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HUGNG DAN SU DUNG SACH

Méi bai hoc trong sach Toan 11 thudng c6 cac phan nhu sau:




Lot noi dau

Cic ban hoc sinh, quy thiy, ¢6 gido thin mén!

Sach Tedn 11 thudc b sach gido khoa Chdn tréi sang tgo duge bién soan theo Chuong trinh
gido dyc pho thong nam 2018 cua B Gido duc va Dio tao.
Ciu trie sach Todn 11 duge chia thanh hai tap.
Téap mét bao gém ba phan:
Dai sé va Mot sb yéu tb Giai tich gom ba chwong: Fam s6 lwong gide va phiong trinh
lwgmg gide; Day so. Cdp so cong, C ﬁ;ﬂ so nhan; Gidi han. Ham so lién tuc.
Hinh hoe va Po ludng gdm mot chwong: Pudng thing va mat phang, Quan hé song song
(rong khang gian,
T'hiing ké va Xde suit gom mét chuong: Cde 50 dec trung do xu thé trung tam cho mau so ligu
ghép nhom.
Piu mdi chuong déu ¢d néu rd cie kién thire co bin s& hoe va cic yéu cdu cin dal cua
chuong. Cic bai hoe déu xay dyng theo tinh thin dinh huémg phat trién niing lye va thudng
duge thong nhit theo cac bude: khai dong, khdm phd, thue hanh, vin dung. Sich s& tao nén
mot moi trwdmg hoe tdp va giang day trong tace tich cye nhim dam bao tinh dé day, dé hoc
ddng thari hd tro cde phwong phép giang day higu qua.
N6i dung sach thé hién tinh tich hop, gin bé mén Toén véi cic mén hoe khic, Nhimg hoat
dgng trai nghi¢m duge ting cuomg gitp ngudi hoe co thém co hdi vin dung Toan hoc vio
thyre tién, dong thoi img dung cong nghé thong tin vao viée hoe Todn,
Chiing t6i tin twong ring vai cach bién soan nay, sach gido khoa Todn 11 s¢ ho trg quy thay,
c0 gido mot cach tich eye va hiéu qua trong qué trinh day hoc, df‘mg thon giap cic ban hoc
sinh hirng tha hon khi hoe tap bé mon Todn,
Rit mong nhin dugce sy gop y cua quy thiy, ¢6 gido va cac ban hoc sinh dé sach duge ngay
cang hoan thi¢n hon.
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Pnan PA SO VA MOT SO YEU TO
GIAITiCH

MAM $O LUONG GIAC

Luong gidc dong vai tro quan trong trong cudce s6ng va khoa hoc. Khdi ngudn tir nhu cdu tinh toan trong hinh hoc va
thién van, dén nay Iugng gidc ¢6 vb 56 (ng dung trong kién tric xay dung, vat li, ki thudt va cing nghé.

Trong chutong nay, ta sé xay dung khai niém géc luong gidc vai sd do bat ki va gia tri luong gidc cla ching, @6ng thai
tim hiéu cac cdng thiic lugng gidc, ham sé lugng giac, phuang trinh lugng gidc va mét sd (ng dung cla lugng gidc

trong tl'n,!c té.

' Hoc xong chuang nay, ban ¢é thé:

— Biéu dién dugc cac goc lugng giac trén dudng tron lugng giac va tinh duge cac gia tri
lugng giac cua chung.

- Strdung duogc cac hé thic co ban gila cac gia tri lugng gidc, céng thiic cdng, cong thic
géc nhan dbéi, cdng thiic bién dbi tich thanh téng va céng thiic bién déi téng thanh
tich dé giai cac bai toan lugng giac.

- Giai quyét duge mot s6 van dé thuc tién gan vai gia tri lugng giac clia goc lugng gidc
va cac phép bién ddi lugng giac.

~ Nhan biét dugc ham sé chan, ham s &, ham sd tuan hoan va cac dic trung hinh hoc clia
do thi cua chang.

— Ve duagc do thi ciia cac ham s6 y = sinx, y = cosx, y = tanx, y = cotx va giai thich dugc cac
tinh chat co ban cua chung.

— Giai quyét dugc mot sé van dé thuc tién gan vdi ham sé luong giac. ,

g s



Bai 1. GAc luong giac

Tir khod: Goc lugng giac; S6 do goc lugng giac; Radian; Hé thic Chasles.

