tim gid tri 16n nhat va nhé nhat (néu c¢6) cia ham s6 sau trén doan da chi ra.

3
a) f(x)=—x3+3x2+10 trén doan [-3;1]. b) f(x)= % —2x% + 3x + 1 trén doan [-3;2].
4 9 R 2x+3
¢) f(x)=—-2x*+4x"+3 trén doan [0;2] d) flx)= 1 trén doan [0;4].
X
4 . 4
e) fx)=x+ - trén khoang (0; +oo); f) f(x)=38x+—; trén (0;+o0).
X
22 +4 R
g) f(x)= %’;*5 trén R. h) f(x) = V=22 + 2x trén mién xdc dinh.
X
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

=Bai 2. Tim gi tri 16n nhat va nhé nhat cia ham s6 sau trén mién da chi ra.

a) y =x—sin2x trén doan [—g;n} b) y=e* ~3*+3 trén doan [0;2]
9 R In?x R 5
c) y=e"(x%-3) trén doan [-2;2] d) y=—— trén doan [1;e’]
x
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2. GIATRILON NHAT - NHO NHAT c0A HAM 36 AN

=Bai 3. Tim gia tri 16n nhat va nhé nhat (néu c6) cia ham s6 sau trén mién da chi ra.

5sinx +1

a) f(x)=— trén doan [O; E} . b) v = cos® x+2sin® x+cosx trén mién xac dinh.
sinx + 2 6

TOAN 12 — CHUONG TRINH MO 37 l



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét

phudng an.
Céu 1. Ham sb y = f(x) lién tuc trén doan [-1;3]
< s .4 cA X -1 0 2 3

va c6 bang bién thién nhu sau.

Goi M 1a gi4 tri 16n nhat cia ham sé y = f(x) trén y + 0 - 0 +

doan [-1;3]. Khing dinh nao sau day 1a khang 5 4

dinh dung?
A. M= £(0). B. M =f(-1). y / \ /
C. M=£(@3). D. M= f(2). 0 1

Cdu 2. Cho ham s6 f(x) lién tuc trén doan [-1;5] va ¢6 db thi nhu
hinh vé bén. Goi M va m lan ludt 1a gia tri 16n nhat va nhé nhat
ctia ham s da cho trén [-1;5]. Gia tri cia M +m bang

A. 5. B. 6. C. 3. D. 1.

nho nhét m cta ham sb y = f(x) trén doan [-1;1].
A. m=2. B. m=-2.
C. m=1. D. m=-1. 1

Céu 3. Cho ham sb6 y = f(x) ¢6 d6 thi 1a duong cong ¢ hinh bén. Tim gia tri <2 /

+00

X

f'(x)

f(x)

Goi M va m 1an luot 1a gia tri 16n nhat va gia tri nhé nhat ctia ham sé da cho trén doan [-1;3]. Gia
tri ctia biéu thic M —m 1a
A. 5. B. 7. C. -1. D. 3.
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2. GIATRILON NHAT - NHO NHAT c0A HAM 36 AN

Cdau 5. Gia tri 16n nhAt va nho nhét ctia ham sb y = x® — 12x + 1 trén doan [-2;3] 1an lugt 1a
A. 17, -15. B. 10, —26. C. -15, 17. D. 6, —26.

Céu 6. Goi M,m lan lugt 1a gia tri 16n nhat va gia tri nhé nhat cia ham s6 y =x%+3x2-9x+1 trén
[-4;4]. Tinh tong M +m.

A. 12. B. 98. C. 17. D. 73.

A. 33. B. 37. C. 12. D. 1.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
Cadu 8. Gia tri 16n nhat ciia ham sb y = x* — 3x% + 2 trén doan [0;3] bang

A. 57. B. 56. C. 54. D. 55.

~ .z . 2 A - N A 2 + 3 A b
Cdu 10. Gia tri nhé nhat ciia ham s6 y = x+ il trén doan [0;4] la
X
A 5. 7 ¢ o, 11
5 5
N sl 1A 4. o R £ x?—-3x+3 N
Cau 11. Gia tri 16n nhat ctia ham s6 y = 1 trén doan [—2, —] bang
7 1
A. 4 B. -3. C. —— D ——3.
2 3
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Cdau 12. Gia tri 16n nhat cia ham s6 y=v4—-x2 1a

A. M=-2 B. M=2.

A. M=4. B. M=T7.

2. GIATRILON NHAT - NHO NHAT c0A HAM 36 AN

C. M=1. D.

1
C. max y=e D. max y=—=+In2
xe[%;e} xe[le 2

Céu 15. Goi M,N lan ludt 14 gia tri 16n nhat va nhé nhat ctia ham s y = x2 —4In(1 - x) trén doan

[-2;0]. Tinh M - N.
A. M-N =4In2.

C. M-N=4In2-1. D. M-N=4In3-4.
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Cau 16. Cho ham sb f(x) nghich bién trén R. Gi4 tri nhé nhAt ctia ham sb g(x) = €3 2%’ — f(x) trén
doan [0;1] bang

A. e—f(). B. f(D. C. £(0). D. 1-£(0).

Céu 17. Cho ham sb y = f(x) xac dinh va lién tuc trén doan
7 N . 2 N A N ~ 2. N A
[O;ﬂ, ¢6 do thi cia ham so0 y = f'(x) nhu hinh vé. Héi ham so

e e 1 As A 7 g .
y = f(x) dat gia tri nhé nhat trén doan [O;E] tai diém x¢ nao
dudi day?

A. xo=3. B. xo=2. C. xo=1. D. xo=0. 0

S e
8]

Céu 18. Cho ham sb y = f(x), biét ham s6 y = f'(x) ¢6 d6 thi nhu hinh

N s an <4 P SN 137, .
vé dudi day. Ham so y = f(x) dat gia tri nho nhat trén doan [—; 5} tai
diém nao sau day?
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Céu 19. Cho ham sb f(x) c6 dd thi cia ham sbé y = f'(x) nhu hinh y ,

vé. Bibt £(0)+ f(1) = 2f(2) = £(4)— £(3). Gia tri nhd nhét m, gia tri 16n y=1x)

nhét M ctia ham sbé f(x) trén doan [0;4] 1a 4 x
A. m=f4),M=f(Q). B. m=f(4), M={f(2). 0] 2 ;
C. m=f), M=f(2). D. m=f£(0), M = £(2). |

Cau 20. Gia tri 16n nhat, gia tri nhé nhat cta ham sb y = sin®x — 3sin?x + 2 1an lugt 14 M, m. Tong
M +m bang

A. 0. B. 4. C. L D. 3.

A. 2017. B. 2020. C. 2018. D. 2019.
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44

PHAN Il. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

Céu 22. Cho ham s6 y = f(x) 12 ham s6 lién tuc trén R va c6 bang bién thién nhu hinh vé duéi day.

x —00 -1 0

f'(x) + 0 - 0 +

f(x) _00/4\3/ \_Oo

+00

| O =
|

Xét tinh dung, sai ctia cac khing dinh sau:

a) Cuc dai ctia ham s6 1a 4. b) Cuc tiéu cta ham sb 1a 3.
c) mﬂgxy:4. d) ijny=3.

Cdu 23. Hinh bén cho biét su thay doi
ctia nhiét d6 & mot thanh phé trong mot
ngay. Xét tinh dung, sai caa cac khang
dinh sau:

a) Nhiét d6 cao nhét trong ngay la

t(°C)

28°C.
b) Nhiét d6 thap nhat trong ngay la
20°C.

¢) Thoi diém c6 nhiét d6 cao nhéit
trong ngay la luc 16 gid.

d) Thoi diém c6 nhiét d6 thap nhat
trong ngay la luc 4 gio.
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Céu 24. Cho ham sb y = f (x) c6 dao ham y = £/ (x)
lién tuc trén R va do thi cda ham sb f'(x) trén
doan [-2;6] nhu hinh vé bén. Xét tinh dung, sai
cta cac khéng dinh sau:

a) [rgza}éi]f(x) =f(=1).

b) [ryza%f (x) = £ (6).

c) [Iglza}g]f(x) =f(-2).

d) [rflza}g]f(x) =max{f (-1),f(6)}.

Céu 25. Cho ham sb f(x) c6 dao ham 1a f'(x). Do thiy =
f'(x) dudc cho nhu hinh vé. Biét rang £(0)+ f(3) = f(2) +
£(5). Xét tinh ding, sai cia cac khang dinh sau:

a) Ham sb6 nghich bién trén khoang (—co;0). 1 ‘
b) Ham sb nghich bién trén khoang (0;2). |
¢) minf(x)=f(0) va max f(x) = £ (5). ; ; ; o x

d) r[r(};ig]lf(x) =f(2)va rgé;ag]cf(x) =f(5).
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DT '9' Ba&i fodn max, min cé chira tham sé m

BAI TAP TU LUAN

=Bai 4. Tim tat ca gia tri ctia tham sb6 m dé
a) gia tri 16n nhat ctia ham sb f(x) = —x3 — 3x% + m trén [-1;1] bang 0.

x+5m

b) gia tri nhé nhat cia ham sb f(x) = trén [1;2] bang 4.

BAI TAP TRAC NGHIEM

Céu 1. Cho ham sb f(x) = 2x® — 3x%2 + m thoa méan r[lg15r]1 f(x)=5. Khi d6 gia tri cia m bang

A. 10. B. 5. C. 6. D. 7.
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Cdu 2. Tim m dé gia tri nhé nhat ctia ham s6 f(x) = 3x° —4x%+2(m—10) trén doan [1;3] bang —5.
A. m=—. B. m=-15. C. m=8. D. m=-8.

2
~ N ~ ., . 2 A o N A - + A M
Cadu 3. Tim m dé gia tri nho nhat cia ham so f(x) = % trén doan [0;1] bang 2.
X
m=1 m=1 1+v21 m=-1
A B . C. m= . D
m=-2 m=2 2 m=2

A s % x—m .o, . [ - . < .

Cdu 4. Ham s0 y= —— thoéa man min y+ max y = —. Héi gia tri m thudc khoang nao trong cac
x+2 x€[0;3]7  x€[0;3] 6

khoang duéi day?

A. (2;+00). B. (0;2). C. (—o0;—-1). D. (-1;0).
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N N % + N 2 . ~ . 16 ” P L.
Cau 5. Cho ham so0 y = rrm (m la tham s0 thuc) théa man miny + maxy = —. Ménh dé nao duéi
x+1 [1;2] [1;2] 3
day dung?

A. m>4. B. m=<o0. C. O<m=2. D. 2<m <4.

dang ?
A. 1=m<3. B. m<-1. C. 3<m=4. D. m>4.

Céu 7. Goi S 1a téng gid tri ctia m d6 ham sé f(x) = — " ¢6 gi4 tri nhé nhAt trén [0;1] bing
X

+1
—2. Ménh de nao sau day dung?

A. S=-1 B. S=1. C. S=-2. D. S=-3.
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N N £ s A .2 . 14 X s
Cdu 8. Cho ham s6 f(x) = x® + mx? —m?x +2 v6i tham s6 m > 0. Biét min f(x) = —. Ménh dé nao

[-m;m] 27
dudi day dung
A. m e (—o0;—3). B. m€(3;+00). C. me(1;3). D. me(-3;-1).

Cau 9. C6 tat ca bao nhiéu gia tri nguyén cta tham sé m dé gia tri nhé nhat cia ham sé y =
23+ (m?—m+1)x+m?—4m?+ m + 2025 trén doan [0;2] bang 2019?

A. 0. B. 1. C. 2. D. 3.

Cau 10. Goi S 1a tap tht ca cac gié tri cia m sao cho gid tri nhé nhét ciia ham s6 y = (x3 - 3x + m)2
trén doan [-1;1] béng 4. Tinh tong cac phan ti cia S.

A. 0. B. 6. C. -5. D. 3.
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DT 'e' Bai todn van dung, thuc tién cé lién quan dén max min

{3 Bai toan chuyén dong:

o Goi s(¢) 1a ham quang dudng; v(¢) 1a ham van toc; a(¢) 1a ham gia tbc;
e Khi d6 s'(¢) = v(®); v'(¢t) = a(t).

{3 Bai toan thuc té — tbi uu:

« Biéu dién dit kién can dat max — min qua mét ham f£(z).

o Khao sat ham f(¢) trén miéen dieu kién ctia ham va suy ra ket qua.

BAI TAP TU LUAN

= Bai 5. Mot chat diém chuyén déng c6 van tbc tiic thoi v(t) phu thude vao thoi gian ¢ theo ham
s6 v(t) = —t* + 24t% + 500 (m/s). Trong khoang thoi gian tit ¢ = 0 (s) dén ¢ =5 (s) chat diém dat van
toc 16n nhat tai thoi diém nao?

50

Su phan huy cta rac thai httu co c6 trong nudc sé y
lam tiéu hao oxygen hoa tan trong nuéc. Nong do
oxygen (mg/l) trong mét ho nudc sau ¢ gio (¢ = 0) khi
mot ludng rac thai hitu co bi xa vao hd dude xap xi
béi ham s6 (c6 do thi nhu dudng mau d6 & hinh bén)

15t 1 1 ]
y(t)=5_ 2 . 0 T T t p
9t4+1 1 9 3

Vao cac thoi diém nao nong dé oxygen trong nudce cao nhat va thap nhat?
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=Bai7.
Tinh dién tich 16n nhét Sy, cia mot hinh chit nhat néi tiép trong D c
ntta dudng tron ban kinh R = 6 cm néu mot canh cta hinh chit nhat
nam doc theo duong kinh cta hinh tron ma hinh chi nhat d6 noi
tiép.

=Bai8.

M6t ngudi mudn xay mot cai bé chita nuée, dang mét khéi hop chix ,
nhat khong nip c6 thé tich bing 288 dm®. D4y bé 14 hinh chit nhat :
¢6 chiéu dai ghp d6i chiéu réng, gia thué nhan céng dé xay bé la ;
500000 dong/ m2. Néu ngudi dé biét xac dinh céc kich thuée cta bé i
hop 1i thi chi phi thué nhan céng sé thap nhat. Héi ngusi d6 tra Rt ----
chi phi thap nhat dé thué nhan céng xay dung bé d6 1a bao nhiéu? R
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52

=Bai9.
M6t nha san xuét can lam ra nhitng chiéc binh ¢6 dang hinh tru véi /l ,
dung tich 1000 cm?. Mt trén va mit dudi cta binh duge 1am bing \0_:_/‘ A
vat lidu c6 gia 1,2 nghin déng/cm?2, trong khi mét bén ctia binh dude !
lam bang vat liéu c6 gia 0,75 nghin dong/em?. Tim céac kich thudc :
ctia binh dé chi phi vat liéu san xuit mdi chiéc binh 1a nhé nhét. i

U

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong 4n lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

Céau 1. Mot chat diém chuyén dong véi quang dudng s(t) cho bdi cong thiic s(z) = 62 - ¢3, ¢ (giay) 1a
thoi gian. Héi trong khoang thoi gian tit 0 dén 4 gidy, van toc tic thoi ctia chat diém dat gia tri 16n
nhat tai thoi diém ¢ (gidy) bang bao nhiéu?

A. t=3s. B. t=4s. C. t=2s. D. t=6s.
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Cdu 2. Trong 3 gidy dau tién, mot chit diém chuyén dong theo phuong trinh s(¢) = —¢3 +6t2 +t +5,
trong d6 ¢ tinh bang gidy va s tinh bang mét. Chat diém cé van tdc tic thoi 16n nhat bang bao
nhiéu trong 3 gidy dau tién do6?

A. 13 m/s. B. 10 m/s. C. 9m/s. D. 12 m/s.

Cau 3. D6 giam huyét ap ciia mot bénh nhan dude cho béi cong thite G(x) = 0,025x2(30 — x), trong
d6 x 1a liéu lugng thube duge tiém cho bénh nhan (x dude tinh bang miligam). Liéu ludng thudc
can tiém cho bénh nhan 14 bao nhiéu dé huyét 4p dudc gidm nhanh nhit?

A. 24 mg. B. 20 mg. C. 15 mg. D. 10 mg.

Cdu 4. Trong thi nghiém y hoc, ngudi ta cAy 1000 vi khuén vao méi truong dinh dudng. Bang
thuc nghiém, ngudi ta xac dinh s6 lugng vi khuén thay d6i theo thoi gian béi cong thiic

N(t)=1000+ (con).

100 + ¢2

trong d6 ¢ 1a thoi gian tinh bang gidy. Tinh s6 lugng vi khuén 16n nhéat ké tit khi thuc hién cy vi
khuén vao moéi trudng dinh dudng.

A. 1008 con. B. 1012 con. C. 1005 con. D. 1020 con.
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Céu 7. Cho mot tAm ton hinh chit nhat ¢6 kich thudc 10 cm x 16 cm. Ngudi ta cat bo 4 géc cta tAm
tén 4 miéng hinh vuéng bang nhau roi go lai thanh mét hinh hép chit nhat khong c¢é nap. P& thé
tich ciia hinh hop d6 16n nhat thi dé dai canh hinh vuéng ctia cac miéng tén bi cat bé bang

A. 3m. B. 4 m. C. 5m. D. 2 m.

Cau 8. Ong Binh du dinh st dung hét 5,5m? kinh dé 1am mét bé ¢4 bang kinh ¢6 dang hinh hop
chit nhat khong nap, chiéu dai gip d6i chiéu rong (cac mdi ghép c6 kich thudc khong dang ké). Bé
cé c¢6 dung tich 16n nhat bing bao nhiéu (lam tron dén hang phan tram)?

A. 1,01m3. B. 1,17m?%. C. 1,51m5. D. 1,40m?®.
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Cdau 9. Ngudi ta mubn xay mot chiée bé nudc ¢6 hinh dang 13 mét khéi hop chit nhat khong nép cé
e, 1 1y 500 A A TN A T L T Ae o A Anc A AAr LA AN s
thé tich bang 5 m?3. Biét day bé 1a mot hinh chit nhat cé chiéu dai gp déi chiéu rong va gia thué
tho xay 14 700.000 dong/m?2. P& chi phi thué nhan céng it nhat thi chi phi thué nhan cong la

A. 120 triéu dong. B. 105 triéu dong. C. 115 triéu dong. D. 110 triéu dong.

Cau 10. Tt mét tAm bia hinh chit nhat ¢6 chiéu rong 30 cm va chiéu dai 80 em (Hinh a), ngudi ta
cat & bén géc bon hinh vuodng cé canh x( cm) véi 5 < x < 10 va gap lai d€ tao thanh chiéc hop c6 dang
hinh hép chit nhat khong nap nhu Hinh b. Tim x dé thé tich chiéc hop 1a 16n nhat (két qua lam

tron dén hang phan tram).

X x
x x
8 777777777777
S | :
- 1
x x |
|
80cm L Ammmmeeee- -
a) b)
2 9 9 ,
A x:_OCm B.x:—Ocm C x:—50m D x:_scm
3 7 3 -
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Cau 11. Mot sdi day c6 chiéu dai 1a 6 m, dude chia thanh 2 phan. Phan thi nhat dude ubn thanh
hinh tam gidc déu, phan thi hai uén thanh hinh vuéng. Héi d6 dai ctia canh hinh tam gidc déu
bang bao nhiéu dé tong dién tich 2 hinh thu dudc 12 nhé nhat?

) !
12 18v/3 36V3 18
4+V3 4+V3 " 4+V3 9+4V3

Cdu 12. Mét doanh nghiép tu nhan A chuyén kinh doanh xe gdn may cac loai. Hién nay doanh
nghiép dang tap trung vao chién ludc kinh doanh xe X véi chi phi mua vao mét chiéc 1a 27 triéu
dong va ban ra véi gia 31 triéu dong. Véi gia ban nay, s6 luong xe ma khach hang da mua trong
mot nam 14 600 chiéc. Nhdm muc tiéu ddy manh hon nita luong tiéu thu dong xe dang béan chay
nay, doanh nghiép du dinh giam gia ban. B6 phan nghién ctu thi truong udc tinh rang néu giam
1 triéu dong méi chiéc xe thi s6 lugng xe ban ra trong mét nam sé tang thém 200 chiée. Héi theo
d6, gia ban méi 1a bao nhiéu thi 1¢i nhuén thu dudc cao nhat?

A. 30 triéu dong. B. 30,5 triéu dong. C. 29,5 triéu dong. D. 32 triéu dong.
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PHAN Il. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

Cau 13. Ngudi ta bom xing vao binh xing ctia mét xe 6 t6. Biét rang thé tich V (lit) caa lugng
xang trong binh xing tinh theo thoi gian bom xang ¢ (phut) dude cho béi cong thic

V(t)=300(t2—t3)+4 v6i 0< ¢ <0,5.

Goi V'(¢) 1a tbc do téng thé tich tai thoi diém ¢ v6i 0<¢<0,5.

a) Ludng xéng trong binh ban dau 1a 1 lit.

b) Ludng xing 16n nhat bom vao binh xang la 41,5 lit.

c) V'(t)=300(2t -3t)+4, v6i 0=t <0,5.

d) Xang chay vao binh xing vao thoi diém 6 gidy thi 30 c¢6 toc do téng thé tich 1a 16n nhat.