@ Mbi hinh dudi day thé hién chuyén dong quay ciia mét diém trén banh I4i tau tir vi tri A
dén vi tri B. Cac chuyén ddng nay cé diém nao giéng nhau, diém nao khac nhau?

B B B
A A A
a) b) c)

1. Géc lwong gidce

Khai niém géc luong giac

) MGt chice banh Idi tau c6 the quay theo cd hai chicu, Trong
L4 Hinh 1 va Hinh 2, lue déu thanh OM & vi tri OA.

a) Khi quay banh 14 ngirge chiéu kim ddng hd (Hinh 1), elr

moi gidy. banh 1ai quay mot gée 60", Bang dudi diy cho ta

gde quay e ctia thanh QM sau ¢ gidy ké tir ltic bat diu quay.

Thay déu ? bing s6 do thich hop.

Thai gian 7
(gidy)

Gocquaye | 60" | 120° | ? ? Z ?

wa vhale e o) o ms Hinh 1

b) Néu banh lai duge quay theo chicu nguge lai, nghia la
quay ciing chicu kim dong hd (Hinh 2) vdi cling toe do nhu
trén, ngudn ta ghi —60" dé chi goe ma thanh OM quay duge
sau moi gidy. Bang dudi diy cho ta goc quay o cia thanh
OM sau t gidy ké tir lic bit déu quay. Thay dau ? bing s6 do
thich hop.

Tho gian ¢
(gidy) * Hinh 2

Goc quay o | —60" |=120°] ? ? ? 7




Khi xét chuyén dong quay cua mot tia Om quanh g{:u: () cua no tinh tr 4—\:\

vi tri ban ddu Oa theo mdt chiéu ¢b dinh, nguei ta quy wde chiéu quay P
nguge chiéu kim dong ho la chiéu dwong va chiéu quay cling chiéu kim \:
dong ho la chiéu am.

Mot vong quay theo chiéu duong tuong (mg vai goe quay 360°, mét vong
quay theo chiéu dm tuong (mg voi goc quay —360°, Hinh 3
Khi tia Om quay:

3 . |
e nira vong theo chiéu duong thi ta noi Om quay goc 3 360° = 1807
. % vong theo chiéu duong thi ta ndi Om quay goc % .360° = 60°,

. % vong theo chiéu am thi ta néi Om quay goc % . (=3607) =—450°,
¥ Cho hai tia Oa, Ob,

o Néu mot tia Om quay quanh goc O cua nd theo mot chiéu ¢ dinh bit ddu tir vi tri tia Oa
va dimg & vi tri tia Ob thi ta noi tia Om quét mot gde liepng gide c6 tia dau O, tia cudi Ob,
ki hiéu (Oa, Ob).

e Khi tia Om quay mit goc a, ta noi s6 do cia goc lugng gidc (Oa, Ob) bing o, ki hiéu
sd(Qa, Ob) = a.

Hinh 4

Cha y: Vi hai tia Oa va Ob cho trude, ¢6 vo sd goe lugmg gide tia dau Oa v tia cudi Ob,
Ta dung chung ki hiéu (Oa, Ob) cho tat ca cac goe lrgng gide nay.
Vi du 1. Xac dinh s6 do cia cde gde lugng gide (Qa, Ob) trong Hinh 5.

b b h

h

(¥ a il

a) b) ) d)
Hinh 5



Giai
S6 do cua goc lugng giac (Oa, Ob) trong Hinh 5a la 90°.
S6 do cua goc lugng gide (Oa, Ob) trong Hinh 5b 14 90° + 360° = 4507,
So do cua goc lugng gidce (Oa, Ob) trong Hinh 5S¢ 1a 90° + 2 | 360" = 810",

S6 do cta goe lugng gide (Qa, Ob) trong Hinh 5d 1a % A=3607) = 2707,

Nhén xét: S6 do cua cac goc lrong gide co cing tia dau Oa va tia cudi Ob sai khac nhau
mét boi nguyén cua 360°nén ¢b cong thire tong quat 1a:

sd(Oa, Ob) = v’ + k 360° (k e Z), thuomg viét 1 (Oa, Ob) = u®+ k 360°
voi o 1a sd do cia mét goe lugng gide bit ki ¢o tia ddu Og va tia cudi Ob. Chang han,
trong Hinh 5a, (Oa., Ob) = 90° + k 360° (k € Z).