Céu 14. Tai mét xi nghiép chuyén san xuat vat liéu xay dung, néu trong mot ngay xi nghiép san
xuat x (m?) san phdm thi phai bd ra cac khoan chi phi bao gom: 4 triéu dong chi phi c6 dinh; 0,2
triéu dong chi phi cho méi mét khéi san phdm va 0,001x% triéu dong chi phi bao dudng may méc.
Biét rang, méi ngay xi nghiép san xuit dudc tbi da 100 m?® san pham. Goi C(x) 1a téng chi phi dé
xi nghiép san xuit x (m?) san phdm trong mot ngay va C la chi phi trung binh trén méi mét khbi
san pham.

a) C=0,2x+0,001x®> véi 0<x<100.
b) Tong chi phi khi san xuat 100 m® san pham la 34 triéu dong.

— 4
c¢c) C=0,00lx+—-+0,2 v6i0<x<100.

_— x 2z 2z N N z z
d) C c6 gia tri thap nhat bang 0,326 triéu dong (két qua lam tron 3 chit so thdap phdn).
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Cdu 15. Nha may A chuyén san xuat mot loai san phdm cung cap cho nha may B. Hai nha may
thoa thuan rang, hang thang A cung cip cho B sb luong san pham theo don dat hang caa B (tbi
da 100 tAn san pham). Néu sb lugng dat hang 1a x tdn san pham thi gia ban cho mdi tAn san
pham 1a P(x) = 45—-0,001x2 (triéu dong). Chi phi dé A san xut x tAn san phdm trong moét thang 1a
C(x) = 100 + 30x (triéu dong) (gom 100 triéu dong chi phi c¢b dinh va 30 triéu dong cho mbi tin san
pham).

a) Chi phi dé A san xu4t 10 tdn sam phdm trong mét thang 1a 400 triéu dong.

b) S6 tién A thu dudc khi ban 10 tAn san pham cho B 14 600 triéu dong.

¢) Loi nhuan ma A thu dude khi ban x tAn san pham (0 < x < 100) cho B 1a —0,001x? + 15x — 100.

d) A ban cho B khoang 70,7 tdn san ph4m méi thang thi thu dudc 16i nhuén 16n nhét.
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§3. DUGNG TIEM CAN CUA DO THI HAM SO

LY THUYET CAN NHO

n Pudng tiém can ngang (TCN):

{3 Dinh nghia: Puong thang y = m dudc goi 1a mét dudng tiém can ngang (hay tiém céan
ngang ) ciia d6 thi ham s6 y = f(x) néu

xEr}loof(x) =m hoac xl_%r}l@f(x) =m.

Puong thang y = m 1a tiém can ngang ctia do thi ham s6 y = f(x) dudc minh hoa nhu hinh

bén dudi
y y
y=r(x)
y=m /] ~erw
\/ m
m y=m
(0] x (0] x

a) xEI—noo fx)=m b) xEI-Poo fx)=m

{3 Cac budc tim TCN:

® Tinh lim f(x)va lim f(x).
X—+00 X——00

@ Xem § "vi tri" nao ra két qua hitu han thi ta két luan c6 tiém can ngang & "vi tri" dé.

a Pudng tiém can dirng (TCD)

{3 Dinh nghia: Puong thang x = a dudc goi 1a mot dudng tiém can ding (hay tiém can
ditng ) ctia do thi ham sb y = f(x) néu it nhat mot trong cac diéu kién sau thoa mén:

lim f(x)=+o00, lim f(x) = +o0, lim f(x)=—-o0, lim f(x)= —oo.
x—a x—at x—a x—at

Puong thing x = a 14 tiém can ding ctaa db thi ham sé y = f(x) dudec minh hoa nhu hinh bén
dudi.
y y

— Y = Y XxX=a
x=a y= fx) N x=a
y=f(x)

y=f@) \
/ U a x Oa \ x 0] a x Ola x

x=a
a) lim f(x)=+oco b) lim+ f(x)=+oo ¢) lim f(x)=-oc0 d) lim+ f(x)=—0c0
x—a x—a x—a xXx—a

{3 Cac budc tim TCD:

® Tim nghiém ctia mau, gia st nghiém d6 1a x = x.

oo hodic lim f(x) = oo thi ta két

x—>x0

® Tinh giéi han mét bén tai xo. Néu xay ra lim f(x) =
x—>x0

luan x = x¢ la duong tiém can duang.
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3. DUONG TIEM CAN CUA DO THI HAM SO \ \

Puong tiém can xién

{3 Dinh nghia: Pudng thang y=ax+b, a #0, dudc goi 1a dudng tiém can xién (hay tiém
can xién ) cta do thi ham s6 y = f(x) néu

xgrpm[f(x) —(ax+b)1=0 hoac JCl_i’rgloo[f(x) —(ax+b)]=0.

Puong thing y = ax+b 14 tiém cén xién cta db thi ham sb y = f(x) dudc minh hoa nhu hinh

bén duéi:
y Y
v
X
o y=f®
Y
y=F@) A ~x P
\/ y=
(0] x (0] x
a) lim [f(x)—(ax+b)]=0 a) lim [f(x)-(ax+b)]=0
X——00 X—+00

{3 Cac budc tim TCX y = ax + b: Ta x4c dinh hé s6 ctia a va b trong 2 truong hop sau:

® Tinh a= lim @, b :xﬁglw[f(x)—ax].

xX—+00 «x

f(x)

@ Tinha= lim —, b= lim [f(x)-ax].
x—-00 x x——00

<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'ol Bai todn tim tiém cén dirng va tiém cén ngang clia dé thi ham s

Cho ham sb y = f(x). Dé tim tiém can ding va tiém can ngang, ta lam nhu sau:
® Céac budc tim tiém cén ding:
® Tim nghiém ctia mau, gia st nghiém dé 1a x = xo.
® Tinh giéi han mot bén tai xo. Néu xay ra lim f(x) = co hodc lim f(x) = co thi ta két
X=X XK
luan x = x¢ la dudng tiém céan ding.
® Cac budc tim tiém cin ngang;:
® Tinh lim f(x) v lim f(x).
x—+00 x——00
® Xem & "vi tri" nao ra két qua hitu han thi ta két luan c6 tiém can ngang 6 "vi tri" dé.

8%ED | 6n 6 TCD 5= -2 va TCN: y= 2.
cx+d c c

@ Luu y: Do thi ham s y =

BAI TAP TU LUAN

=Bail. X4c dinh tiém can ddng va tiém can ngang cta d6 thi ham sé cho béi cong thiic sau:

2x—1 2x—3 x2-5x+4 2x—1
a) y= ; b) y= ; c) y=———; d) y=———.
)y x+17 ) y=1o x’ )y x2-1 7 )y x2—-3x+2
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phudng an lwa chon. M&i ciu héi hoc sinh chi chon mét
phuadng an.

. N A N 2x—4 .
Cau 1. Duong tiém cdn ngang cia do thi ham so y = x+ 3 la
X
A. y=2. B. x=2. C. x=-2. D. y=-2.
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3. pUONG TIEM CAN cOA DO TH HAM SO A AT

~ N ‘A A , NUEERN 4 2x+1
Cdu 2. Tim tiém cin ngang cta do thi ham so y = x+ T
X
A y=-2. B. x=-2. C. y=2. D. x=1.

_1-3x B 22 +3x+2 _ 1+3x D _ 3x%+2
YT 9 YT T e YT 1x R
Céu 4. Ham s6 nao c6 d6 thi nhan duong thang x = 2 1am dudng tiém can ding?
1 1 2 5x
A y=x-2+—. - - = D. y=
Y= +1 YT+l Y+ s
a N A ~ . ” NI 2 3x+1 N 2
Cadu 5. Puong tiém cén ding cua do thi ham so y = 5 la duong thang
x—
1
A x=-2 B. x=2. C. y=3 D y=-3
~ N [N A 2~ o X . N A +1 ~ N N
Cau 6. Duong tiém can ding cua do thi ham so y = #5 c6 phuong trinh la
x?+4x—
A x=-1. B. y=1;y=-5. C. x=1;x=-5. D. x=4+5.
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2
o N A N . A A ” N N 2 -3x+2
Cdau 7. Tim so0 duong tiém can caa do thi ham so y = %
2 —
A. 1. B. 0. C. 2. D. 3.

A. 1. B. 2. C. 0. D. 3.

Cau 9. Cho ham sb y = f(x) c6 @6 thi 14 dudng cong (C) va cac giéi han 1ir§1 flx)=1, lirg flx)=1,
x—2% x—2”

xl_igrnoo flx)=2, xEr_noo f(x)=2. Hbi ménh dé nao sau day dung?

A. Pudng thang y = 2 1a tiém c4n ngang cta (C).
B. Puong thang y = 1 12 tiém can ngang cta (C).
C. Pudng théng x = 2 14 tiém can ngang caa (C).
D. Puong thang x = 2 1a tiém cén ding cta (C).

N A opia A an o X rs Ls P Vx+9-3 .
Cau 10. So tiém can dung cta do thi ham so y = x;— N la
X X
A. 3. B. 2. C. o. D. 1.

64 TOAN 12 — CHUONG TRINH MO




3. DUONG TIEM CAN CUA DO THI HAM SO \ \

Céu 11. Cho ham sb y = f(x) xac dinh trén

R\ {+1} lién tuc trén mdi khoang x4ac dinh
va c6 bang bién thién nhu hinh vé. S y

duong tiém can cta d6 thi ham sb 1a
A. 1. B. 2. C. 3. D. 4.

Céu 12. Cho ham sb y = f(x) xac dinh trén R\ {0},

lién tuc trén méi khoang xac dinh va c6 bang bién
thién nhu hinh bén. Chon khéng dinh dung.

D6 thi ham sb ¢6 dung mét tiém cin ngang.
Po6 thi ham sb ¢6 hai tiém can ngang.

D6 thi ham sb ¢6 ding mot tiém can ding.

. P6 thi ham s6 khong c6 tiém ding va tiém

oNwp

can ngang.

Céu 13. Cho ham sb y = f(x) ¢6 bang bién thién
nhu hinh bén. Héi d6 thi ham sé da cho c6 bao

nhiéu dudng tiém cin?
A. 2. B. 3. C. 4. D. 1.

7
ey

AR

PHAN II. Cau tric nghiém diing sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon

ding hoac sai.

Cau 14. Cho ham sb y = f(x) c¢6 bang bién thién nhu
hinh bén. Xét tinh ding, sai cia cac khang dinh
sau:

a) f(-5)<f4).

b) Ham sb c6 gia tri nhé nhat bang 2.

¢) Do thi ham sb c6 tiém can ding x = 0.

d) Do thi ham s6 khong c6 tiém can ngang.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

—4x+5
2x+3

Céu 15. Choham s6 ham sby = ¢6 dd thi (C). Xét tinh ding sai ctia cac khang dinh sau:

a) Ham s6 khéng c6 cuc tri.

b) D6 thi ham s6 c6 tiém can ding x = -3.

¢) D6 thi ham sb c6 tiém can ngang y = -2.

d) Céc dudng tiém can cta db thi tao véi hai truc toa d6 mét hinh chit nhat ¢é dién tich bing 3.

DT '9' Bai todn tim tiém cdn dirng va tiém cén xién ctia dé thi ham sé

® Cac buéc tim TCX y = ax + b: Ta xac dinh hé s6 ctia a va b trong 2 trudng hop sau:
f(x)

® Tinha= lim —, b= xl_i>r+noo[f(x)—ax].

x—+00 x
® Tinh a = lim @, b= lim [f(x)—ax].
x—-00 x x——00

® Luu y:

® Neéu a =0 thi tiém can xién chinh la tiém can ngang.

ax?+bx+c

@ Doi v6i ham sb6 phan thitc f(x) = , ta c6 thé chia da thtic, bién d6i vé dang

e Ag
flx)=a'x+b + , Véie#0
mx+n

Suy ra y =a'x+ b’ 1a dudng tiém can xién ctia do thi ham sb.

BAI TAP TU LUAN

=Bai 2. Tim céc tiém can ding va tiém can xién cta do thi ham so sau:

2) 2?42 b) _ 2x%-3x-6 o 2% +9x+11
Y= on—a YT T2 YT T 245
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3. pUONG TIEM CAN cOA DO TH HAM SO A AT

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét

phudng an.

N R U 1 . R
Cadu 1. Duong tiém can xién ctia do thi ham so y=f(x)=2x-1- o phuong trinh la
x

A y=x+1. B. y=2x-1. C. y=x-1.

D. y=2x+1.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

N . A A Ao ax s % 1 . . R
Cdu 2. Puong tiém cén xién ctia do thi ham s6 y=f(x)=x+3 + orr1 phuong trinh 1a

X+
A. y=2x+1. B. y=x-3. C. y=x+3. D. y=2x-1.
. L e ax i 4 x?+3x
Cau 3. Tim tiém cén xién ctia do thi ham so y = f(x) = 5
A. y=2x-5. B. y=x-2. C. y=x+5. D. y=x-5.

Cdau 4. Tiém can xién ctia d6 thi ham sb y = — la
x
A y=-2 B. y=1. C. y=x+2. D. y=x.
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3. pUONG TIEM CAN cOA DO TH HAM SO A AT

2
PN N N N c A - N N % -3x+1
Cau 5. Tim tiém cén xién cua do6 thi ham so f(x) = %
A y=x+1. B. y=-3x+1. C. y=x-2. D. y=x-1.
~ N ‘A ~ R - N < 1s A 2352 -3x .. .2 N ~
Cdau 6. Duong tiém can xién cia do thi ham so y = di qua diém nao sau day?
A. (5;3). B. (-4;-5). C. (6;-1). D. (2;-10).

Céu 7. Giao diém ctia dudng tiém can ding va dudng tiém cin xién ctia d6 thi ham sb y =

2x2-3x+2 ..
= = "1la

x—1
A. (1;2). B. (1;1). C. (1;-1). D. (1;0).
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

70

PHAN Il. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

ax?+bx+c

dx+e
a) Tap xac dinh ciia ham so la R.

b) Ham sb c¢6 hai diém cuc tri.
¢) Do thi ham sb ¢6 dudng tiém can diing 1a x = 0.
d) D6 thi ham s6 c6 duong tiém can xién la y=x+1. -1 il

Céu8.Chohamsdy=f(x) = ¢6 d6 thi nhu hinh bén. y

Cau 9. Cho d6 thi cia ham sé y = f(x) =
2x2

x2-1
dinh sau:

a) Do thi ham sb6 ¢6 3 diém cuc tri.

b) lim, . o f(x)=2;lim,_.1- f(x) = —oo.

¢) Do thi ham s6 ¢6 3 dudng tiém can
ding x=-1,x=0,x=1.

d) D6 thi ham sb6 c6 hai dudng tiém can
ngang y=2va y=0.

. Xét tinh dung sai cua cic khing

DT 'e' Bdi fodn vé dudng tiém can cé chira tham sb

BAI TAP TU LUAN

=Bai3. Tim tham s6 m d€ d6 thi ham sb

3x—1 A A R
a) y= A duong tiém cén dung la x =5.
x—m
+1)x-5 n n N N 2
b) y= (m + 1)« = 5m c6 tiém can ngang la duong thang y =1.

2x—m
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3. pUONG TIEM CAN cOA DO TH HAM SO A AT

=Bai4. Tim m dé d6 thi ham sb6
X — 2 , . 0N A A 2
a) y = 5————— ¢0 hai dudng tiém can dung.
x“—mx+1

22 -3x+m . . ‘A A e
b) y= ——— ¢6 duong tiém can xién.
x—-m

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

~ N A > 2 .z . ) 2 3FA . N A +2 2 N LN A .
Cadu 1. Tim tat ca cac gia tri cia m dé do thi ham so y = mx c6 dudng tiém cén ngang di qua
x—
diém A(1;3).
A. m=-3. B. m=1. C. m=-1. D. m=3.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

mx+3
x—m

Céu 2. Tim tham s6 thuc m d€ d6 thi ham s6 y =
ngang la duong y =1.
A. m=1. B. m=2. C. m=-1. D. m=3.

c6 tiém can ding la duong x = 1, tiém can

+1

A AL Y . N cn ~ ” X N A 2x Lo N % L .
Cadu 3. Biet rang hai duong tiém can caa do thi ham so y = (v6i m la tham s0) tao véi hai

truc toa d6 mot hinh chit nhat c6 dién tich bang 2. Gia tri caa m 1a

A. m=4+2. B. m=-1. C. m=2. D. m=4+1.

- ooaxiys oz 22%-Bx+m
Cau 4. Tim gia tri cha m dé do thi ham so y= ——  ¢6 tiém can ding.
XxX—m
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-4
"~ ¢6 hai dudng
x4—mx+4
A. m € (—oo;—4]U[4; +00).
C. me(—o0;—4)U (4;+00) \ {5}.

3. PUONG TIEM CAN CUA BO THI HAM 5O “-
Cau 5. Tim tat ca cac gia tri thuc cia tham sb6 m dé d6 thi ham sb y =
tiém can dung?

B. m#5.
D. m € (—o0;—4)U(4;+00).

~ N A 2 2 _3 + - A . N A 2 ~ .2 . > A 2 A
Cdau 6. Choham so y= YT 6 b thi (C). Tim tat ca cac gia tri cia tham so m dé (C) khong
X—m
c6 tiém can dung.
A. m=0hoacm=1. B. m=2 C. m=1 D. m=0
Cau 7. Tim tat ca cac gia tri cia tham sb thuc m dé d6 thi ham s6 y = 5 c6 dang 3 duong
X“—mx
tiém céan.
m>2 m>2
m>2
A. m#— B m<-2 . D. 2<m<2.
2 5 m<-2
m<—2 m # D)
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

~ N A + 1 2 . N ~ X . o N A N A N 2
Cdau 8. Cho ham so0 y = Zx 3 xac dinh a va b dé do thi cia ham s6 trén nhan duong thang x =1

x—

A A al N 2 1.
lam tiém can ding va duong thang y = 3 lam tiém can ngang.

~ N 2 +1 NLIETR A A~ N N < A A
Cau 9. Chohamsso y = % Do thi ham s6 nhan truc hoanh va truc tung lam tiém can ngang
X n

va tiém can ding. Tinh m +n.
1 1 2
A. m+n=—§. B. m+n:§. C. m+n:§. D. m+n=0.

(4a-b)x?+ax+1
x2+ax+b-12

Céu 10. D6 thi ham sb y =
gia tri cta a +b.

A. a+b=10. B. a+b=12.

nhan truc hoanh va truc tung lam hai tiém can. Tinh
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3. pUONG TIEM CAN cOA DO TH HAM SO A AT

PHAN Il. Cau tric nghiém diing sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

mx%+6x—2

Cau 11. Cho ham so y = p—

, v6i m 1a tham sb.

a) Tap xac dinh ctia ham s6 1a R\{-2}.
b) Do thi ham sb ¢6 tiém can ngang khi m >0.
¢) Do thi ham sb c6 tiém can ding khi m # 0.

d) Tap hop tat ca gia tri cia m dé dd thi c6 hai dudng tiém can la R\ {—}
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
§4. KHAO SAT SU BIEN THIEN VA VE DO THI HAM
SO

LY THUYET CAN NHO

BB so dd khdo st ham s y= f(x)

7

® Budc 1. Tim tap xéc dinh ctia ham sb.
® Budc 2. Khao sat su bién thién cia ham sb

« Tinh dao ham y'. Tim cac diém ma tai d6 y’ bang 0 hodc dao ham khéng ton tai.
« Tim céc giéi han tai vo cuc, giéi han vo cuc va tim tiém can ctia d6 thi ham sb.

o Lap bang bién thién; xac dinh chiéu bien thién va cuc tri cia ham so.

® Budc 3. Cho thém diém va vé d6 thi ctia ham sé dua vao bang bién thién.

B} Ham s6 bac bay=ax® +bx2+cx+d

@ THI1. y' =0 c¢6 hai nghiém phan biét x; va xo. Khi

d6, ham sb6 c6 hai diém cuc tri x = x; va x = xo. -
GHI NHO

@ Ham sb khéng c6 diém cuc tri
9 . |a=0
b“—-3ac <0 hoac
b=0.
3 N ) e @ Ham sb c6 hai diém cyc tri
@ TH2. y' =0 c6 nghiém kép x¢. Khi d6, ham s6 khong
¢6 cuc tri. a#0
a>0 y a<0 y b2 —3ac>0.
1 ‘n P . . ‘A
I @ Lién hé tong tich hai nghiém
0] x 2b
[ R en= 2
3a
_c
© TH3. 3 =0 v6 nghiém. Khi d6, ham s6 khéng c6 2 =3,
cuc tri. | R
y y @ Toa do tAm doi xding cha do thi,
a0 a<0 né chinh 1a trung diém cla doan ndi 2
diém cuc tri. Hoanh d6 tdm doi xdng
I 7 |a nghiém phuong trinh y" =0 & x =
b ‘A A A A p
——. ® Tiép tuyén tai tdm dobi xing
0 * 0 * 8a _
sé c6 hé s6 gbc nhd nhat néu a >0 va
[6n nhat néu a <O.
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4. KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

B Ham SOy—

(c;éO ad—bc #0)

ad—cb

C
® D6 thi nhan giao diém ctia hai duong tiém can lam

tam d6i xing.
© Hinh dang 45 thi:

d

; Y Yy ; @ Tiém cin ding x = —

! c

| @ Tiém can ngang y—g

1 C

-------- S et g ® Giao v6i Ox: y=0=>x =

@ Giao véi Oy: x=0=>y=

______
Q
8
o

—1___
ﬁ\l&
8]

&I@

z

n Hom soy = %‘f‘;c (a#0,m # 0) (da thirc t& khéng chia hét cho da thirc méu)

am-x2+2an-x+b.n—m.c

® Tap xac dinh D = R\{——} Pao ham y' = s
m mx+n

@ Ham s6 2 diém cuc tri khi y' = 0 ¢6 2 nghiém phan biét; Ham s6 khong ¢6 cuc tri khi y' =0 vo
nghiém.

@ D6 thi nhan giao diém chia tiém cin ding va tiém can xién lam tam déi xing.

® Hinh dang db thi:

y 7 A
| 4 N
I G A
2 N
| " N
I 4 A
# \
! s
|
I
|

1
|
|
|
|
|
|
I
i |0 x i
.
I
I
|
|
|
|
|
1

N

~ ~

[

@ <0, y' =0 ¢6 2 nghiém phan biét

1
!
!
|
|
|
|
|
\\
|
|
|
!
!
|
|
|

a>0, y' =0 v6 nghiém a<0, y' =0 v6 nghiém

a>0, y' =0 ¢6 2 nghiém phan biét ‘

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Khéio st vél vé db thi ham sé bac ba

Ta khao sat theo s¢ @6 da nhéc dén 6 phan ly thuyét.

BAI TAP TU LUAN

=Bail. Khao sat su bién thién va vé do thi cadc ham s6 sau:

a) y=x3-3x2+1; b) y=-2x3-3x2+1;

c) y=x3+3x2+3x+2; d) y=x3-3x2+4x-2.
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| 78 TOAN 12 — CHUONG TRINH MO




4. KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO \ \

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phudng an lwa chon. Mbi ciu héi hoc sinh chi chon mét
phuong an.

Cdau 1., Bang bién thién & hinh bép 12 ctia mot trong boén x| —oo 0 9 oo
ham s6 sau day. Hoéi d6 1a ham so nao? p —
A. y=-x3-2x2+5. B. y=x%-3x2+5. fx) + +
C. y=—x3-3x+5. D. y=x3+3x%+5. 5 +00
f(x) N
—00 1
Cadu 2. Bang bién thién ¢ hinh bén la cia mot trong . “oo oo
bon ham so0 sau day. Hoi d6 1a ham so nao? p
A. y=—-x3+3x2 B. y=x3-3x2-1. Y _ + _
C. y=x*+222+1. D. y=—-x3+3x2+1. +oo 5
y ~. _— .
1 —00
C,Gu 3. Bépg bién thién ¢ hinh bén,lé cia mot trong [ N 1 oo
bon ham so sau day. Hoi d6 1a ham so nao? p
A, y=x3-3x2+x+3. B. y=x%-3x+4. Y + 0 +
C. y=x3-3x2+3x+1. D. y=x%+3x2+5. v +00
g ’ y a—
Cdu 4. Puong cong bén 1a d6 thi ctia mot trong bén ham sé da cho sau y
day. Héi d6 1a ham s6 nao?
A y=—x3+x2-2. B. y=x3+3x%2-2. /\ /
C. y=x%-3x+2. D. y=x2-3x-2. 0

Céu 5. Pudng cong bén 1a d6 thi ctia mot trong bén ham sé da cho sau
day. Héi @6 1a ham s6 nao?
A, y=x3+3x-2. B
C. y=—x3+3x+2. D.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Cdu 6. Pudng cong bén 1a d6 thi cia mét trong bén ham sb da cho sau day.

Hoéi d6 1a ham s6 nao?
A, y=-x3+3x2+1. B. y=—x2-3x-1.
C. y=x*+242-1. D. y=x%-3x+1.
Céu 7. Puong cong bén 1a do thi cia mot trong bén ham sb da cho sau day. y

Héi d6 1a ham sb nao?
A. y=x3-3x2—-4. =—x%-4.

B. y
C. y=—x3+3x2-2. D. y=—-x3+3x2-4. 0 *
-4

Cau 8. Puong cong bén 1a d6 thi cia mot trong bon ham sb da cho sau day. Héi y
d6 1a ham sb nao?
A. y:x3—1. B. y:(x+1)3.
C. y=(x-1)°3. D. y=x3+1. Ofl
y Yy %
-1
Cau 9. Cho ham sb6 y = ax® + bx? + cx +d ¢6 do thi nhu hinh vé y
bén. Khang dinh nao sau day la diung?
A.a>0,6>0,c>0,d>0. B. a<0,56<0,¢>0,d>0.
C. a>0,b<0,c<0,d>0. D.a>0,6<0,¢c>0,d>0. L .

Céu 10. Cho ham sb y = ax® + bx? + cx +d c6 d6 thi nhu hinh vé bén.

" y
Ménh dé nao sau day dung?
A. a<0,b<0,c<0,d>0. B. a<0,6>0,¢c<0,d>0.
C. a<0,b>0,¢>0,d<0. D. a<0,56<0,¢c>0,d<0.
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4. KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO \ \

Céau 11. Cho ham sb y = ax3 + bax? + cx+d ¢6 d6 thi nhu hinh vé bén. y
Ménh dé nao dudi day dung?
A. a<0,6>0,¢>0,d>0. B. a<0,6<0,¢c=0,d>0.
C. a<0,b>0,c=0,d>0. D.a>0,6<0,¢>0,d>0.
0 | x
2~ N A _ 3 2 7 2
Cau 12. Cho ham so y = ax” +bx“+cx+d c6 bang x | —oo 1 9 oo

bién thién nhu hinh bén. Trong cac hé s6 a, b, ¢
va d ¢6 bao nhiéu so 4m?

A. 2. B. 1. C. 4. D. 3.
f(x) \ / \

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Céu 13. Cho ham s6 y = f(x) = ax® + bx? + cx +d c6 d6 thi nhu hinh y
ve.
a) Ham s6 dat cuc tiéu tai x = 1.
b) D6 thi ham sb cét truc Oy tai diém (0;1).
¢) Ham s6 dong bién trén khoang (—oo; —1).
d) 2a+3b+c=09.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Céu 14. Cho ham s6 bac ba f(x) = ax3 + bx? + cx +d ¢6 d6 thi nhu hinh vé. y
Tinh téng T =. -3

a) Do thi ham sb cat truc tung tai diém (0;1).

b) Puong thang di qua diém (0;1) ludn cit db thi tai ba diém phan biét
¢6 hoanh d6 1ap thanh 1 cp sb6 cong.

c) a—b+c+d=-1.

R . . 1
d) Do thi ham so6 di qua diém (3;18). / 1 \/ e
_1 L —

~ N A _ _ 3 2 2’ 2
Cgu 15. Cho ham s0 y = f(x) = ax® +bx*+cx+d c6 bang x o 9 oo
bién thién nhu hinh bén. p — —

a) Ham sb dat gi4 tri 16n nhat 1a 4. y 0o +

b) Pudng thing y =2 cit d6 thi ham s y = f(x) tai +00 4

3 diém phan biét. y
¢) Trong bon hé sb a, b, ¢, d ¢6 dung hai s6 am.
d) D6 thi ham s6 di qua diém (—4;20). 0 —00
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4. KHAO SAT sy BIEN THIEN VA VE DO TH HAM SO | AN

ax+b

DT |9| Khdo sdt va vé db thi ham sé phan thirc hiru fi y = —
CcX

Ta khao sat theo so d6

®@ Budc 1. Tim tap xac dinh D =R\ {—g}
c

® Budc 2. Khao sat su bién thién ctia ham s6

ad—cb
(cx+d)?’

e Tim cac giéi han tai v cuc, giéi han v6 cuc va tim tiém cén ctia do thi ham so.

e Tinh dao ham y' =

o Lap bang bién thién; xac dinh chiéu bién thién va cuc tri cia ham so.

® Budc 3. Cho thém diém va vé d6 thi ctia ham sé dua vao bang bién thién.

BAI TAP TU LUAN

=Bai 2. Khao sat su bién thién va vé d6 thi cac ham s6 sau:

x—1 2x+1 5+x
:—’ b = ; C =
) Y= )y 1 ) Y=
TOAN 12 — CHUGONG TRINH MO 83




IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i ciu héi hoc sinh chi chon mét

phudng an.

Cau 1. Ham s6 nao trong bén ham s6 duéi day c6 bang % | —oo 9 oo
bién thién nhlf hinh bén? 6 p — —
A y= ad . B. y= x_ Y
—x x+
C.y=—-—. .y= . y
M YT x—2 T~ —co T 1
Céu 2. Ham s6 nao trong bén ham s6 duéi day cé | —oo 3 oo
bang bién thién nhu hinh bén? p
x—1 x—1 y + +
A y=——. B. y= .
x—+35 —3{—3 +00 -1
C_ y — X ) D. y = y / /
-x+3 x—3 -1 —00
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Céu 6. Cho ham s y =

Gié tri ctia biéu thic 2a + b — 3¢ bing

4. KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

Cau 3. Pudng cong trong hinh vé bén 14 db thi cia mét trong bén ham
s6 sau. Hoi d6 1a ham s6 nao?
2x— 1 1-2x

x+1°

_2x+1

x+1°

C/du 4. Du}éng cong trong hinh \C bén 1a d6 thi cia mot trong

bon ham so6 sau. Héi d6 1a ham so nao?

B. y=x+2.
2x+1

Caéu 5. Pudng cong trong hinh vé bén 1a d6 thi ctia mot trong bén
ham s6 sau. Héi d6 1a d6 thi ca ham sb nao?
B _x+2
Sy = . % .
x+
D.y=——-.
Y x—1

b N N ~ 1A
- (a,b,c €R) c6 do thi nhu hinh vé bén.

\ \
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

R P 1 N < ~ me
Céau 7. Chohéms()y:Zx+2 ¢6 dd thi nhu hinh vé. Tinh T =a + b y
X — 41
A. T=2. B. T=0. 5l |
C. T=-1. D. T=3. |
27 |
LS N .
_o|
—\1\1 23 4 5 6%
LT I
9l |

. R £ -b T
Cdu 8. Cho ham Soy:ax+2 (a, b, ceR; ¢ #0) ¢6 do thi nhu y
cX !
hinh v& bén. Gia tri cta biéu thic a + b + ¢ bing |
A. -3. B. 5. C. 4. D. 3. 0
120 3 x
,,,,, Iyt S SR
\ :
3 |
|
|
~ ~ , . 278 % 2—ax , .x . <
Cdu 9. Hay xac dinh a, b d¢ ham so y = 5 do thi nhu hinh y
x |
A. a=1;b=-2. B. a=b=2.
C.a=-1;b=-2. D.a=b=-2. ) |
— O !
_ ! x
2“\\\i12
. X e 1 £ -b . U 2
Cau 10. Cho do6 thi ham so0 y = o il nhu hinh vé. Tim khang ¥y
dinh dang? i
A. a<0,b<0. B. 0<b<a. !
C. b<0<a. D. a<b<0. !
1
—————————14——: ————————————
_2N 1? X
-9 }
|
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4. KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

- R £ ax+4 P
Cau 11. Cho ham 80y = p— (a, b, c€R) c6 bang x o 1 oo
bién thién nhu sau. Trong cac so a, b, ¢ c6 bao nhiéu | ¢/, 4 n
s6 duong? T .
A. 0. B. 1. .2 D.
0 C 3 £(x) / /
3 -0
- .z ax+b . L oax 1 . <1 . N
Cau 12. Choham so y= " véi a >0 ¢6 do thi nhu hinh vé bén. Ménh dé ¥
cXxX |
nao sau day dung? | \
A. b<0,c<0,d<0. B. >0,c¢<0,d<0. |
,,,,, O-l-L----C

C. b<0,¢>0,d<0.

D. 5>0,¢>0,d<0.

ax+b

Céu 13. Hinh vé bén 14 d6 thi cia ham s6 y = — Ménh dé nao sau DLy
cXxX |
day la dung? !
A. ab>0,bd <0. B. ab<0,ad >0. !
C. ab<0,ad <0. D. bd >0,ad >0. |

Cau 14. Hinh vé dudi day 1a db thi ham sb y = =
CcX

Ménh dé nao sau day diung?
A. ad>0vaab<0.
C. ad<0vaab<0.

B. bd<0vaab>0.
D. ad>0va bd>0.

+b
+d

ac#0,ad—cb #0. y
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hodc sai.

. . £ +
Cau 15. Cho ham soy:u,(a,b,CEZ). y
. j bx+c
a) Do thi ham so c6 tiém can ding x = 1.
b) D6 thi ham s6 c6 tiém can ngang y = 0.

¢) Ham s6 dong bién trén R. //1

d) a—3b—-2c=-3.

o] 1 2 x
Cau 16. Cho ham s6 £(x) = =L (a,b,c € R) c6 b3
c/:u . Cho ham so f(x)—bx+c (a,b,c € R) co bang X oo 3 +00
bién thién nhu sau. 1 £1(x) _ _
a) Ham sb nghich bién trén khoang <—oo, —). *
\ ) 2 1 +00
b) Do thi ham s6 ¢6 tiém can diing x = . o | 2 \
~ 4 x
c¢) Do thi giao véi truc hoanh tai diém c6 hoanh dé \ 1
nho hon 3. oo 2
2
b>—
d) 3.
b<0
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4. KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

Céu 17. Cho ham sb6 f(x) =

‘;‘“2 véia, b, ¢, d €R 6
d6 thi ham sb6 y=f ’gx) phén x=-11am t}iém can dﬁng
nhu hinh vé bén. Biét rang gia tri 16n nhat cia ham so
y = f(x) trén doan [-3;—2] bing 8.
a) f'(0)=3. 3
b) Ham sb6 f(x) nghich bién trén khoang (-1;+o0).
¢) Gia tri cta f(-3) bing 8.
d) Gia tri cta f(2) bang 4.

X 2 2
DT 9 Khdo st vé vé do thi ham sé phén thirc hiru ti y = e L e

mx—+n

® Budc 1. Tap xdc d@hp:u‘«\{—i}.
m

@ Budc 2. Khao sat su bién thién cia ham sb

am-x2+2an-x+b.n—m.c

. T S
Tinh dao ham y rE—

.Gidiy' =0 e am-x®>+2an-x+b.n-m.c =0,
tim nghiém.
« Tim cac gidi han tai v6 cuc, giéi han vo cuc va tim tiém can cta do thi ham so.

« Lap bang bien thién; xac dinh chiéu bien thién va cuc tri cia ham so.

® Budc 3. Cho thém diém va vé d6 thi ctia ham s6 dua vao bang bién thién.

BAI TAP TU LUAN

=Bai 3. Khao sat su bién thién va vé do thi cdc ham so6 sau:

2 2
x°+2x—2 1 —x“—-3x+4
Ay=— b)y=-w+2- o Y=
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lwa chon. Mbi cau héi hoc sinh chi chon mét
phudng an.

Cdu 1. Bang bién thién sau la ctia mét trong x| —oo “10 4 9 oo
bon ham s6 sau. Héi d6 1a ham s6 nao? p
x2-3x+4 x2—4x+4 y - 0 + + -
A y=—""% B. y=— — —
—-x—4 —-x—4 +00 +00 0
C y:x2—5x+4 D y:x2—4x+4 y ~. AN
' x+4 ' x+4 24 —00 -0
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4. KHAO SAT SU BIEN THIEN VA VE DO TH| HAM SO

\ \

C:Ju 2 Ba?g bien :chle,n sau la cla \mot trong | —oo 1 3 5 oo
bon ham s0 sau. Héi do6 1a ham so nao? p
x2—4x+3 —x2—x+2 y - 0 + + -
A y=——""7° B. y= — "%
%c—3 ) x—3 +00 +00 -9
C. y_—x +x+2 .y:x —4x+4 y N o~ .
-3 -x+3 -1 —00 —00
Céu 3. Bang bién thién sau 1a ctia mot trong | —00 9 4 1 oo
bon ham sg sau. Héi d6 1a ham sﬁznéo?
A y:x —-2x+1 _x —4x+2. y' + 0 - - 0 +
x+4 x+4 N
x2—x+2 x2-8x+4 -20 o0 oo
C.y=—. D. y=
-x—4 —-x—4 y / \ \ /
—00 —00 0
C\Clu 4; Bang bif?n Phi\én \sau lfl C}la mot trong bon % | —oo 9 oo
ham s6 sau. Héi d6 1a ham so nao? p
x?-3 x2—4x+2 y + +
A y= ) B. y=—«+—.
352—2 ) -2 +00 +00
x4 —x x“—4x+5
C. = . D_ =
y por; y — y / /
—00 —00
Céu 5. D6 thi hinh bén 1a ctia mot trong bén ham sb sau. Héi d6 y
12 ham sb nao? N
A.y:x2+x—1 B.y=x2_x+1 51 =
x—]. x—l 4
C _x2—4x—1 D _x2—3x—1
Y= -x+1 YT -x+1 3
2
1
O X
L 2 3 4

TOAN 12 — CHUONG TRINH MO

91



IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Cau 6. D6 thi hinh bén 14 ctia mot trong bén ham sé sau. Héi y
d6 la ham s0 nao? ~
x?—x x?—3x '
= . B. y= . I
x2+1 x-gl ®
x“+1x+2 —x
C. y= D. y=
Y x+1 | ‘-l--14
N T2
e x
-2 2
-2
Cau 7. B6 thi hinh bén 14 ctia mot trong bon ham sé sau. Héi d6 1a y
ham s6 nao? )
x“—x+4 x“—2x+3
A y=——. B. y=-——=""°
Y x2+1 Y 2x+1
—x“—-x+2 x“+x—-1
C. y= —— D.y=—.
Y x+1 Y x+1 9
3
1| O\ R
I |
2
Céu 8. D6 thi hinh bén 1a cia mét trong bon ham s6 sau. Héi d6 1a y
ham sﬁnég? 5 . 9
x“+3 x“+x—3
A y= . B. y=———. - s~
x—1 x—1 )
C _x2—2x+3 -l x2+3
YT T a1 YT 4
2
o X
) 2
-2

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
dang hoac sai.
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4. KHAO SAT sy BIEN THIEN VA VE DO TH HAM SO | AN

2
~ N 4 +bx+c oo oo N A
Cau 9. Cho ham sb y = =" ¢6 6 thi nhu hinh bén.
mx-—+tn

a) Tap xac dinh cta ham s6 1a R\{1}.

b) Ham sb nghich bién trén khoang (—oo;2) va (2;+00).
¢) Piém I(2;1) 1a tam d6i xtng caa do thi.

d) Hé sb a va m trai dau.

ax?+bx+c

Céu 10. Cho ham sb y = ¢6 d6 thi nhu hinh y.
xX+n | N
bén. ) | K//,q}x
a) Tap xac dinh ciia ham so0 1la R\{1}. | Ty
b) Piém I(1;2) 1a tam d6i xing caa do thi. |
) a+2b=4. 7
d) D6 thi qua diém (2;10) khi ¢ = 4. 3
b
|
: x=1
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

DT 'o' Su twong giao cla hai dd thi

@ Xac dinh toa d6 giao diém cta hai db thi y = f(x) va y=g(x):

® Giai phuong trinh hoanh dd giao diém f(x) = g(x), tim cac nghiém x € Zr N Z,.
®@ Véi x¢ vita tim, thay vao mot trong hai ham s6 ban dau dé tim y.

® Két luan giao diém (xo; vo).

o l:l’ng dung db thj dé bién luan nghiém phudng trinh:

y
(a) Xét phuong trinh f(x) = m, v6i m 1a tham s6. Nghiém k 3
ctia phuong trinh nay cé thé coi 12 hoanh do6 giao diém |~~~ '7\ -
ctia dd thi y = £(x) (cb dinh) véi dudng thng y = m (nim o
ngang). /
(b) Tu d6, dé bién luan nghiém phuong trinh f(x) = m, ta
c6 thé thuc hién cac bude nhu sau: \/ &
Lo

e Lap bang bién thién ctia ham so y = f(x) trén
mién xac dinh ma dé bai yéu cau.

« Tinh tién duong thang y = m theo hudng "lén,
xubng". Quan sat s6 giao diém dé quy ra sb
nghiém tudng ung.

BAI TAP TU LUAN

=Bai 4. X4c dinh toa d6 giao diém cta hai d6 thi ham sb sau:

a) y=x3-2x%+x-1vay=1-2x; b) y=
x—

94 TOAN 12 — CHUONG TRINH MO



4. KHAO SAT S BIEN THIEN VA VE O TH HAM SO | U U

=Bai5. Tim tap hop cac gia tri thuc ctia tham s6 m d€ do thi ham sb y = (x—2)(x2 + mx+m2—-3)
cat truc hoanh tai ba diém phan biét.

BAI TAP TRAC NGHIEM

Cdu 1. Pudng thang y =x—1 cat d6 thi ham s6 y = x® —x2 +x—1 tai hai diém. Tim tong tung do cac
giao diém dé.

A. 0. B. 1. C. 2. D. 3.
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O
Céu 3. D6 thi ham s6 y = x% —3x2 + 2x — 1 cat d6 thi ham sb y = x2 — 3x + 1 tai hai diém phan biét
A,B. Tinh 6 dai AB.
A. AB=3. B. AB=2v2. C. AB=2. D. AB=1.

P N . s N A -1 < . N . N s 32 A - o 1%
Cau 4. Do thi cia ham s6 y = ad 1 cat hai truc Ox va Oy tai A va B. Khi d6 dién tich cia tam giac
X
OAB (véi O 1a gbc toa do) bang
1 1
A. 1. B. -. C. 2. D. —.
4 2

Cau 5. Bibt duong thing y = x—2 cit dd thi ham sb y = ﬁ tai 2 diém phan biét A, B. Tim hoanh
do trong tam tam gidc OAB véi O 1a gbc toa do.

A —. B. 2. C. % D. 4.
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4. KHAO SAT sy BIEN THIEN VA VE DO TH HAM SO | AN

N . < e, R 2 N 2x+4 . R N
Cdu 6. Goi M,N la giao diém cua duong thang y = x + 1 va dudng cong y = x_l Tim hoanh d6
x—
trung diém cta doan thang MN.

A. x=-1. B. x=1. C. x=-2. D. x=2.

~ A 2 2 X . . N . (g 2 N 2 20 X .
Cau 7. Chohamso y= x+_x1 ¢6 do thi (C). Goi A, B la giao diém ctua duong thang d : y = x v6i do thi
(C). Tinh d6 dai doan AB.

A. AB=V2. B. AB:?. C. AB=1. D. AB=2.
Cd&u 8. Cho ham sb y = f(x) ¢6 d6 thi nhu hinh vé. S6 nghiém ctia phuong trinh y
2f(x)-3=01a 13
A. 2. B. 1.
C. o. D. 3.
0]
VAR
_1 L—
CAau 9. Cho ham s6 f(x) = ax3+bx%+cx+d (d # 0) ¢6 d6 thi nhu hinh vé bén. y
S6 nghiém cta phuong trinh 3f(x) - 1 =0 bang 4
A. 0. B. 1.
C. 2. D. 3.
O]\l1 2 «x
-1 --C \
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

Cau 10. Cho ham sb y = f(x) ¢6 bang bién thién nhu

A . .0 N N N A 4 x —00 1 +0o
sau. SO giao diém cua do thi ham so y = f(x) véi truc - — —
hoanh 1a y 0o + 0

A. 1. B. 0. +00 3
C. 2 D. 3. Yy \ / \
-1 —00
Céu 11. Cho ham s6 y = f(x) lién tuc trén (—oo;+00) va v | —oo 1 2 o
¢6 bang bién thién nhu hinh bén. S6 nghiém thuc cta
N ! —
phuong trinh 2|f(x)| = 7 bang y 0 o+
A. 3. B. 2. C. 4. D. 2. 5 +00
y / \ . /
—o0
CAu 12. Cho ham sb y = f(x) lién tuc trén R\ {0} va | —oo 0 oo
c¢6 bang bién thién nhu hinh bén. Héi phuong trinh - — —
3|f(x)|—10=0 c6 bao nhiéu nghiém? f(x) o +
A. 2 nghiém. B. 4 nghiém. 2 +oo +00
C. 3 nghiém. D. 1 nghiém. f) AN N
—00 3
Cau 13. Cho/hém s6 y=f(x) Xéc,djnh va lién tuc trén x| —co 1 1 oo
R, c6 bang bién thién nhu sau. So nghiém ctia phuong 5 I 0 - 0 n
trinh 2[f(x)]®’-3f(x)+1=01a 5 1
A. 2. B. 3. \ /
y 1
C. 6. D. 0. L / =
Cau 14. Cho ham sf) fx) c'é bél'ng biéno thién nhu x | —oo 1 3 oo
hinh bén. Tim tat ca cac gia tri thuc caa tham so p —
m dé phuong trinh f(x) = m + 1 c6 ba nghiém thuc Y + 0 +
phan biét. 4 +00
A. -3<m<3. B. -2=m=4. y / \ -
C. 2<m<A4. D. -3<m<3. —00 -2
Céu 15. Cho ham sb y = f(x) ¢6 bang bién » oo oo
thién nhu hinh bén. Phuong trinh f(4x - p — —
x2)—2=0 c6 bao nhiéu nghiém thuc? Y +
A. 2. B. 6. C. o. D. 4. +00 3
y \ . / \
— —0o0
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5. UNG DUNG DAO HAM VA KHAO SAT HAM SO BE GIAI QUYET MOT O BAI TOAN THUC TIEN ‘-

§5. U’NG DUNG DAO HAM VA KHAO SAT HAM SO
DE GIAI QUYET MOT SO BAI TOAN THU'C TIEN

@ LY THUYET CAN NHO

B 716c 46 thay ddi clia mét dai lvong

Ta c6 dao ham f(a) 1a téc d6 thay d6i tic thoi cia dai luong y = f(x) dbi véi x tai diém x = a. Duéi
day, ching ta xem xét mét sb ing dung ctia ¥ tuéng nay d6i véi vat 1i, hoa hoc, sinh hoc va kinh té:

« Néu s = s(¢) 12 ham vi tri cia mot vat chuyén dong trén mot dudng thang thi v = s'(¢) biéu thi
van tbc tiic thoi ctia vat (t6c d6 thay doi ctia do dich chuyén theo thoi gian). Toc do thay doi
tic thoi ctia van toc theo thoi gian 1a gia toc tic thoi caa vat:

a(t)=v'(t)=5"@).

« Néu C = C(¢) 1a néng d6 ctiia mot chat tham gia phan tng hoa hoc tai thoi diém ¢, thi C'(¢) 1a
téc d6 phan tng tic thoi (tic 1a do thay d6i nong do) cta chat dé tai thoi diém ¢.

« Néu P = P(t) 12 s6 luong c4 thé trong mét quan thé déng vat hodc thuc vat tai thoi diém ¢, thi
P'(¢) biéu thi toc d6 tang trudng tic thoi ciia quan thé tai thoi diém ¢.

« Néu C = C(x) 12 ham chi phi, tic 14 tong chi phi khi san xuét x don vi hang hoa, thi téc do
thay d6i tic thoi C'(x) ctia chi phi d6i véi sb6 lugng don vi hang dude san xuat dude goi 1a chi
phi bién.

« Vé ¥ nghia kinh té, chi phi bién C'(x) x4p xi véi chi phi d€ san xuit thém mét don vi hang
hoa tiép theo, tic 1a don vi hang hoa thi x + 1 (xem SGK Toan 11 tap hai, trang 87, bd sach
Két nbi tri thitc véi cudce séng).

a Bai todn t6i wu héa

Mét trong nhiing ting dung phé bién nhat ctia dao ham 1a cung cAp mot phuong phép tong quat,
hiéu qua dé€ giai nhitng bai toan t6i wu hoa. Trong muc nay, ching ta sé giai quyét nhiing van dé
thuong gap nhu t6i da hoa dién tich, khéi lugng, 1¢i nhuén, cling nhu t6i thiéu hoa khoang cach,
thoi gian, chi phi.

Khi giai nhitng bai toan nhu vay, khé khan 16n nhat thuong 1a viéc chuyén déi bai toan thuc té
cho bang 16i thanh bai toan t6i uu hoa toan hoc bang cach thiét 1ap mot ham sb phu hep ma ta can
tim gi4 tri 16n nhat hodc gia tri nhé nhat cia né, trén mién bién thién phi hop ctia bién sb.

Quy trinh giai mot s6 bai toan t6i wu hoa don gian:

@ Budc 1. Xac dinh dai lugng Q ma ta can lam cho gia tri ctia dai luong &y 16n nhat hoic nhé
nhat va biéu dién né qua cac dai ludng khac trong bai toan.

@ Budc 2. Chon mot dai luong thich hop nao dé, ki hiéu 14 x, va biéu dién cac dai lusng khac
6 Budc 1 theo x. Khi d6, dai ludng @ sé 1a ham sb cta mot bién x. Tim tap xac dinh cta
ham sb @ = Q(x).

@ Buéc 3. Tim gia tri 16n nhat hoic gia tri nhé nhét cia ham s6 @ = Q(x) bang cac phuong
phap da biét va két luan.
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PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'o' Baii todin v& téc dd thay ddi clia mét dai lwong

=Bai 1. Khi b6 qua stic can ctia khong khi, d6 cao (mét) ctia mét vat dudc phéng thang ding
1én trén tir diém cach mat dat 2 m véi van téc ban dau 24,5 m/s 1a h(t) = 2+ 24,5t —4,9¢2 (theo Vat
li dai cuong, NXB Giao duc Viét Nam, 2016).

a) Tim van tbc clia vat sau 2 gidy.
b) Khi nao vat dat do cao 16n nhat va dé cao 16n nhat d6 1a bao nhiéu?

¢) Khi nao thi vat cham dat va van téc ciia vat lic cham dat 1a bao nhiéu?
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5. UNG DUNG DAO HAM VA KHAO SAT HAM 56 BE GIAI QUYET MOT 56 BAITOAN THUC TEN . U UGG

= Bai 2. Xét phan ting héa hoc tao ra chat C tit hai chat A va B: A+B — C. Gia st nong do cia

hai chit A va B bang nhau [A] = [B] = a (mol/l). Khi d6, nong dé ctia chat C theo thoi gian ¢ (¢ > 0)
a’Kt

aKt+1

dudc cho béi cong thie: [C]= (mol/l), trong d6 K 14 hang s6 duong.

a) Tim toc d6 phan tng ¢ thoi diém ¢> 0.
b) Chiing minh néu x =[C] thi x/(¢) = K(a — x).
¢) Néu hién tuong xay ra véi ndong do cac chat khi ¢ — +oo.

d) Néu hién tuong xay ra véi toc d6 phan ing khi t — +oo.




IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

=Bai3. Gia st s6 lugng ciia mét quan thé nAm men tai méi trudng nudi cay trong phong thi
R RS s 1Y N £ a P, N P Y .
nghiém dudc mo6 hinh hoa bang ham so P(¢) = 50T trong dé thoi gian ¢ dude tinh bang gio.
e ’
Tai thoi diém ban dau ¢ =0, quan thé c6 20 té bao va ting véi toc do 12 té bao/gio. Tim cac gia
tri ciia a va b. Theo mo hinh nay, diéu gi xay ra véi quan thé nAm men vé lau dai?

= Bai 4. Gia st chi phi C(x) (nghin d6ng) dé san xuét x don vi ctia mét loai hang hoa nao dé
duge cho bdi ham s6 C(x) = 30000 + 300x — 2,5x2 + 0,125x°.

a) Tim ham chi phi bién.
b) Tim C’(200) va giai thich y nghia.
¢) So sanh €’(200) véi chi phi san xuét don vi hang hoa thi 201.
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DT '9' Bai fodn 16i wu hod don gién

=Bai5.
M6t nha san xuét can 1am nhiing hop dung hinh tru c6 thé tich 11it. Tim ——

Y !

cac kich thuéc ctia hop dung dé chi phi vat liéu dung dé san xuit 1a nhé \O_:_/ A
nhat (két qua dudc tinh theo centimét va lam tron dén chit so thap phan !
thi hai). |
|
I
I

-7 A==
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= Bai 6. Mot bac nong dan c6 ba tAm luéi B40, mbi tAm dai a (m) va mudn rao mét manh vuon
doc bd song c6 dang hinh thang cAn ABCD nhu Hinh 36 (bs song la duong thang CD khong phai
rao). Héi bac d6 c6 thé rao dude manh vuon cé dién tich 16n nhét 1a bao nhiéu mét vuéng?

A a(m) B

a(m) a(m)

Hinh 36




5. UNG DUNG DAO HAM VA KHAO SAT HAM 56 BE GIAI QUYET MOT 56 BAITOAN THUC TEN . U UGG

=Bai7. Céhaixa A, B cung 6 mot bén bo song Lam, khoang cach tir hai xa d6 dén bo song lan
luot 1a AA’ =500 m, BB’ =600 m va ngudi ta do dudc A'B’ =2200 m Hinh 37. Céc ki su mubn xay
mot tram cung cip nude sach ndm bén bs song Lam cho dan hai xa. Dé tiét kiém chi phi, cac ki
su can phai chon vi tri M ctia tram cung cip nuéc sach d6 trén doan A’B’ sao cho tong khoang
cach tit hai xa dén vi tri M 1a nhé nhat. Hay tim gia tri nhé nhat caa tong khoang cach doé.

B
A
500(m) 600(m)
2200(m)
A’ M B’

Hinh 37
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@ BAI TAP TU LUYEN

1. Moét tau d6 bd tiép can Mit Trang theo cach tiép can thing ding va @bt chay céc tén lta ham
6 d6 cao 250 km so véi bé mét ctia Mat Tring.
Trong khoang 50 gidy dau tién ké tir khi d6t chay cac tén ltta ham, do cao & ctia con tau so véi bé
mat cta Mit Trang dude tinh (gan dung) béi ham A(#) = —0,01£3 +1,1¢2 — 30¢ + 250, trong d6 ¢ 1a thoi
gian tinh bang gidy va & 1a d6 cao tinh bang kilémét.
(Ngubn: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

a) Vé db thi cia ham sé y = h(t) vé6i 0 < t <50 (don vi trén truc hoanh 1a 10 giay, don vi trén truc
tung la 10 km).

b) Goi v(¢) 14 van tdc titc thoi ctia con tau 6 thoi diém ¢ (gidy) ké tit khi d6t chay cac tén lita ham
véi (0 = ¢t =50). Xac dinh ham so6 v(z).

¢) Van tbc tic thoi ctia con tau lic bat ddu ham phanh 14 bao nhiéu? Tai thoi diém ¢ = 25 (gidy)
la bao nhiéu?

d) Tai thoi diém ¢ = 25 (gidy), van tdc tic thoi ciia con tau van gidm hay dang ting tré lai?

e) Tim thoi diém ¢ (0 < ¢ <50) sao cho con tau dat khoang cich nhé nhét so véi bé mét ctia Mat
Trang. Khoang cach nhé nhat nay 1a bao nhiéu?
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2. Dé&loai b x% chit gay 6 nhidm khong khi tit khi thai ciia mot nha may, ngusi ta uéc tinh chi

phi can b6 ra la
300x

100 -«
Khao sat su bién thién va vé d6 thi ctia ham sb y = C(x). Tt d6, hay cho biét:

C(x) = (triéu dong), 0 < x < 100.

a) Chi phi cin bd ra sé thay d6i nhu thé nao khi x ting?

b) C6 thé loai bd dude 100% chat gay 6 nhiém khong khi khéong? Vi sao?
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IV chuong 1. UNG DUNG DAO HAM BE KHAO SAT VA VE BO TH HAM 5O

3. Khi mau di chuyén ti tim qua cac déng mach chinh réi dén ciac mao mach va quay trd lai qua
cac tinh mach, huyet ap tam thu (tic la ap luc ciia mau 1én déong mach khi tim co bép) lién tuc
giam xudng. Gia st mot ngudi c6 huyét ap tAm thu P (tinh bang mmHg) dudc cho bdi ham sb

25t2+125

P@) =
2 2+1

,0=t<10,

trong d6 thoi gian ¢ dudc tinh bang gidy. Tinh téc d6 thay d6i cia huyét ap sau 5 giay ké tur khi
mau roi tim.




5. UNG DUNG DAO HAM VA KHAO SAT HAM 56 BE GIAI QUYET MOT 56 BAITOAN THUC TEN . U UGG

4. Ban Viét muén dung tAm bia hinh vuéng canh 6 dm lam mét chiéc hop khong nép, c6 day la
hinh vuéng béng cach cit bé di 4 hinh vuéng nhé 6 bon géc ctia tAm bia (Hinh bén duéi).

=

Ban Viét muén tim d6 dai canh hinh vuéng can cat bo dé chiéc hop dat thé tich 16n nhat.

a) Hay thiét 1ap ham s6 biéu thi thé tich hép theo x véi x 1a d6 dai canh hinh vuéng can cit di.
b) Khao sat va vé do thi ham sb tim dugc.

Tt d6, hay tu van cho ban Viét cach giai quyét van dé va giai thich vi sao can chon gié tri
nay. (Lam tron két qua dén hang phan muoi.)
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VECTO VA HE TOA DO TRONG
KHONG GIAN

§1. VECTO TRONG KHONG GIAN

LY THUYET CAN NHO

B 716ng cia hai véc to

{3 Dinh nghia:

Trong khong gian, cho hai vecto a va b, Lay ba A
dlem 0, A, B sao cho OA = a, AB b.Ta g01 OB
la tong cua hai vécto @ va b ky h1eu T+0b.

Phép lay tong ctia hai vécts @ va b dudc goi la
phép cong vécto. B

|
>

8}
8l

{3 Céc quy tic can nhé:

® Quy tac ba diém: Véi ba diém A, B, C, ta ¢

AB+BC=AC

® Quy tac hinh binh hanh: Cho ABCD 14 hinh
binh hanh, ta cé

AB+AD = AC

® Quy tac hinh hop: Cho hinh hop ABCD.A’B'C'D’. Ta c6 A D
AB+AD+AA = AC' B N
| \\ C
A Hg thitc tuong tu: BA+BC +BB =BD'. Aﬁ____\_\____ D
B, CI

{3 Tinh chit:

—

® Tinh chét giao hoan: @ + b = b

+

® Tinh chit két hop: (7+3 )+ ¢ a’+( +2);

P . P A z =g =g
® V6i moi vécto @, taludncé: @+0=0+a =

- N . — — —
@ Tong chabavécto @, b, ¢: d+b +E’:<&’+ b)+?.
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1. VECTO TRONG KHONG GIAN ‘-

a Hiéu cla hai véc to

{3 Vécto dbi:
® Vecto d6i ctia @ ki hiéu la -a.
@ Vecto dbi ciia AB la I—BK, nghia la ~AB=BA (dung dé’lam mat déu tri trude vecto).
® Vects 0 dudc coi 1a vects d6i ctia chinh né.

{3} Dinh nghia méu cta hai végto': Trong khong gian, cho
hai vécto @, b. Ta goi @ + (— b) 1a hiéu cta hai vécto @ > N
va b, ky hiéu @ - b. /

Phép lay hiéu ctia hai vécto dudc goi la phép trir vécto . >

{3 Céc quy tic can nhé:

S
os]

@ Véiba diém A, B, C ta c6 AB—AC = CB.

@ Haivécto @ va b dbinhauthi @+ 5 =0.

Tich clia mot sé véi mot véc-to
3 Dinh nghia: Cho sb thuc & # 0 va vecto @ # 0. Tich ctia mot sb % véi vects @ 14 mot vects, ki
hiéu l1a k@, dugc xac dinh nhu sau:

« Cung hudng véi vecto @ néu & >0, ngudc huéng véi vecto @ néu & < 0.
« C6 d6 dai bang |k|-| <.

A 0.@=0vak-0=0.

g - — - — 2
Vi du: Theo hinh vé bén, thi b =3a; ¢ =-2a; ¢ = —gb.
{3 Hé thdc trung diém, trong tam:
® I 1a trung diém cta doan thing AB thi 5 A
« IA+IB=0; 1 , y N
« IA=—-IB; Al = Eﬁ;“'
A B K C

@ @G la trong tam cua tam giac ABC thi
« GA+GB+GC=0;
« GA=-2AK; GA = -2GK;..
{3 Nhan xét:

. . s NI NA N 4. . A N A .
® V6i hai vécto @ va b bat ky, v6i moi so ~ va &, ta ludén co6

. k(a’+3)=ka’+k?; e« (h+h)T=haT+ka; o h(kD)=(hk)T;
- — — — - = 3:6
e l-a=a; e (-1)-a=-a; e ka=0¢
k=0

!

® Hai vécto @ va b (b khéac 0) cing phuong khi va chi khi c6 s6 % sao cho @ =k b.
® Ba diém phan biét A, B, C thng hang khi va chi khi c6 sé & #0 d6 AB = kAC.
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n Tich vé hudng clia hai véc-to

Chuong 2. VECTO VA HE TOA DO TRONG KHONG GIAN

{3 Géc giira hai vécto:

— .
/\
N

N
N B
N
N
A
/
/
/ (&
/
7 7
—> /
v /
/
!

3 Dinh nghia tich vé hudng chia hai véc to: Trong khong gian, cho hai vécts @ va ¥ khac 0.
Tich vé hudng ctia hai vécts @ va v 1a mot so, ki hiéu @ - v, dude xdc dinh bdi cong thiic

Trong khong gian, cho ¥ va v 1a hai vécto khac 0. Lay mot
diém A bat ky, goi B va C 1a hai diém sao cho AB= w, AC=7.
Khi d6, ta goi BAC 1a géc gitta hai vécts @ va ¥, ky hiéu (7, 7).

A 0°=(¥,V)=<180°

« Néu ¥ cung huéng véi v thi (&, 7) =0°;
« Néu ¥ ngudc huéng véi v thi (, 7)) = 180°;

e Néu @ vudng géc véi v thi (¥, 7) = 90°.

- —
1%

—> — — —
u-v=|ullvl|-cos(u,v)

CHU Y N

—>—>
v =0.

® Trong truong hop @ =0 hoac v =0, ta quy u

@ Z-w=u2=%% u©2>0.u2=0ouw=0.
u-v
s . . ’ ’ =d ’ °
@ V6i hai vécto &, v khac 0, ta ¢6 cos(i&, V) = FABEE
Z)-|v
PR . , - . >
@ Vé6i hai vécto &, v khac 0,tacéw LT oW -v=0.

73 Tinh chAt: Véiba vécts @, b, € va sb thuc &, ta cé:

8l
|

« T-b=b-; . _>(b+c>:3 b+

<§}>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT '0' Xdc dinh véc-to, chirng minh ddng thirc véc to,dd dai véc to

BAI TAP TU LUAN

=Bail.
Cho hinh hép ABCD.A'B'C'D'. Hay xdc dinh céc vée-to (khac 0) c6
diém dau, diém cudi 1a cac dinh cta hinh hop ABCD.A'B'C'D’ thoa

a) cung phuong véi AB ; b) cung phuong AAT ;

¢) bing véi AD; d) biing véi A'B;

e) dbivéi CD'; f) dbivéiB'C.
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1. VECTO TRONG KHONG GIAN “-

=Bai2. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, O lan ludt 1a trung

diém ctia AB,CD va AC. Chitng minh réng

a) BN va DM dbi nhau;

b) SA +SB+SC +SD =4S0:;

¢) SD-BN-CM=5SC.

=Bai 3. Cho hinh l4p phuong ABCD.A'B'C'D’ canh bing a. Goi G 14 trong tAm tam gidc AB'D’.

a) Tim vects: CC'+BA; CC +BA+D'A.
c) Chﬁngminh:ﬁ+zﬁ+é_ﬁ=ﬁ.

e) Chiing minh: A'C=3AG.

b) Chiing minh: BC+DC+AA =AC.

d) Chiing minh: BB'—~C'B'~D'C' =BD'.

f) Tinh d6 dai véc to T =AB+A'D +AA.
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=Bai4.
nhau va ¢6 d6 16n 1an lugt 1a 2N, 3N, 4N.
a) Tinh d6 16n hop luc ctia Fa, Fs.

b) Tinh d6 16n hop luc cta ba luc da cho.

Ba luc 1:4‘—{ , F;, 1_7‘—3) cung tac dong vao mat vat ¢6 phuong doi mot vuoéng goc
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1. VECTO TRONG KHONG GIAN ‘-

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phudng an lwa chon. Mbi ciu héi hoc sinh chi chon mét
phudng an.

Cdu 1. Cho hinh hép ABCD.EFGH. Cac véc- -to, ¢6 diém dau va diém
cubi 14 cac dinh caa hinh hop va bang véc-to AB 13 cac véc-td nao sau

day? — ——> >
A. CD, HG, EF. B. DC, HG, EF.
C. DC, HG, FE. D. DC, GH, EF.

Cdu 2. Cho hinh hép ABCD.A'B'C'D’. Trong cac khang dinh sau,
khang dinh nao sal?

A. AB+B'D =AD. B. AB+CD=0.
C. AC'+A'C =2AC. D. AC-D'D=0.
Céu 3. Cho hinh lap phuong ABCD.A’B'C'D’ canh a. Khang dinh Wy
nao sau day 12 khang dinh sai? !
A. |AC|=ave B. |AC|=av3. B I
C. BD+D'B =0. D. BA+BC+BB =BC'. -
AN D
B L ~le
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Cadu 4. Cho hinh lap phuong ABCD.A'B'C'D’. Goi O la tam ctia hinh Al D
1ap phuong. Khang dinh nao dudi day 1a ding? "\
e 1, — — i 1/ - — — I LY /
A. AO:E(AB+AD+AA’). B. AO:§(AB+AD+AA’). B — ¢
—> 1, — — —> 2/—> — — : //\?
C. AO=Z(AB+AD+AA’). D. AOzg(AB+AD +AAT). [ AN D
B L~ Ve

Cau 5. Cho hinh lap phudng ABCD.A'B'C'D’ canh a. Tinh d¢ dai vects ¥ = AB' + AD’ theo a.

A. [X]l=aV2. B. |X]=2aV2. C. |X1=2aV6. D. |Xl=aV6.
Cdau 6. Hinh lap phuong ABCD.A'B'C'D' canh a. Tinh d6 dai Al D
vécto ¥ = AA’ + AC' theo a. , '
A. aV2. B. (1\;%\/5)(1. B é
C. aV6. D. 2¥°. !
2 R —— --->D
A
B c
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1. VECTO TRONG KHONG GIAN ‘-

Cau 7. Trong dién trusng déu, luc tinh dién F (don I

vi: N) tac dung 1én dién tich diém cé dién tich ¢ (don
vi: C) dudc tinh theo cong thic F= q-E , trong d6 E v ? Yl oY
la cuong d6 dién truong (don vi: N/C). Tinh d6 16n
cia luc tinh dién tac dung 1én dién tich diém khi 7
g=107% C va d6 16n dién trusng E = 10° N/C.
A. 1073 N. B. 10* N.
C. 10714 N. D. 1074 N.

Céu 8. Cho ti dién ABCD. Ménh dé nao dudi day la ménh dé D

dung?

A. AB-AD=CD +BC. B. AC-AD =BD-BC.
C. BC+AB=DA-DC. D. AB-AC=DB-DC.

Cau 9. Cho ti dién ABCD, G01 G la trong tam tam giac ABC. Tim D

k théa dang thic vecto DA+DB+DC=%-DG.
A. k=1. B. £=3.
C. k=2 D. k=

_
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Cau 10. Cho hinh lang tru ABC. A'B’ C’ Goi G' la _trong tam cua tam

A’ C
gidc A'B'C'. Dt @ =AA’, b = AB, @ = AC. Véc-to AG’ biing V
1 -
A.§<a+3b+c). B.—<3a+b+c).

1
1 ?
C. 5(&’+3+3?). D. §(E’+T;+E’).
A C
B

Cau 1l Cho hinh chop S ABCD co day ABCD 1a hinh binh

S
hanh. bat SA = a, SB = b SC=7¢ c, SD=d. Khang dinh nao
dudi day la dung‘7

A. a+c—b+d B.
C.T+d=0b+7. D.
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Cau 12. Mot chiée den tron dudce treo song song véi méit phéng ndm
ngang béi ba soi day khong dan xuét phat ti diém O trén tran nha
va lan lugt budc vao ba diém A, B, C trén den tron sao cho céc luc
cang F_'{ , F_'g , 1;—'3) lan lugt trén mébi day OA, OB, OC d6i mot vudng géc
v6i nhau va \F_‘l) | = |E |= \F_’;; | = 15 (N). Tinh trong luong cia chiéc den
tron do.

A. 14V3 (N). B. 15v3 (N).

C. 17V3 (). D. 16v3 (N).

Céu 13. Mot chiée den chum treo c¢6 khoi ludng m = 5kg dude thiét ké véi
dia den dudc giit b6i bén doan xich SA, SB, SC, SD sao cho S.ABCD la
hinh chép ti gidec déu c6 ASC = 60°. Tim d6 16n caa luc cang cho méi sgi
xich. Lay g = 10m/s?.

A. —15?:@ N. B. —20?:/5 N. C. —253‘/5 N. D. —30;/§N
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PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), ), d) & mdi cau, hoc sinh chon
ding hoac sai.

Cau 14. Cho hinh hop chtt nhat ABCD.A'B'C'D’ ¢6 canh AB = a; Al

2 DI
AD =aV/3; AA’ = 2a. Xét tinh duing, sai ctia cac khang dinh sau: |
a) AB'+CD'=0. b) A'D+CB'=0. B o
¢) |AB+AD|=av5. d) |AB+A'D'+CC'| =2V2a. |
|
A,'L ————————————— --+D
B c
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Cau 15. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Xét tinh A D
dung, sai cﬁigécﬁlfmg dinh sau: e ‘ '
a) BB-DB=B'D. b) BA+BC +BB'=BD. B 4
¢) |[BA+BC+BB'|=aV2. d) [BC-BA+C'A|=a. l
PYSS
B C
Céﬂé. Cho hinh lang tru tam giac ABC.A'B'C’ ¢6 AA' = a, AB=b A !
va AC = 7. Goi M 1a trung diém cta BC. Xét tinh dung, sai ciia cac
khang dinh sau: __ . N
a) BC=-d-b+7¢. b) BC'=d-b+7C.
c) AM=b+7. d) AM=-d+=-b+=7¢.
2 2 A c
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Céu 17. Cho ti& dién ABCD. Goi M, N lan ludt 1a trung diém cta cac
canh AD va BC, I 1a trung diém MN. Xét tinh ding, sai ca cac khang
dinh sau:

a) AB-CD=AC-BD. b) AB+CD =AD +CB.

¢) AB+DC=2MN. d) TA+IB+IC+ID=0.

Céu 18. Mot chiéc 6 t6 dudc dat trén mat day dudi cta mot
khung sat c6 dang hinh hép chit nhat véi ddy trén 1a hinh chit
nhat ABCD, mit phang (ABCD) song song véi mat phing nam
ngang. Khung sat d6 dude budc vao méc E caa chiée can ciu
sao cho cac doan day cap EA, EB, EC, ED c6 d6 dai bang nhau
va cung tao véi mat phing (ABCD) mot géc bang 60°. Chiéc can
cau kéo khu ng sat sat len theo phuong thang ding. Biét réng cac
luc cang Fl, Fz, F3, F4 déu c6 cudng d6 14 4700 N va trong lugng
cua khung sat la 3000 N.

a) F1+F2 —F3+F4

b) Fl +F3 —F2 +F4.

c) |F_‘1)+F_’3)| =8141 N (lam tron dén hang don vi).

d) Trong ludng ctia chiéc xe 6 t6 1a 16282 N (lam tron dén

hang don vi).
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DT '9' Xdc dinh géc va tinh tich vé6 huéng cua hai vécto

BAI TAP TU' LUAN

=Bai 1. Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh béng 5.
a) Tim goc gitta cac cap véc-to sau: AC va XE; AC va B'D’; AC va 55; AD’ va BD.
b) Tinh céc tich vo huéng AC-AB; AC-B'D'; AD' - BD:;

¢) Chung minh AC vuong goc vii BD.
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=Bai 2. Cho ti dién déu ABCD c6 canh bang a va M la trung diém caa CD.

a) Tinh céc tich vo huéng AB-AC, AB-AM. b) Tinh géc (AB,CD).

=Bai3.

Cho biét céng A (don vi: J) sinh béi luc F tac dung
1én mot vat dudc tinh bing cong thic A = F -3, trong
d6 d 1a vecto biéu thi do dich chuyén ctia vat (don vi
cua ‘Zl)‘ la m) khi chiu tac dung cua luc F.

Mot chiéc xe c6 khéi luong 1,5 tin dang di xubng trén mot doan duong dbc c6 géec nghiéng 5° so
v6i phuong ngang. Tinh cong sinh bdéi trong luc P khi xe di hét doan dudng dbc dai 30 m (lam
tron két qua dén hang don vi), biét rang trong luc P dudgc xac dinh béi cong thic P= mg, véim
(don vi: kg) 1a khbi luong ctia vat va g 1a gia tbc roi tu do c6 d6 16n g = 9,8 m/s?.
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=Bai4.
Mét chat diém A nam tren mat phang nam ngang (), chiu tac s
dong béi ba luc Fl, Fz, F3 Cac luc F1, F2 ¢6 gid nam trong (a) va
(Fl,Fg) = 135°, con luc F3 c6 gia vuéng goc v01 (@) va hu0ng lén
trén. Xac dinh cuong d6 hop luc cia cac luc F 1, F 2, F 5 biét rang do
16n cta ba luc d6 1an lugt 1a 20 N, 15 N va 10 N.
135° Fo
Fy

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuang an lwa chon. Mbi cau héi hoc sinh chi chon mét
phudng an.

Céu 1. Cho hinh lap phuong ABCD.A'B'C'D’. Khang dinh nao sau day la AL D
khang dinh sai? . |
A. (A C’ AD) 45°. B. (A'C'.B'B) =90". ol é
C. ( 'A,CB' ) = 45°. D. (AB,CD) =180°. |
Ax---- ---JD
BY ~le
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Cau 2. Cho tit dién déu ABCD, Goi M, N lan ludt 1a trung diém cac A
canh AB, AC. Hay tinh géc gitta hai vecto MN va BD.

A. (MN,BD) = 150°. B. (MN,BD) = 120°.

C. (MN,BD) =30°. D. (MN,BD) = 60°.

Cau 3. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh_h?nh
xﬁ) miét bén SAB 1a tam giac déu. Tinh géc gitta hai vects DC va

BS.
A. (DC,BS) =120°. B. (DC,BS)=60°.
C. (DC,BS)=90°. D. (DC,BS) =150°.

Cau 4. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh.
Mat En ASB la tam giac vuong can tai S va ¢6 canh AB =a. Tinh

—
DC-AS, ,
AL B. - L
i A

a a

c. -L. D.

9 9
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Céu 5. Cho hinh lap phuong ABCD.EFGH c6 cac canh bing a. Tinh AB-EG.

E___H
A. a?V2. B. a2 |
2 I
2
C. ¢ 2\/_ D. a2V3. F | G
s
B C

Cadu 6. Cho hinh lap phuong ABCD.A'B'C'D' ¢6 canh bang a.

A! .D/
Tinh Ag’-A’C’.
A. g B. —a2. B’ C'

?. 9 \\ I
C. a2 D. - %, \\l
2 4*\ ----- -z D
Céu 7._C>ho_l>ﬁnh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Al D'
Tinh AB’-BD. i E
a?
A. ? B. —a2. B"\ ‘ C’
2 S
C. a2. D. —a—. N
2 4*\ ----- -z D
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Cau 8. Cho hlnh chop ti gidc déu S.ABCD c6 @6 dai tat ca cac canh
bing a. T1nh AS-BC.

2
P B. =
% 2
c. -2 D. =
2 4
Cau 9. Cho hinh chop tu gidc déu S.ABCD c6 @6 dai tat ca cac canh S
bang a. Tinh AS-AC.
2
A. —a2. B. =.
5 2
C —%. D. a?
Cau 10. Cho tu dién ABCD biét AB=AD =BD = a, AC =2a va CAD = A
120°. Tinh BC- AD
A —§a2 B §a2 ‘
12 . . 21
1.2 )
C. 5% D. 3¢
B C
D
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CaAu 11. Cho hinh chép S.ABC ¢6 SA=SB=SC=AB=AC=avaBC= S
av2. Tinh géc giita cac vectd SC va AB.
A. 60°. B. 90°.
C. 120°. D. 150°.
A C
B
Cau 12. Cho tit dién OABC c¢6 cac canh OA, OB, OC d6i mét vuéng goéc C
va0OA=0B=0C=1. Goi M la trung diém ctia canh AB. Tinh géc gitia
hai vects OM va AC.
A. 90°. B. 120°. B
C. 60°. D. 30°.
(0]
M
A
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PHAN Il. Cau tric nghiém diing sai. Trong mi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Céu 13. Trong khéng gian, cho hai véc-ts @ va b cung c6 do dai bing 1. Biét ring géc giita hai
vée-to do 1a 45°.

a) a-bj7. b) (a +3bl-(a—2b):—5+7.
c) ’E’+b‘=2+\/§. d) )"—\/ib):o.
Cau 14. Cho tit dién déu ABCD c6 canh bang a va M 14 trung diém cta A
CD. )
a) AM-CD =0. b) E-R:%.
—_— —> —_— — 2
¢) AB-CD =0. d) AM-AB:—%.
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Céu 15. Mot chat diém 6 vi tri dinh A cta hinh lap phuong
ABCD.A'B'C'D’. Chat dlem chiu tac dong béi ba luc @, b ¢ lan lugt
cung huéng véi AD AB va AC' nhu hinh va. Do 16n caa cac luc @, b
va ¢ tuong tng 14 10 N, 10 N va 20 N. b

'g ’ N
a) d+b="c. : \

b) |@+5|=20 (N). |

o |Z+2|=|b+7|. % | B
d) |[d+ b+ | =32,59 (N) (lam tron két qud dén hang phan muoi). . '
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§2. TOA PO CUA VEC TO TRONG KHONG GIAN

<<q}>> LY THUYET CAN NHO

n Hé toa dé trong khéng gian

T)ro_rlg khong gian, ba truc Ox, Oy, Oz d6i mét vudng géc véi nhau tai gbe O ctia mdi truc. Goi ?,
J, k lan luot la cac véc-to don vi trén cac truc Ox, Oy, Oz.

« Hé ba truc nhu vay dudc goi la hé truc toa do
Descartes vudng goc Oxyz, hay don gian la hé toa
do Oxyz. Piém O dudc goi 1a goc toa do.

« Céc mit phang (Oxy), (Oyz), (Ozx) 61 mét vudng s
géc v6i nhau dudce goi 1a cac mat phang toa do.

- o o

T2 oRo1vat F=F F=F-T=0

Khong gian véi hé toa do Oxyz con dude goi 1a khong gian Oxyz.

B} 7100 66 cia giém

Trong khong gian véi hé toa do Oxyz, cho diém M. Toa dé diém M dudc xac dinh nhu sau:

V4

« Xac dinh hinh chiéu M; cia diém M trén mit
phang Oxy. Trong mit phang toa d6 Oxy, tim Cre
hoanh d6 a, tung do b cta diém M. N

« Xac dinh hinh chiéu P cta diém M trén truc e
.2 2 L. % ~ % - |

cao Oz, diém P ung véi so ¢ trén truc Oz. So ¢ 0 ks ‘
14 cao do cua diém M. N !

|

|

B6 s6 (a;b;c) 1a toa do ctia diém M trong khéng gian H My
v6i hé toa d6 Oxyz, ki hiéu la M(a;b;c). x

Toa dé cla vecto

Trong khong gian Oxyz:

« Toa d6 ctia diém M ciing la toa do cia vecto OM.

« Cho %. Dung diém M(a;b;c) théa OM = % thi toa
do6 ctia diém M 1a toa d6 ctia . Theo hinh vé thi

Z=OM=0H+OK+OP=ai+bj+ck.

Suy ra

ﬁ’z(a;b;c)oﬁ’:a_i)+b7+c7e».

-
l

Toa d6 cdc véc to don vi lan luot la: i =(1;0;0), 7 =(0;1;0), 7= (0;0;1).
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<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT lo| Toa do diém, toa dd vec to

Khi xac dinh toa dé diém, toa d6 véc to ta chi y cac két qua sau:

up=v1
@ f[=a_i)+b7+c_k>©?[=(a;b;c). @ ﬁ’(ul;ug;ug):?(vl;vz;vg)é Ug = U9

u3z =vs
©) O_]\/f:(a;b;c) thiM(a;b;c). @ ﬁ:(xg—xA;yB—yA;zB—zA).

® Chiéu diém M(a;b;c) 1én mat phing toa ® T gidc ABCD la hinh binh hanh khi va
do (hodc truc toa do) thi "thanh phan chi khi .
bi khuyét" bang 0. Chang han: M(1;2;3) AD =BC
chiéu 1én (Oxy) thi z = 0. Suy ra hinh
chiéu 1a M1(1;2;0).

BAI TAP TU LUAN

=Bai 1. Trong khong gian Oxyz, cho A(3;-2;-1). Goi A1,A9,As 1an lugt 14 hinh chiéu ctia diém
A trén cac mat phang toa do (Oxy),(0yz),(Oxz). Tim toa do clia cac diém A1, Az, As.

= Bai 2. Trong khéng gian Oxyz, cho A(-2;3;4). Goi H,K,P 1an lugt 1a hinh chiéu cta diém A
trén cac truc Ox,0y,0z. Tim toa d6 ca cac diém H,K,P.

=Bai 3. Trong khéng gian Oxyz, cho A(1;1;-2), B(4;3;1) va C(-1;-2;2).
a) Tim toa d6 cua vécto AB.

b) Tim toa d6 ctia diém D sao cho ABCD 1a hinh binh hanh.




WAV chuong2. VECTO VA HE TOA BO TRONG KHONG GIAN

=Bai4. Trong khong gian Oxyz, cho hinh hép ABCD -A'B'C'D’' c6 A(4;6;-5), B(5;7;-4),
C(5;6;—4), D'(2;0;2). Tim toa do cac dinh con lai ctia hinh hép ABCD-A’'B'C'D’.

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

Cdu 1. Trong khong gian Oxyz, cho @ =-27 +3/ +5%. Toa d6 ciia véc-td @ la
A. (2;-3;-5). B. (2;3;-5). C. (-2;3;5). D. (2;3;5).

Cau 2. Trong khong gian Oxyz, cho vée-to T =37 + 4% - 7. Toa db ctia véc-to @ 1a
A. (3;-1;4). B. (3;4;-1). C. (4;-1;3). D. (4;3;-1).
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Cau 3. Trong khéng gian Oxyz, diém nao sau day thudc truc 0z?
A. M(1;0;0). B. M(1;0;2). C. M(@1;2;0). D. M(0;0;-2).

Cau 4. Trong khong gian Oxyz, cho diém M théa OM =27 + j. Toa d¢ diém M la
A. M(0;2;1). B. M(1;2;0). C. M(2;0;1). D. M(2;1;0).

Cdau 5. Trong khéng gian Oxyz, cho vecto OA = 7— ok, Toa do diém A 1a
A. (1;0;-2). B. (0;1;-2). C. (0;-1;2). D. (1;-2;0).

Cdu 6. Trong khéng gian Oxyz, xac dinh toa dé ctia diém A biét A nam trén tia Ox va OA = 2.
A. A(0;0;2). B. A(2;2;0). C. A(0;2;0). D. A(2;0;0).

Cau 7. Trong khong gian Oxyz, xac dinh toa d6 ctia diém A biét A ndm trén tia d6i ctia tia Oy va
OA =3.

A. A(0;3;0). B. A(0;-3;0). C. A(0;-9;0). D. A(3;-3;0).

Cadu 8. Trong khéng gian Oxyz, cho hai diém A(1;-1;2) va B(2;1;-4). Véc-to AB c6 toa do la
A. (-1;-2;6). B. (3;0;-2). C. (1;0;-6). D. (1;2;-6).

Cdau 9. Trong khéng gian Oxyz, cho hai diém A(1;3;-2), B(3;-2;4). Véc-to AB c6 toa do la
A. (2;5;6). B. (4;1;2). C. (2;-5;6). D. (-2;5;6).
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Cau 10. Cho hai diém A, B théa man OA = (2;-1;3) va OB = (5;2;-1). Tim toa d6 véc-to AB.
A. AB=(2;-1;3). B. AB=(3;3;-4). C. AB=(7;1;2). D. AB =(3;-3;4).

Céu 11. Trong khong gian Oxyz, cho hai diém M va N biét M(2;1;-1) va MN = (-1;2-3). Toa do
Nla

A. N(1;-3;-4). B. N(1;3;-4). C. N(-1;3;-4). D. N(1;3;4).

Cau 12. Hinh chiéu vudng géc ctia diém A(3;-4;5) trén mat phing (Oxz) 1a diém
A. M(3;0;0). B. M(0;-4;5). C. M(0;0;5). D. M(3;0;5).

Céu 13. Hinh chiéu vudng géc ctia diém A(1;2;3) trén mat phang (Oxy) 1a diém
A. M(0;0;3). B. N(1;2;0). C. Q(0;2;0). D. P(1;0;0).

Cau 14. Hinh chiéu vudng géc cta diém M(2;1;-3) 1én miat phing (Oyz) c6 toa do la
A. (2;0;0). B. (2;1;0). C. (0;1;-3). D. (2;0;-3).

Cau 15. Hinh chiéu vudng géc ctia diém A(3;2;1) trén truc Ox cé toa d6 1la
A. (0;2;1). B. (0;2;0). C. (3;0;0). D. (0;0;1).

Céu 16. Hinh chiéu cta diém M(2;3;-2) trén truc Oy c6 toa d6 la
A. (2;0;0). B. (0;3;0). C. (0;0;-2). D. (2;0;-2).
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Cdu 17. Trong khong gian Oxyz, cho hinh binh hanh ABCD véi B
A(-2;3;1), B(3;0;-1), C(6;5;0). Toa dé dinh D la c
A. D(11;2;2). B. D(1;8;2). C. D(11;2;-2). D. D(1;8;-2).
A D
Cdu 18. Trong khong gian Oxyz, cho cac diém A(1;0;3), B
B(2;3;-4),C(-3;1;2). Tim toa d6 diém D sao cho ti giac ABCD la c
hinh binh hanh.
A. D(4;2;9). B. D(-2;4;-5). C. D(6;2;-3). D. (-4;-2;9).
A D
Cau 19. Cho hinh hép ABCD.A'B'C'D' ¢6 A(1;0;1), B(2;1;2), Al
D(1;-1;1),C'(4;5;-5). Tim toa do dinh C cta hinh hop.
A. C(2;0;2). B. C(2;0;2).
C. C(2;0;2). D. C(2;0;2).

Cadu 20. Cho hinh hop ABCD.A'B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1;-1;1),C'(4;5;-5). Tim toa dé dinh
A’ cua hinh hop.
A. A'(-1;-5;8). B. A'(-1;-5;8). C. A'(-1;-5;8). D. A'(-1;-5;8).
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Cdu 21. Cho hinh hop ABCD.A'B'C'D' c¢6 A(1;0;1), B(2;1;2),
D(1;-1;1),C’'(4;5;-5). Tim toa do dinh D’ ctia hinh hop.

A. D'(-1;-6;8). B. D'(-1;-6;8).

C. D'(-1;-6;8). D. D'(-1;-6;8).

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Cau 22. Trong khong gian Oxyz, cho @ = T+3k-47vab= (m—n;4m—6n;n?-3m+2), véim, n
12 tham sb.
a) Toa d6 @ = (1;3;-4). b) Dung diém A théa OA = @ thi A(1;-4;3).
¢) Ton taigidtriciamvan dé b = 0. d) Néud =05 thim+n=9.
Cau 23 Trong khong gian Oxyz, cho @ =(2;2;0), b= z
2J +2F. DutngOA— @ vaOB=b.
a) T=21+2k. B
b) Toa dd b = (0;2;2). 3
c) Toa d6 AB =(-2;2;0). |
d) Géc AOB =45°. 2 N |
| Q@ |
o T ’
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Cdu 24. Trong khong gian Oxyz, cho hinh hop
OABC.O'A'B'C' ¢6 A(1;1;-1), B(0;3;0), BC' = (2;-6;6).

\ \

o’ ,
‘ C
Goi H, K 1an lugt 1a trong tam ctia tam gidc OA'O’ va A/ \\ %
CB'C'. \‘
a) Toa d6 diém C' 1a (2;-3;6). '
b) Toa d6 diém O’ 1a (3;-5;5). \
¢) Toa do6 véc to AB' =(-2;3;-6). o L o
d) Toa d6 véc tdfﬁfz(—l;Z;—l). 7
A B
DT '9' Toa dd héa mat s6 hinh khéng gian
® Chon mét diém ma tit d6 c6 ba dudng d6i mét vudng géc nhau lam goc toa do.
® Xay dung toa d6 cac diém trén hinh da cho tudng tng véi hé truc viza chon.
@ Toa do cac diém dic biét:
M € Ox = M(x;0;0). e MeOy= M(0;y;0). e MeOz= M(0;0;z).
M € (Oxy) = M(x;y;0). e Me(Oxz)=> M(x;0;2). e Me(Oyz)= M(0;y;2).
BAI TAP TU LUAN
=Bail.
Cho hinh hoép chit nhat ABCD.A'B’'C'D’' ¢6 canh 2
AB =AA'=2, AD =4. Goi E la tam cua hinh chit
nhat ABCD, F 1a trung diém AC’'. V6i hé toa do Al o
Oxyz dudc thiet 1ap nhu hinh bén (goc toa d6 O AN
trung véi A), hay xac dinh toa dé cac dinh cua hinh | \\
hép chit nhat va toa do hai diém E, F. B N iz
/x\/ -
e S GRS 4D
/l A\\\j \\,/"”/ Y
B -- 2
C
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=Bai2.
Mét may bay M dang cit canh tit phi trusng. Véi hé toa do
Oxyz dudc thiét 1ap nhu Hinh bén, cho biét M 1a vi tri ctia
may bay véi OM = 14, NOB = 32°, MOC = 65°. Tinh toa do
diém M.

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

Céu 1. Hinh bén mé ta mot san cau long véi kich thuée

theo tiéu chudn qubc té. V6i hé toa d6 Oxyz dudc thiét y B
lap nhu hinh bén (don vi trén mbi truc la mét), gia su /v 471) 5 m
AB la mét tru cau 1ong dé cang luéi, hay xac dinh toa do v >
cua B. % A 6,10 m
A. (6,1;6,7;1,55). B. (6,7;6,1;1,55). o\ L
C. (6,1;0;1,55). D. (0;6,7;1,55). D 1B40m g x
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Cau 2. Cho hinh 14p phudng ABCD.A'’B'C'D' ¢6 canh bang 2. Véi 2
hé toa do Oxyz dudc thiét 1ap nhu hinh bén (gbc toa d6 O trung A/ o
véi diém A), toa d6 diém B’ 1a ‘

A. B(0;2;0). B. B(2;2;2). 1

C. B(2;2;0). D. B(2;0;2). B c' b

e —
B
C
X

Cadu 3. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh 2
bang 2. Véi hé toa d6 Oxyz duge thiét 1ap nhu hinh bén
(gbe toa @6 O trung véi diém A), toa d6 diém C’ 1a A’ D’

A. C'(2;2;0). B. C'(2;2;2). |

C. C'(2;2;0). D. C'(2;0;2). |

B’ , c’
l D
R R —
B i
C
X

Cdu 4. Cho hinh chép ti giac déu S.ABCD c6 canh
day bang av2, canh bén bang av5. Goi O 1a tam cua
hinh vuéng ABCD. Véi hé toa d6 Oxyz dudc thiét lap
nhu hinh bén (gbc toa do O trung véi tam hinh vuéng
ABCD), toa do SC la

A. SC= (2a;0;—2a). B. SC = 2a;—-a;-2a).

C. SC= (a;0;—2a). D. SC= (a;0;2a).
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Cau 5. Cho tua dién SABC c6 ABC la tam giac vuéng tai B, S 2
BC =3, BA =2, SA vudng géc véi mat phang (ABC) va c6 do
dai bang 2. V6i hé toa d6 Oxyz dudc thiét 1ap nhu hinh bén
(gbc toa do O trung véi diém B), tim khang dinh sai.

A. A(0;2;0). B. B(0;0;0).

C. C(0;0;3). D. S(-2;2;2).

Cau 6. Cho hinh chép S.ABC c6 day ABC la tam giac déu
canh bang 2, SA vuéng géc véi ddy va SA = 1. V6i hé toa
d6 Oxyz dudc thiét 1ap nhu hinh bén (gbc toa d6 O trung
véi trung diém cia doan BC), hay tim toa do diém S.

A. S(0;V3;1). B. S(0;V3;1).

C. S(0;v3;1). D. S(0;V/3;1).

Cau 7. O mét san bay, vi tri clia may bay dudc 2
x4c dinh béi diém M trong khéng gian Oxyz nhu
hinh bén. Goi H 1a hinh chiéu vudng géc cta *
M xubng mit phang (Oxy). Cho biét OM = 50,
(T,b—ﬁ) =64°, (Eﬁ,b”ﬁ) =48°. Tim toa do cha AN
diém M. oM
A. M(14,7;30,1;37,2). B. M(14,7;30,1;37,2). %0
C. M(14,7;30,1;37,2). D. M(14,7;30,1;37,2). 0
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PHAN Il. Cau tric nghiém diing sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Cau 8. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhéat,
AB=1, AD =2, SA vudng goc v6i mat day va SA = 3. V6i hé toa do
Oxyz dudc thiét l1ap nhu sau: Géc toa do O trung véi diém A, cac véc
to AB, AD, AS 1an lugt ciing hudng véi i, j va k. Xét tinh ding
sai ctia cac khéing dinh sau

a) Toa do D(0;2;0). b) Toa do C(1;2;3).

¢) Toa d6 S(2;0;0). d) Toa d6 I(1;1;0).

Céau 9. Cho hinh 14p phudsng ABCD.A'B'C'D’' ¢6 canh bang 2. Véi 2
hé toa do Oxyz dudc thiét 1ap nhu hinh bén (gbc toa d6 O trung A T

: D’
v6i tdm hinh vuéng ABCD), hay xét tinh dang sai cia cac khang
dinh sau: ! /
-5 B’ + T C
a) Toa do A(-1;0;0). b) AC' =(2v2;0;2). | !
¢) Toa d6 D'(0;v2;2). d) BD' =(0;0;2). G R 7
CA :\J‘\ _ -
BL=—""_0 -
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Cau 10. Cho hinh lang tru ABC.A'B'C’ ¢6 day ABC la tam giac P
déu canh bing 2 nhu hinh vé. Hinh chiéu vudng géc ctia A’ 1én
(ABC) trung véi trung diém canh AB, géc A’AO = 60°. Vii hé A’ c’
toa do Oxyz dudc thiét 1ap nhu hinh bén (gbc toa d6 O trung
véi trung diém cta doan BC), hay xét tinh ding sai cta céac
khang dinh sau: B
a) Toa d6 diém A(-1;0;0).
b) Toa dé diém C(0;v/3;0). ad ol y
¢) Toa do diém A'(0;-1;v/3). //,,——”’C

d) Toa do diém C’'(1;V3;V3).
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§3. BIEU THO'C TOA PO CUA CAC PHEP TOAN

VECTO
LY THUYET CAN NH&

n Biéu thirc toa do clia phép todn cdng, trlr, nhan mot sé thuc véi mot vécto

Trong khong gian Oxyz, cho hai véc-t6 @ = (a1;a2;a3), b =(b1;b2;b3) va sb k. Khi d6
® @+ b =(ay+bi;as+bg;as+bs);
® @b =(a1—bi;a2—bs;as—by);
® kd =(kai;kas;kas).
A Cho hai véc-to @ =(a1;as;as), b = (by:be:bs), b # 0. Hai véc-to @, b cung phuong khi va chi

a1 Zkbl
khi ton tai mot sé thuc k sao cho { as = kbsy
ag =kbs.

a Biéu thirc toa dé cla tich vé huéng hai vécto

Trong khong gian Oxyz, tich vo hudng ctia hai véc-t6 @ = (a1;a2;a3) va b= (b1;b9;b3) dude xac dinh
béi cong thirc R
a-b= a1b1+agbg +asbs.

@ El3©albl+a2b2+a3b3=0;
@

1@1=/a?+aZ+a2; AB=\/(xp—x4)?+(yp—ya)?>+ (23 —24)%.

>
a-b a1b1 +a2b2 +a3b3

— = (véi T#0 va b # 0).
@1|5]  Vad+adrad- /30203

® cos (E’; 3) =

e |
B Biéu thirc toa dd clia tich ¢6 hudng hai vécto
Cho hai véc-to @ =(a1;az;a3) va b= (b1;b2;b3) khong cung phuong. Khi dé vec to
w= (a2b3—b2a3;a3b1—b3a1;a1b2—bla2)
vudng géc véi ca hai véc to @ va b.
A ® Véc to w xdc dinh nhu trén con goi la tich cé hudng cia hai véc to o, b, ki hidu
w= [E’,E'].
@ Quy udc ar 9z =a1bg—agsbq thi
b1 be

> as as as aix ar az

a,b|= ; ; =(ab—ba;ab—ba;ab—ba)

[ ](bzbs bs by blbz) 2b3 —boag;a3b; —b3ai;a1b2—biag

® @ khong cing phuong véi b < [6’, T;} #0.
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n Biéu thirc toa dé trung diém doan théng, trong tdm tam giac

Trong khong gian Oxyz, toa do trung diém va trong tam
dudc xac dinh nhu sau:

® Toa d6 trung diém M cta doan thang AB la

B A
M(xA+xB_yA+yB.zA+zB> M M N
2 7 2 7 2 '
A B K c

@ Toa d0 trong tdm G cuia tam giac ABC la

G(xA+xB+xC.yA+yB+yc'zA+zB+zC>
3 ’ 3 ’ 3 '

@ PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'ol Toa dé cla céc phép todn vec to, toa dé diém, dé déi doan thélng

BAI TAP TU' LUAN

=Bail. Cho @ =(-2;3:2), b = (2;1;-1), € = (1;2;3). Tinh toa d6 ctia mdi vects sau:

— - 7 — - 3.
a) 3a; b) 2a - b; c) a+2b—§c.

!

~

_— % A . , , — rd ? 7 - 3
=Bai 2. Trong khong gian Oxyz, cho cac véc-t6 w =3i -2 +k, v = =3
m7 - n7e)

a) Chiing minh % va v cung phuong.

b) Tim gi4 tri cia m va n dé véc-to & va w cung phuong.
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=Bai 3. Trong khong gian véi hé toa do Oxyz, cho ba diém A(3;-1;2), B(1;2;3), C(4;-2;1).
a) Chiing minh ba diém A, B, C khong thang hang. Xac dinh toa d6 trong tam tam giac ABC.
b) Tim toa d6 diém D biét ABCD 1a hinh binh hanh.

¢) Tim toa d6 giao diém E ctia dudng thing BC véi mat phang toa do (Oxz).

=Bai 4. Trong khong gian Oxyz, cho ba diém A(5;-3;0), B(2;1;-1), C(4;1;2).
a) Tim toa do ctia vecto @ = 2AB + AC - 5BC.

b) Tim toa db diém N sao cho 2NA = —NB.

TOAN 12 — CHUONG TRINH MO
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Mét phong hoc c¢6 thiét ké dang hinh hép chit nhat véi chiéu dai
la 8 m, chiéu rong 1a 6 m va chiéu cao 1a 3 m. Mot chiéc den
dudc treo tai chinh gitta tran nha ctia phong hoc. Xét hé truc toa
d6 Oxyz c6 gbc O trung véi moét géc phong va mit phéng (Oxy) 3m|OF-------1 -
trung v6i mét san, don vi do dudc lay theo mét (Hinh minh hoa ‘
bén). Hay tim toa d6 ctia diém treo dén.

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuang an lwa chon. Mbi ciu héi hoc sinh chi chon mét
phuadng an.

Cac cau hoi sau déu xét trong khong gian Oxyz.

Cau 1. Cho @ =(1;2;-3), b =(-2;-4;6). Khing dinh nao sau day ding?

A T=2b. B. b =27. C. b=-23. D. ?=-2b.

Cdu 2. Cho hai véc-to ¥ =(2;1;-3), ¥ =(1;0;—1). Tim toa d6 ctia véc-td @ = ¥ +27 .
A. @(4;1;-5). B. @(4;1;-1). C. @(3;1;-4). D. @(0;1;-1).

Céu 3. Cho @ =(1;-1:3), b =(2;0;—1). Tim toa d véc-t6 & =2a —35.
A. T =(-4;-2:9). B. 7=(4;2;-9). C. @ =(-4;-59). D. @ =(1;3;-11).

148 TOAN 12 — CHUONG TRINH MO




3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO | (A U
Cau 4. Cho hai véc-to @ =(3;0;1), € =(1;1;0). Tim toa do ctia véc-to b théa man bidu thic b - @ +
=0.

C. b =(52;1).

Cau 5. Cho vecto @ =(1;-3;4). Vecto nao sau day cung phuong véi @?
A. b =(-2;-6;8). B. T =(-2;6;-8). C. d =(-2:6;8). D.

m = m = 3 m = 3 m = 2

T2 T2 T2 "3
A. 4 B 4 C 9 D. 4

n=-2. n=— n=-—. n=-—.

3 3 3 3

Céu 7. Cho hai diém A(2;3;1) va B(3;1;5). Tinh d6 dai doan thang AB.
A. AB=+21. B. AB=2vV3. C. AB=25. D. AB=13.
Céu 8. Cho hai diém M(3;-2;1) va N(0;1;-1). Tinh d6 dai doan thing MN.

A. MN = V17. B. MN =22. C. MN =v22. D. MN =v19.

Cau 9. Cho hai diém A(-1;1;2) va B(3;-5;0). Toa d6 trung diém caia doan thing AB la
A. (1;-2;1). B. (4;-6;2).

C. (2;-3;-1). D. (2;-4;2).
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Cau 10. Cho hai diém A(1;1;0), B(3;-1;2). Toa d6 diém C sao cho B la trung diém ctia doan AC
la

A. C(5;-3;4). B. C(4;-3;5). C. C(-1;3;-2). D. C(2;0;1).

Cau 11. Cho tam giac ABC véi A(0;-1;3), B(2;1;1), C(1;0;-1). Toa d6 trong tAm ctia tam gidac ABC
la

A. (1;0;1). B. (-1;0;1). C. (0;1;1). D. (1;1;0).

Céu 12. ChoOA =i - 27+3%’, diém B(3;—-4;1) va C(2;0;—1). Toa do trong tam ctia tam gidc ABC
la

A. (1;-2;3). B. (-1;2;-3). C. (2;-2;1). D. (-2;2;-1).

Céu 13. Cho tam gidc ABC trong tam G. Biét A(0;2;1), B(1;-1;2), G(1;1;1). Khi dé diém C c6 toa
do la

A. (2;2;4). B. (-2;0;2). C. (-2;-3;-2). D. (2;2;0).

Céu 14. Cho bon diém A(1;0;3), B(2;-1;1), C(-1;3;-4), D(2;6;0) tao thanh mot hinh t& dién. Goi
M, N 1an ludt 14 trung diém céc doan thing AB, CD. Tim toa d6 trung diém G ctia doan MN.

Al G<4 8 0>. B. G(2:4:0). C. G(1;2;0). D. G(4;8;0).
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Cau 15. Cho hai diém B(1;2;-3), C(7;4;-2). Néu E 13 diém théa min ding thic CE = 2EB thi toa
do diém E 1a

A. (3;2;2). B. (1;2;%). C. (3;3;—;). D. <§;3;—§>.

Céu 16. Cho céc diém A(1;-1;0), B(0;2;0), C(2;1;8) va M la diém théa man hé thic MA-MB+MC =
0. Khi d6 diém M c6 toa do la
A. (3;2;3). B. (3;-2;-3). C. (3;-2;3). D. (3;2;-3).

2 1 1 1
A =_. B. m=—. =—_, D =—=
m z m = C.m 3 m E

Céau 19. T giac ABCD la hinh binh hanh, biét A(1;0;1), B(2;1;2), D(1;-1;1). Tim toa d6 diém
C.
A. (0;-2;0). B. (2;2;2). C. (2;0;2). D. (2;-2;2).




WAV chuong2. VECTO VA HE TOA BO TRONG KHONG GIAN

Cau 20. Cho hinh hép ABCD.A'B'C'D' ¢6 A(0;0;0), B(a;0;0),
D(0;2a;0), A’(0;0;2a),a # 0. Tinh d6 dai doan thang AC'.

A. |al. B. 2|al.
3la|

Cdu 21. Cho hinh hép ABCD.A'B'C'D’' ¢6 A(0;0;1), B'(1;0;0),
C'(1;1;0). Tim toa do ctia diém D.

A. D(0;-1;1). B. D(0;1;1).

C. D(0;1;0). D. D(1;1;1).

PHAN Il. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
dang hoac sai.

Cau 22. Cho cac diém A(1;-2;3),B(-2;1;2),C(3;-1;2).

a) AB=(-3;3;-1). b) AC =(-2;-1;1).
¢) AB=3AC. d) Ba diém A,B,C khong thing hang.
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Cau 23. Cho ba diém A(3;3;-6), B(1;3;2) va C(-1;-3;1). A
Goi M, N, K lan ludt 1a trung diém ctia AB, BC va CA.
a) Toa do M (2;3;2).
b) V6i G 1a trong tam tam gidc ABC thi GC =2/5.
c¢) Trong tam tam giac MNK la E(1;1;-1). M K
d) V6i D(-3;-3;9) thi ti giac ABDC la hinh binh hanh.

Céu 24. Cho hinh héop ABCD.A'B'C'D’, biét diém A(0;0;0),
B(1;0;0), C(1;2;0), D'(-1;3;5). Goi M, N la tam cta cac hinh
binh hanh ABB'A’, ADD'A’.

a) Toa do D(0;2;0). b) Toa do A'(-1;1;5).

¢) Toa d6 MN =(-1;1;0). d) [AB+AD+CC'| = V9.

Cadu 25. Hai chiéc khinh khi cau bay 1én tit cing mét 2
dia diém. Chiéc thit nhat cach diém xuat phat 2 km vé @
phia nam va 1 km vé phia dong, dong thsi cach mét
d4t 0,5 km. Chiéc thit hai ndm cach diém xuét phat 1
km Vé’phl’a béc va 1,5 km vé phia tay, dong thoi cach . @
mat dat 0,8 km. SN .

Chon hé truc Oxyz véi gbc O dat tai diém xuat phat Bic .. T~» .-
cta hai khinh khi cau, mat phéng (Oxy) trung véi mét 0.

dat véi truc Ox hudng vé phia nam, truc Oy huéng vé ~.
phia dong va truc Oz hudéng thang ding lén troi (Hinh A ----------=* ‘

bén duéi), don vi do 14y theo kilomet. y
Dong

a) V6i hé toa d6 da chon, toa d6 khinh khi cau thi nhéat 14 (2;1;0,5).

b) Véi hé toa do da chon, toa do khinh khi cau thi hai 1a (-1,5;-1;0,8).

¢) Khoang cach tit diém xuét phat dén khinh khi cau thi nhét bang v21 km.

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (Két qud lam tron dén hang phan tram).
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DT '9' Tich v6 hudng, tich cé hudéng hai vec to va irng dung

BAI TAP TU LUAN

=Bail. Choba véc-to @ =(3;0;1), b =(1;-1;-2), @ =(2;1;-1), d = (1,7;-3).

b

a) Tinh @b, b-¢.

b) Tinh ||,

¢) Chiing minh d 1 @.

, COS (E’, 3)

a) Tinh géc gitta hai vects @ va b.

=Bai 2. Trong khéng gian Oxyz, cho @ =(1;0;1), b =(1;1;0) va € = (-4:3:m).

b) Tim m dé vects d =23 +3b vuodng géc véi <.
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=Bai 3. Trong khéng gian Oxyz, cho tam gidc ABC c¢6 A(-1;0;2), B(0;4;3) va C(-2;1;2).
a) Chi ra toa d0 mot véc to (khac 0) vudng goc véi hai véc to A_ﬁ, AC.
b) Tinh chu vi tam giac ABC.
¢) Tinh cosBAC.

d) Tim d6 dai duong phan giac trong AD ctua tam giac ABC.

= Bai 4. Trong khong gian Oxyz, cho 3 diém A (0;1;-2);B(3;0;0) va diém C thudc truc Oz. Biét
ABC la tam giac can tai C. Tim toa d6 diém C.
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=Bai5. Trong khong gian Oxyz, cho ba diém M (2;3;-1), N(-1;1;1), P(1;m - 1;2). Véi nhiing gia
tri nao ciia m thi tam giac MNP vudng tai N?

=Bai7.
Trong Héa hoc, ciu tao ctia phan tit ammoniac (NHs) ¢6 dang hinh z
chép tam giac déu ma dinh 14 nguyén ti nitrogen (N) va day 1a tam
giac HiHeHg v6i Hy, Hs, Hs la vi tri cia ba nguyén ti hydrogen
(H). Géc tao béi lién két H-N—-H, c6 hai canh 1a hai doan thang néi
N véi hai trong ba diém H;, Hs, Hs (ching han HiNH,), goi 1a géc
lién két ctia phan t& NHs. Géc nay xap xi 107°.

Trong khong gian Oxyz, cho mot phan tit NH; dudce biéu dién béi
hinh chép tam gidc déu N.H{HyH3 v6i O 1a tAm cta day. Nguyén
t nitrogen dudc biéu dién bdi diém N thudc truc Oz, ba nguyén ti
hydrogen 6 cac vi tri Hy, He, H3 trong d6 H1(0;-2;0) va HyH3 song
song véi truc Ox (Hinh bén).

a) Tinh khoang cach gitta hai nguyén ti hydrogen.

b) Tinh khoang cach gitta hai nguyén ti nitrogen v6i méi nguyén tit hydrogen.
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=Bais8.

Moét chau cay dudce dit trén mot gia dd c6 bén chan véi diém
dat S(0;0;20) va cac diém cham mat dat caa bon chan 1an lugt
la A(20;0;0), B(0;20;0), C(—20;0;0), D(0;—-20;0) (don vi cm). Cho
biét trong luc tac dung lén chau cay cé do 16n 40(N) va dude
phan bb thanh bén luc F1, F, Fs, F4 ¢6 d6 16n bing nhau nhu
Hinh 4. Tim toa do6 ctia cac luc néi trén (mdi centimét bidu dién
1N).

Z
\) '
/1IN
F
F C
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BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lwa chon. Mbi ciu héi hoc sinh chi chon mét
phudng an.

A. 0. B. 6. C. 8. D. -6.

Cdu 4. Mot thiét bi tham do day bién dude ddy bsi mot luc £ = (5; 4;-2) (don vi: N) gidp thiét bi
thuc hién d6 doi @ = (70;20;—-40) (don vi: m). Tinh cong sinh béi luc £ .

A. 480(J). B. 530(J). C. 510(@J). D. 500(J).

A. 60°. B. 120°. C. 150°. D. 30°.
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Céu 6. Cho hai véc-to & =(-1;1;0) va T =(0;—1;0). Géc hop béi hai véc-té & va v bang
A. 60°. B. 45°. C. 135°. D. 120°.

Ca&u 7. Cho hai véc-to @(-2;-3;1) va b(1;0;1). Tinh cos(a, b).

— 1 —> 3 — 1 > 3
A. cos(a,b)=———. B. cos(d,b)=———. C. cos(d,b)=——. D. cos(a,b)=——.
2V7 2V7 2V7 2V7
Cdu 8. Cho @ =(3;2;1), b= (-2;2;-4). Gia tri cua ‘?1’— 3‘ bing
A. 5V2. B. 50. C. 2v5. D. 3.

Cau 9. Cho hai véc-to @ =(-1;0;2) va U = (x;-2;1). Biét réing ¥- v = 4. Khi d6 | 7| bang
A. V21. B. 2. C. 3. D. 5.

A. a=-2. B. a=-4. C. a=4. D. a=2.
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Cau 11. Tim x dé hai véc-to @ = (x;x—2;2) va b = (x;1;-2) vudng géc véi nhau.

x=2 x=-2

Cadu 12. Cho hai véc-to @ =(1;-2;1) va v = (2;1;-1). Véc-t6 nao dudi day vuodng géc véi ca hai véc-to
zvav?

A. ws=(1;3;5). B. w3 =(1;-4;7). C. wi=1;4;7). D. wi =(1;-3;5).

Cau 13. Tich c6 huéng ctia hai vée-to @ =(-1;2;0) va b= (0;4;-3) c6 toa dob 1a
A. (-6;3;-4). B. (6;-3;4). C. (6;3;4). D. (-6;-3;-4).

Cau 14. Cho A(2;1;4),B(~2;2;-6),C(6;0;~1). Tinh tich v6 huéng AB-AC.
A. AB-AC =67. B. AB-AC = —67. C. AB-AC =33. D. AB-AC =65.

A. 4. B. -1. C. 7 D. -5.
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Caéu 16. Cho tam gidc ABC véi A(8;9;2), B(3;5;1), C(11;10;4). S6 do géc A ctia tam gidac ABC 1a
A. 60°. B. 150°. C. 30°. D. 120°.

Céu 17. Cho diém A(3;-1;5), B(m;2;7). Tim tat ca cac gia tri cia m dé d6 dai doan AB="1.

A. m =3 hoac m =-3. B. m =9 hoac m =-3.
C. m=-3hoacm=-9. D. m =9 hodac m =3.

A. m=4. B. m =-10. C. m=25. D. m=-1.

Cau 20. Cho tam giac ABC cé A(7;3;3), B(1;2;4), C(2;3;5). Tim toa d6 diém H 1a chan dudng cao
ké tu A caa tam giac ABC.

A. H(3;4;6). B. H(-3;4;7). C. H(2;4;1). D. H(2;-4;3).

TOAN 12 — CHUONG TRINH MO 161




WAV chuong2. VECTO VA HE TOA BO TRONG KHONG GIAN

Cdu 21. Cho hai diém A(1;1;0), B(2;-1;2). Goi M(0;0;z) la diém thudc truc Oz sao cho MA2 + MB?
nho nhit. Khing dinh nao sau day la dung?

A. ze(0;1]. B. ze(1;2]. C. ze(-1;0]. D. ze(-2;-1].

PHAN II. Cau tric nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

Cdu 22. Cho ba vec-ts @ =(-1;1;0), b =(1;1;0) v

N/
ol
I
~
=
J—‘
—
~

a) |ad|=2. b) |Cl=V3. c) cos(a@,?)=

Cau 23. Cho hai vécto & =(0;2;3) va v =(m —1;2m;3).

a) [7]=VI5. b [i]= 7] em=-:.
0 T=Tem=1. D TLTom=".
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Cau 24. Cho tam giac ABC c¢6 A(1;2;0), B(0;1;1), C(2;1;0).

a) Tam giac ABC vudng tai A.
b) Chu vi tam giac 1a v7+v3+ V2.
¢) Dién tich tam gidc ABC la V6.

p 1
d) Tam dudng tron ngoai tiép tam giac ABC la I (1; 1; 5).

Céu 25. Hinh minh hoa so d6 mét ngéi nha trong
hé truc toa d6 Oxyz, trong d6 nén nha, bon bic
tudng va hai mai nha déu 1a hinh chit nhat.
a) Toa d6 cuia cac diém A(5;0;0).
b) Toa d6 ctia cac diém H(0;5;3).
¢) Goéc nhi dién c6 canh 14 duong thang FG, hai
mit 1an luot 1a (FGQP) va (FGHE) goi la géc
dbc ctia mai nha. S6 do cta géc dbc ciia mai
nha bang 26,6° (lam tron két qua dén hang
phan mudi cta do).
d) Chiéu cao ctia ngébi nha la 4.

Q(2;5;4)
H _~ /N
|
| P(2;0;4)
z |
|
i
|
<-0- |
E(0;0;3) Y F
|
V7
Clﬁ ,,,,,,,,,,,,,,,,,,,
/
/
//
/
/
//
/
0(0;0;0) A
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Y §  Chavrg 3

CAC 5O DAC TRUNG PO MUC PO
PHAN TAN CHO MAU SO LIEU GHEP
NHOM
§1. KHOANG BIEN THIEN KHOANG TU PHAN VI
CUA MAU SO LIEU GHEP NHOM

LY THUYET CAN NHO

BB Knhodng bién thién

¥ Dinh nghia: Xét mau s6 liéu ghép nhém dudc cho 6 bang sau:

Nhém [u1;u2) [u1;u2) e [wpsupse1)

Tan sb ni n e ng

Néu n1 va nj, cung khéac 0 thi khoang bién thién ctia mau sb liéu ghép nhém dudc tinh theo
cong thic

R=upi1—-u

£} Y nghia:

© Khoang bién thién cta mau sb liéu ghép nhom 1a gia tri xap xi khoang bién thién cta
mau sb liu gbe va c6 thé dung dé do mic d6 phan tan cta mau s liéu. Khoang bién
thién cang 16n thi mau s6 liéu cang phan tan.

@ Trong céc dai luong do mitc 6 phan tan cia mau sb liéu ghép nhém, khoang bién thién
la dai luong dé hiéu, dé tinh toan. Tuy nhién, do khoang bién thién chi st dung hai
gid tri uq v up.1 cia mau sb liéu nén dai luong dé dé bi anh hudng béi cac gia tri bat
thuong.

B3 Knhodng tir phan vi

{3 Dinh nghia: Khoang ti phan vi cia mau s6 liéu ghép nhém, ki hiéu Ag, 12 hiéu gitta td phan
vi thi ba @3 va td phan vi thi nhat @ cia mau s6 liéu ghép nhém dé, tic 1a

Ag=Q3-Q1
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{3 Y nghia:

® Khoang tt phan vi ciia mau sb liéu ghép nhém 1a gia tri xap xi cho khoang tt phan vi
ctia mau s6 liéu goc va c6 thé dung dé do mitc do phan tan ctia niia gitia ciia mau s6 liéu
(tap hop gom 50% s6 liéu nam chinh gitta mau s6 liéu).

@ Khoang ti phan vi cia mau s6 liéu ghép nhém cang nhd thi dit liéu cang tap trung xung
quanh trung vi.

@ Khoang ti phan vi dude dung dé xac dinh gia tri ngoai 1é trong mau s6 liéu. Gia tri x
trong mau s6 liéu 1a gia tri ngoai 1é néu x> Qs + 1,6Aq hodc x<Q1-1,5A¢.

@ Khoang ti phan vi cia mau sb liéu ghép nhém khéng bi anh huéng nhiéu béi cac gia tri
ngoai 1é trong mau sb liéu.

<§)>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT 'ol Tim khodng bién thién clia méu sé liéu ghép nhém

@ Xac dinh u; la gia tri dau mut trai cha nhom dau tién va uy; la gia tri dau mat phai cta
nhém cuoi cung c6 chita du liéu (tan so khac 0).

@ Khoang bién thién R = uj.1 — ui.

BAI TAP TU LUAN

=Bai 1. Can ning ctia 28 hoc sinh nam 16p 11 dudc cho nhu sau:

55,4 62,6 54,2 56,8 58,8 59,4 60,7
58 59,5 63,6 61,8 52,3 63,4 57,9
49,7 45,1 56,2 63,2 46,1 49,6 59,1
55,3 55,8 45,56 46,8 54 49,2 52,6

a) Hay chuyén mau sb liéu trén sang méu sb liéu ghép nhém goém 5 nhém c6 d6 dai bing
nhau véi nhém dau tién 1a [45;49).

b) Tim khoang bién thién ctia mau sb6 liéu gbc va bang bién thién ctia mau sb liéu ghép nhém
tuong dng.
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= Bai 2. Bang sau théng ké thoi gian tap thé duc budi sdng mdi ngay trong thang 9/2022 cia
bac Binh va bac An.

Thoi gi
' g1an [15:20) | [20:25) | [25:30) | [30:35) | [35:40)
(phut)
S6 ngay tap cua bac Binh 5 12 8 3 2
S6 ngay tap ctua bac An 0 25 5 0 0

a) Hay tim khoang bién thién ctia mau sb liéu ghép nhém vé thsi gian tap thé duc budi sang
moi ngay ctia bac Binh va bac An.

b) St dung khoang bién thién, hay cho biét bac nao c6 thoi gian tap phan tan hon.

= Bai 3. Thong ké thsi gian s&t dung mang xa hoi trong ngay ctia cac ban T6 1, T6 2 16p 12A,
dudc két qua nhu bang sau:

Thoi gian stt dung (phut) | [0;10) | [10;30) | [30;60) | [60;90)

S6 hoc sinh T 1 2 4 3 1
S6 hoc sinh Té 2 5 1 3 0

Tim khoang bién thién cho thoi gian sit dung mang xa hoi ctia hoc sinh méi t6 va giai thich y
nghia.
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BAI TAP TRAC NGHIEM

Cdu 1. Khao sat thoi gian tap thé duc ciia mot sb6 hoc sinh khéi 11 thu dude mau s6 liéu ghép
nhoém sau:

Thoi gian

[0;20)

[20;40)

[40;60)

[60;80)

[80;100)

S6 hoc sinh

5

9

12

10

6

Tim khoang bién thién ctia mau s6 liéu ghép nhém trén.

A. 80.

B. 60.

C. 100.

Céu 2. Miic thudng tét (triéu dong) cho cac nhan vién ctia mot céng ty dude théng ké trong bang

sau:
Miic thudng tét | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
S6 nhan vién | 13 35 47 25 10
Tim khoang bién thién ctia mau sb liéu ghép nhém trén.
A. 20. B. 25. C. 47. D. 23.

Céu 3. Cho bang phan bb tan sbé ghép 16p sau
Chiéu cao ctia 40 hoc sinh nam & mét trusng THPT

Lop chiéu cao (cm) | [160; 163,5) | [164; 167,5) | [168; 171,5) | [172; 175,5) | Cong
Tan sb 9 20 7 4 40
Tim khoang bién thién ctia mAu sb liéu ghép nhém trén.
A. 31. B. 15,5. C. 175,5. D. 12.

Cdu 4. Thoi gian truy cap Internet méi budi tbi ctia mét sb hoc sinh dudge cho trong bang sau:

Thoi gian (phat) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
S6 hoc sinh 12 15 24 26
Tim khoang bién thién ctia mAu sb liéu ghép nhém trén.
A. 26. B. 14. C. 20. D. 12.

Cau 5. Thai gian hoan thanh bai kiém tra mén To4n cta cac ban trong 16p 12C dudc cho trong

bang sau:

Tim khoang bién thién ctia mau s6 liéu ghép nhém trén.

A. 24
168

Thoi gian (phut) | [25;30) | [30;35) | [35;40) | [40;45)
S6 hoc sinh 8 16 12 2
B. 15. C. 2. D. 20.
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(2

DT Tim t& phan vi cia mau sb liéu ghép nhém
Véi mau sb liéu ghép nhém
Nhém | [a1;a9) la;;ai+1) [ar;ar+1)
Tﬁn Sé mi m; mp

Cac budc thuc hién:

@® Tim t& phan vi @1 va @3 theo cong thuc:

%—(m1+---+mp_1)

Qr:ap+ '(ap+1_ap)’

mp
trong d6 [ap;ap+1) 1a nhom chita ti phan vi thd r véir=1,3; nla cd mau.

® Khoang ti phan vi cia mau sb6 liéu ghép nhém 1a Ag=Q3-Q1.

BAI TAP TU LUAN

=Bai 1. Bang sau thong ké can ning ctia 50 qua xoai dudc lua chon ngau nhién sau khi thu
hoach 6 mot nong trusng.

[290;330)
13

Can nang (g) | [250;290)

S0 qua xoai 3

[330;370)
18

[370;410) | [410;450)
11 5

Hay tim khoang ti phan vi ctia mau sb liéu ghép nhém da cho.
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=Bai 2. Bang sau day cho biét chiéu cao ctia cac hoc sinh 16p 12A va 12B.

Chiéu cao (cm) [145;150) | [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 hoc sinh ctaa 16p 12A 1 0 15 12 10 5
S6 hoc sinh cta 16p 12B 0 0 17 10 9 6

a) Tinh khoang bién thién, khoang tit phan vi cho cac mau s6 liéu ghép nhém ctia hoc sinh
16p 12A, 12B.

b) PE so sanh d6 phan tan vé chiéu cao ctia hoc sinh hai 16p nay ta nén dung khoang bién
thién hay khoang ti phan vi? Vi sao?

= Bai 3. Hang ngay 6ng Thing déu di xe buyt tit nha dén co quan. Duéi day 1a bang théng ké
thoi gian ctia 100 1an 6ng Thing di xe buyt tit nha dén cs quan.

Thoi gian(phut)
S6 lan

[15;18)
22

[18;21)
38

[21;24) | [24;27) | [27;30) | [30;33)
27 8 4 1

a) Hay tim khoang ti phan vi ctia mau s6 liéu ghép nhém trén. (Lam tron két qua dén hang
phan tram.)

b) Biét rang trong 100 lan di trén, chi c6 ding mot 1an ong Thiang di hét 32 phut. Thoi gian
ctia 1an di d6 c¢6 phai la gia tri ngoai 1é khong?
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Bang bén biéu dién mau sb6 liéu ghép nhém vé chiéu cao
ciia 42 mau ciy ¢ mot vuon thuc vat (don vi: centimét).
Tinh khoang ti phan vi cia mau sb liéu ghép nhém dé6
(1am tron két qua dén hang phan muvi néu can).

A Tan sé tich liy ciia nhém thit m chinh bang
ni+ng+-+np

Trong do, ni, no,..., ny, lan luot la tan sb ciia nhém
thit 1, thit 2,..., thi m.

Nhém | Tan s6 | Tan sb tich luy
[40;45) 5 5
[45;50) 10 15
[50;55) 7 22
[565;60) 9 31
[60;65) 7 38
[65;70) 4 42
n=42
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BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M&i cau héi hoc sinh chi chon mét
phudng an.

Cdu 1. Khao sat vé can nang cta céc hoc sinh 16p 11D3 nguoi ta dude moét mau di liéu ghép nhém
nhu sau

Can ning | [30;40) | [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
Sé hoc sinh | 2 10 16 8 2 2

Khoang tit phan vi ctia bang s6 liéu ghép nhém trén 1a
A. 17. B. 14.5. C. 14. D. 17.5.

Cdu 2. Doanh thu ban hang trong 20 ngay dudc lua chon ngiu nhién ctia mét ctia hang dudce ghi
lai 6 bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
S6 ngay 2 7 7 3 1

Khoang ti phan vi cia mau s6 liéu ghép nhém nay la

a2 B. 2. c. 2 p. 2
7 7 7 7
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Cdu 3. Trung tdm ngoai ngit théng ké bang diém mén Tiéng Anh ctia mét khéa hoc trong bang
bén dudi

Diém [0;2) | [2;4) | [4;6) | [6;8) | [8;10)
Hocvién| 10 | 30 | 55 | 42 9

Khoang ti phan vi cia mau s6 liéu ghép nhém nay 1a (lam tron dén hang phan tram)

A. 292 B. 2,93. C. 3,93. D. 3,92.

Cdu 4. Thoi gian luyén tap trong moét ngay (tinh theo gid) ciia mot sé van dong vién dude ghi lai
6 bang sau:

Thoi gian luyén téap (gio) | [0;2) | [2;4) | [4;6) | [6;8) | [8;10)
S6 van dong vién 3 8 | 12 | 12 4

Hay xac dinh khoang tt phan vi cia mau s6 liéu da cho (1am tron dén hang phan trim).

A. 4,52, B. 3,35. C. 2,85. D. 3,36.
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Caus. 0 mot phong diéu tri néi trd cta bénh vién, dit liéu théng ké thoi gian ngt hing dém cta
mot bénh nhan trong sudt moét thang dude tong hop béi bang dudi day

Thisi gian (phtt) | Tan sb | o050

tich luy
[180;240) 2 2
[240;300) 9 11
[300;360) 12 23
[360;420) 5 28
[420;480) 2 30

A. 75,53 B. 84,83 C. 80,83 D. 72,53

Cdu 6. Biéu d6 duéi day biéu dién s6 ludgt khach hang dit ban qua hinh thic truc tuyén méi ngay
trong quy III nam 2022 ctia mét nha hang. Cot thit nhat biéu dién sb6 ngay c6 tit 1 dén dudi 6 lugt
dat ban; cot thi hai biéu dién sb6 ngay c6 tit 6 dén dudi 11 luot dit ban;. ...

S6 ngay
BB freeeeeer s
B0 frveereee I s
25 feerereeeeeeee I I

D S L e
TR VI e e B

LT o

51 —\ rrrrrrrrrrr

1 6 11 16 21 26 S6 lugt dit ban

Hay tim khoang tit phan vi ctia mau s6 liéu ghép nhém cho béi biéu do trén.

A. 9,5. B. 8,5. C. 10,5. D. 7,5.
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PHAN II. Cau trc nghiém ding sai. Trong mdi y a), b), c), d) 8 mdi cau, hoc sinh chon
ding hoac sai.

Céu 7. Két qua do chiéu cao ctia 100 cay keo 3 nim tudi tai mét nong truong dude cho 6 bang sau

Chiéu cao (m) | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

a) Khoang bién thién ctia mau sb liéu nay la R = 1.
b) Tt phan vi thi nhat ctia mau s6 liéu 1a @ = 8.
¢) Khoang ti phan vi cia mau sb liéu 1a AQ = 0,286.

d) Biét rang trong 100 cay keo trén c6 1 cay cao 8,4 m. Chiéu cao ctia ciy keo nay 14 gia tri ngoai

1é.
Cau 8.
Bang bég biéu dién méu s6 liéu ghép nhém thong ké mic luong ctia mot cong [ Nhom | Tan sb
ty (don vi: triéu fiéng). o [10:15) 15
a) Khoang bién thién ciia mau so0 liéu nay la R = 25. ’
b) Tit phéan vi thi nhit ciia mau sb liéu 1a @, = 15. [15;20) | 18
¢) T phan vi thi ba cia mau s6 lidu 1a Q3 = 27. [20;25) | 10
d) Khoang ti phan vi cia mau s6 lidu 1a AQ = 12. [25;30) | 10
[30;35) 5
[35;40) 2
n =60
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Cdau 9. Diéu tra mét sé ho gia dinh thu nhap & mic trung binh sinh séng trén hai dia ban A, B,
ngudi ta thiy dién tich nha 6 ctia ho déu nhé hon 100 m2. Hai biéu d6 dudi biéu dién két qua thong
ké.

50 60 70 80 90 100 m?
Hinh 3.3a. Dién tich nha é ctia cu ddn dia ban A

(9]
T

50 60 70 80 90 100 m?
Hinh 3.3b. Dién tich nha 6 cia cu ddn dia ban B

a) Khoang bién thién ctia hai mau s6 liéu nay bang nhau.

b) Khoang tit phan vi ghép nhém dién tich cin ho cia dia phuong A 1a 10,9.

¢) Khoang ti phan vi ghép nhém dién tich can ho cta dia phuong B 1a 8,5..

d) S6liéu vé dién tich nha 6 cta cu dan thudc dia ban A phéan tan hon dia ban B.
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Cau 10. Bang tan sb ghép nhém duéi day thé hién két qua diéu tra vé tudi tho trung binh caa
nam gidi va nit giéi 6 50 qubc gia.

Gidi tinh )
Nhém (Tusi tho) Nam | Nt
[50;55) i | 3
[55;60) 7 | 4
[60;65) i |5
[65;70) 6 | 3
[70,75) 5 |7
[75:80) 12 |14
[80;85) 2 13
[85;90) 0 1

a) Khoang bién thién ctia mau sb liéu vé d6 tudi trung binh ctia nam gidi 1a 50.

b) Khoang ti phan vi cia mau sb liéu vé d6 tudi trung binh ctia nam gidi 1a 14,75.

¢) Khoang ti phan vi ciia mau s6 liéu vé d6 tudi trung binh cta nit giéi 1a 15.

d) Dua vao khoang ti phan vi thi tudi tho trung binh ctia nam giéi déu hon tudi tho trung binh
cua nit gidi.
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§2. PHUONG SAI VA PO LECH CHUAN CUA MAU
SO LIEU GHEP NHOM

LY THUYET CAN NHO

Xét mau sb liéu ghép nhém cho béi bang sau:

Nhom [uisuo) |[ugsus) | ... | [upsups1)
Gia tri dal dlén C1 (D) e Ck
Tan so ni no ng

{3 Phuong sai: Phuong sai ctia méu sb liéu ghép nhém, ki hiéu S2, dugc tinh béi cong thiic

1
S2 = - [nl(cl—a'c)2+n2(cz—5c)2+---+nk(ck—32)2] ,

) . .z 1 .z R
trong d6: n=ny+ng+---+n; lacé mau; x = —(nic1 +ngcg +---+npcy) la so trung binh.
n

3 D6 léch chuan: Do léch chudn ctia miu sb liéu ghép nhém, ki hiéu S, 1a can bac hai sb hoc
cua phuong sai, nghia la S = vV.S2.

{3 Y nghia:

® Phuong sai (d6 1éch chuén) cia méu sb liéu ghép nhém 1a gia tri x4p xi cho phudng sai
(d6 1éch chuén) ctia mau s6 liéu géc. Ching dude dung dé do mic do phan tan cia mau
s6 liéu ghép nhém xung quanh sb trung binh ctia mau sbé liéu. Phuong sai va d6 léch
chuén cang 16n thi dit liéu cang phan tan.

@ Do léch chuédn c6 cung don vi v6i don vi cia mau s6 lidu.

CHU Y N
(a) Phuong sai ciia méu s6 liéu ghép nhém c6 thé dude tinh theo cong thic sau:
1 2

S%=Z (nlc%+ngc§+m+nkc%) -x°.
n

(b) Trong théng ké, ngudi ta con dung dai lugng sau dé do miic d6 phan tan ctia mau
s6 liéu ghép nhém:
22

1 _ _ —
$ =1 [nl(cl—x)2+n2(02—x)2+-~-+nk(ck—x)2].
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<§}>> PHAN LOAI VA PHUONG PHAP GIAI TOAN

DT '0' Tinh trung binh céng cla mau sé liéu ghép nhém

Xét mau sb liéu ghép nhém cho béi bang sau:

Nhém [usug) | [ug;us) [ur;up+1)
Gia tI‘i dai dién C1 (eD) Cp
Tan sb ni no np

S6 trung binh cong ctiia mau sé liéu ghép nhém trén dude tinh bang cong thiic

1
X=—(nici1+ngco+---+npcy)
n

BAI TAP TU LUAN

=Bai 1. Tim can ning trung binh ctia hoc sinh 16p 11D cho trong bang sau:

Can ning | [40,5;45,5)

[45,5;50,5)

[50,5;55,5)

[565,5;60,5)

[60,5;65,5)

[65,5;70,5)

S6 hoc sinh 10

16

=Bai 2. Két qua khao sat can ning ctia 25 qua cam & méi 16 hang A va B dudc cho & bang sau:

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam ¢ 16 hang A 2 6 12 4 1
S6 qua cam 6 16 hang B 1 3 7 10 4

a) Hay uéc ludng can nang trung binh ctia mdi qua cam 6 16 hang A va 16 hang B.

b) Néu so sanh theo s6 trung binh thi cam & 16 hang nao ning hon?
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Chuong 3. CAC 5O DAC TRUNG DO MUC BO PHAN TAN CHO MAU SO LIEU GHEP NHOM

BAI TAP TRAC NGHIEM

Céu 1. Cho méau sb liéu véi ¢d mau n dudc cho dudi bang tan sé6 ghép nhém

Nhoém [ui;ug) | [ug;us) [ur;ups1)
Gia tI‘i dai dién C1 (o) Ck
Tan so ni no ng

S6 trung binh ¥ ctia méu sb liéu trén dude tinh bang céng thic nao sau day
uitug+...tup

cit+cg+...+cCp

K|

A.
n n
C niujt+ngug+...+tnpup nicit+ngcg+...+ngcg

Kl

Cdu 2. Khao sat vé can ning cta cac hoc sinh 16p 11D3 ngusi ta dudec mot mau dit liéu ghép nhém

nhu sau:
Can nang | [30;40) | [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
Sé hoc sinh | 2 10 16 8 2 2
S6 trung binh ctia mau sb liéu trén 1a
A. 56. B. 50. C. 60. D. 55.

Cau 3. Théng ké vé thoi luong mbi tran dau bi-a trong vong ti két giai ddu European Open ngudi
ta dudc mau sb6 liéu ghép nhém nhu sau

Thoi gian | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
S6 tran 3 12 15 24 2
S6 trung binh cia mau ) liéu trén gf}n nhéat véi gia tri nao sau day
A. 17. B. 17,5. C. 18. D. 18,5
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Cdu 4. Doanh thu ban hang trong 20 ngay dudc lua chon ngiu nhién cia mét ctia hang dudce ghi
lai 6 bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
S6 ngay 2 7 7 3 1

S6 trung binh ctia mau s6 liéu trén thudc khoang nao trong cac khoang duéi day?

A. [7;9). B. [9;11). C. [11;13). D. [13;15).

Cau 5. Trung tAm ngoai ngit théng ké bang diém mén Tiéng Anh cta mét khéa hoc trong bang
bén dudi

Diém [0;2) | [2;4) | [4;6) | [6;8) | [8;10)
Hocviéen| 10 | 30 | 55 | 42 9

S6 trung binh ctia mau sb liéu thudc khoang nao trong cac khoang dudi day?

A. [8;10). B. [4;6). C. [2;4). D. [6;8).
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DT '9' Tinh phuong sai va dd 1éch chudn ctia méu sé liéu ghép nhém

® Xac dinh ¢d ctia mau sb liéu;
@ Tinh s6 trung binh ctia mau sb liéu;

® Ap dung cong thic tinh phuong sai va d6 léch chuén.

BAI TAP TU LUAN

=Bai 1. Can nang cta mot s6 qua mit trong mét khu vuon dude thong ké 6 bang sau:

Can ning (kg) | [4;6) | [6;8) | [8;10) | [10;12) | [12;14)
S6 qua mit 6 | 12 | 19 9 4

Hay tinh phuong sai va d6 léch chuén ctia mau s6 liéu ghép nhém trén. (Két qua cac phép tinh
lam tron dén hang phan tram.)
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= Bai 2. Théng ké tong sb gio ning trong thang 9 tai moét tram quan trac dit 6 Ca Mau trong
cac nam tir 2002 dén 2021 dudc théng ké nhu sau:

111,6 134,9 130,3 134,2 140,9 109,3 154,4 156,3 116,1 96,7
105,2 80,8 80,8 110 109 139 145 161 126 114

a) Hay tinh phuong sai va do léch chudn cia mau sb liéu trén.

b) Hay lap bang tan sé ghép nhém véi nhém dau tién 1a [80;98) va d6 dai mbi nhém bang 18.
Tinh phuong sai, d6 léch chuén cta mau sb liéu ghép nhém.

¢) Hay tinh sai s6 tuong d6i cia d6 léch chuin ctia mau s6 liéu ghép nhém so véi do léch
chuén ctia mau so liéu goc.
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=Bai 3. Thay Tuén théng ké lai diém trung binh cubi nam ctia cac hoc sinh 16p 11A va 11B §
bang sau:

Diém trung binh | [5;6) |[6;7) | [7;8) | [8;9) | [9;10)
S6 hoc sinh 16p 11A | 1 0 11 | 22 6
S6 hoc sinh 16p 11B| 0 6 8 | 14 | 12

a) Néu so sanh theo khoang bién thién thi hoc sinh 16p nao c6 diém trung binh it phan tan
hon?

b) Néu so sanh theo do léch chuén thi hoc sinh 16p nao c¢6 diém trung binh it phan tan hon?




2. PHUONG SAI VA DO LECH CHUAN CUA MAU $O LIEU GHEP NHOM U U

=Bai4. Gia déng ctta ciia mét ¢ phiéu la gia ciia ¢d phiéu d6 cudi mot phién giao dich. Bang
sau thong ké gia déng ctia (don vi: nghin dong) ctia hai ma c6 phiéu A va B trong 50 ngay giao
dich lién tiép.

Gia dong ctra [122;124) | [124;126) | [126;128) | [128;130)

S6 ngay giao dich

[120;122)

8 9 12 10 11

cia c6 phiéu A

S6 ngay giao dich

R T 21
cua co phieu B

16 4 3 6

Nguoi ta c6 thé dung phuong sai va d6 1éch chuédn dé so sanh mic dé rai ro ctia cac loai ¢d phiéu
¢6 gia tri trung binh gan bang nhau. C6 phiéu nao c6 phuong sai, 6 1éch chuén cao hon thi duge
coi la ¢6 do r1i ro 16n hon.

Theo quan diém trén, hay so sanh d6 rai ro cta c¢d phiéu A va c¢d phiéu B.
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BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lwa chon. Mbi ciu héi hoc sinh chi chon mét
phudng an.

Cdu 1. Trong cac khang dinh sau, khang dinh nao sai?

A. Phuong sai luon luén 14 s6 khéng am.

B. Phuong sai 1a binh phuong ctia d§ 1éch chuén.

C. Phuong sai cang 16n thi d6 phan tan cta cac gia tri quanh sb trung binh cang 16n.
D. Phuong sai luén luén 16n hon do 1éch chuén.

Cdéu 2. S6 dac trung nao khong st dung théng tin ctia nhém sb liéu dau tién va nhém s6 liéu cubi

cung?
A. Khoang bién thién. B. Khoang ti phan vi.
C. Phuong sai. D. D6 léch chuén.

Cau 3. Mé6i ngay bac Huong déu di bo dé ren luyén siic khoe. Quang dudng di bé méi ngay (don vi
km) cta bac Huong trong 20 ngay dudc thong ké lai 6 bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

Phuong sai cia mau s6 liéu ghép nhém 1a

A. 3,39. B. 11,62. C. 0,1314. D. 0,36.
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Cau 4. Ban Chi rat thich nhay hién dai. Théi gian tap nhay méi ngay trong thoi gian gan day caa
ban Chi dudc thong ké lai 6 bang sau

Thai gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40;45)
S6 ngay 6 6 4 1 1

Phuong sai ctia mau s6 liéu ghép nhém cé gia tri gan nhat véi gia tri nao dudi day?

A. 31,77. B. 32. C. 31. D. 31,44.

Céu 5. Méi ngay bac Huong déu di bo dé ren luyén stic khée. Quang duong di bé méi ngay (don vi
km) ctia bac Hudng trong 20 ngay dudc thong ké lai 6 bang sau

Quéang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

D6 léch chuén ctia mau sb liéu ghép nhém c6 gia tri gan nhat véi gia tri nao dudi day?
A. 341. B. 11,62. C. 0,017. D. 0,36.
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Cau 6. Diing 1a hoc sinh rat giéi choi rubik, ban c¢é thé giai nhiéu loai khéi rubik khac nhau.
Trong mét 1an tap luyén giai khéi rubik 3 x 3, ban Diing da tu théng ké lai thoi gian giai rubik
trong 25 1an giai lién tiép ¢ bang sau

Thoi gian giai rubik (giay) | [8;10) | [10;12) | [12;14) | [14;16) | [16;18)
S6 ngay 4 6 8 4 3

D6 léch chuén ctia méu sb liéu ghép nhém c6 gia tri gan nhat véi gia tri nao dudi day?
A. 598. B. 6. C. 2,44. D. 2,5.

Cdu 7. PE danh gia chit luong mot loa pin dién thoai méi, ngudi ta ghi lai thoi gian nghe nhac
lién tuc cta dién thoai dudc sac day pin cho dén khi hét pin cho két qua sau

Thoi gian (gid) [5;5,5) | [5,5;6) | [6;6,5) | [6,5;7) | [7;7,5)
Sb chiéc dién thoai (tan sb) 2 8 15 10 5

Tinh d6 léch chuén ctia mAu sb liéu ghép nhém trén (lam tron dén 4 chit sé6 thap phan).

A. 0,4252. B. 0,5314. C. 0,6214. D. 0,5268.
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PHAN Il. Cau tric nghiém diing sai. Trong mdi y a), b), c), d) & mdi cau, hoc sinh chon
ding hoac sai.

Céu 8. Mot trang trai phan 1000 qua tring thanh 5 loai, tuy theo khéi luong (da dude lam tron)
ctia ching dude thong ké béi bang dudi day:

Khobi luong (gam) | [30;36) | [36;42) | [42;48) | [48;54) | [54;60)
Sé tring 45 190 | 500 | 250 15

a) Khoang bién thién ctia mau s6 liéu 1a 30.

b) Khoang ti phan vi ctia mau s6 liéu 1a 6,48.

¢) Khoéi lugng trung binh ctia 100 qua triing 1a 45 gam.
6v17

d) Do léch chuén ctia mau s6 liéu la =

TOAN 12 — CHUONG TRINH MO 189




BV chuongs. CAC sO PAC TRUNG DO MUC BO PHAN TAN CHO MAU S& LIEU GHEP NHOM

Cau9.
Két qu\é 40 1an phéy xa cta hai van dong vién nam Dung va Huy Nhém Ding | Huy
duoc lép lugt thong ké trong Bé{lg 6/bén (don vi: mét). S [6.22-6.46) 3 2
a) So trung binh cong ctia mau so6 liéu ghép nhom biéu dien ket T
qua 40 1an nhay xa ctia van dong vién Ding (lam tron két qua [6,46;6,70) 7 5
dén hang phan tram) la 6,92 (m). [6,70;6,94) | 5 8
b) S6 trung binh cong cia mau s6 liéu ghép nhém biéu dién két | [6,94;7,18) | 20 19
qua 40 1an nhay xa ctia van dong vién Huy (I1am tron két qua | [7,18;7,42) 5 6
dén hang phan trim) 1a 6,85(m). n=40|n =40

¢) Do léch chuén ctia mau sb liéu ghép nhém biéu dién két qua
40 lan nhay xa ctia van dong vién Huy (lam tron két qua dén
hang phan tram) la 0,24 (m).

d) Dua vao do léch chuén thi két qua nhay xa cta van dong vién
Huy dong déu hon két qua nhay xa ctia van dong vién Diing.
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Cau 10. Mét cong ty gidng cay trong da thit nghiém hai phuong phap chim séc khac nhau cho cay
huéng duong. Sau hai tuan, ngudi ta thiy cay dudc chim séc theo ca hai phuong phap déu thap

hon 50 cm.
Tan s6

10

O 10 20 30 40 50 cm

Chiéu cao cta cay cham séc
theo phuong phap A

a) Khoang bién thién cta chiéu cao céc cay dudc cham séc theo mbi phuong phéap A va B bing

nhau.

Tan so

T

10

O 10 20 30 40 50 cm

Chiéu cao cta cay cham séc
theo phuong phap B

b) Trung binh cta chiéu cao cac ciy duge cham séc theo mbi phuong phéap A va B bing nhau.
¢) Do léch chuén cta chiéu cao cac cay dude cham séc theo phuong an A 1a 12, 65 (cm).

d) Dua vao d6 léch chuén thi chiéu cao ciia céc loai cay dude chim séc theo phuong an B it bi

chénh léch hon so v6i phuong an A..
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