% Cho MON = 60", Xéc dinh s6 do cua cée gée lugng gide duge biéu dién trong Hinh 6

\‘-I
1 H!

N T

va vit cong thirc tnng quat cua sodo g goc lugng giae (OM, ON).

.'I'h'I Jﬂll'r |“||lr
7 M
0 M
0] M
a) by) ¢)
Hinh 6

Trong cac khoang thod gian tir 0 gidr dén 2 gier 15 phit, kim phat quét mot goe lugng gide
[ bao nhiéu do?

Hé thic Chasles (Sa-l0)

Cho Hinh 7.

a) Xdc dinh s6 do cie goc lugng gide (Oa, Ob), (0b, O¢)
v (Oa, Oc).

b) Nhin xét vé mdi lién hé gifra ba 50 do goe nay,

o

Hinh 7

Ta thira nhan hé thire sau vé 6 do cua goc lugng gidc, goi la k¢ thire Chasles:

G

Vi ba tia Qa, Ob vi Oc bit ki, ta ¢6
(Oa, Ob) + (Ob, Oc) = (Oa, Oc) + k 360° (k e 7).

Trnn;a Hinh 8, chiéc quat cé ba canh dum: phan b
déu nhau. Viét cong thirc tong quat so do cta goc
lwong giac (Ox, ON) va (Ox, OP),

Hinh &




2. Pon vi radian

@ V& dudng tron tim O ban kinh R bat ki. Ding mét doan

diy mém do béan kinh va danh dau dwoe mot cung AB

¢o do dai ding bﬁng R (Hinh 9). Po va cho biét AUB

¢6 s6 do bang bao nhiéu dé.

Hinh 9

* Trén duwdmg tron ban kinh R tuy ¥, goc ¢ tim chin mot cung ¢o do dai dang biang R duoc
goi 1a mdt goc ¢6 s6 do 1 radian (doc 1a 1 ra-di-an, viét tit 1a 1 rad).

Trén duémg tron ban kinh R, mét gde & tim c6 s6 do « rad i akt
thi chin mot cung c6 do dai aR (Hinh 10). m
Vi goc bet (180°) chin nira dudmg tron vai do dai 14 R, \ ) 7
nén goe bet ¢o s6 do theo don vi radian la . Khi d6 ta viét '
180" = rad.
Hinh 10

Suyra, viim=314,lacd 1"= %mdtﬂ.ﬂl?.‘i rad va 1 rad = [%] = 57.3° (hay 57°17'45").

Do dé ta ¢6 cong thire chuyén déi s6 do goe tir don vi radian sang dé va nguge lai nhu sau:

. ]
= =
- Ll

o T g C(180a )
a _ISC'md o rad [ ﬂ )

Vi du 2. Bbi cac s6 do goe sau day tir radian sang do hodic nguoce lai:

a) —60"; b) % rad; ¢) 3 rad.
Gidi
Yl =~ 8 = F gy <& rad=[2" . ”‘”J _ 720
180 3 5 5 i
o) 3 rad = [3 @] (5‘“}] ~ 171.89".
T T

% Hoan thanh bang chuyén déi don vi do cia cac goc sau day:

S6 do theo d6 | 0" ? 45" | 60" ? 120° 7 150" | 180°

Shdotheorad | ? grad 9 | 9 grad 2 |22 md| 2 |xrad




Chay:
a) Khi ghi s6 do cua mét goe theo dom vi radian, ngudi ta thudmg bo di chir rad sau s6 do.
Vi dy, g rad durge viét 1a g 2 rad duoe viét 14 2.
b) Vi don vi radian, edng thire s6 do tong quét cta goe lugng gide (Oa, Ob) 1a
(Qa, Ob)=o + k2r (k € Z),
trong do6 « 14 s6 do theo radian ctia mot goc lwong gide bit ki ¢o tia diu Oa va tia cudi Ob,
Luu ¥ khong duge viét o+ k360° hay o + k2n (vi khéng ciing don vi do),
3. Buwéng tron lwgng giace
;@ Trong mit phing toa dd Oxy, v& duémg tron tim O ban kinh bing 1 va diém A(1; 0).
a) Cho diém B(0; 1). S6 do goe lugng gide (OA, OB) bang bao nhiéu radian?
b) Xéc dinh cdc diém A’ va B' trén dudng tron sao cho cdc gbe lugng gide (04, 0A'),
(OA, OB") ¢6 56 do lin lugt 18 7 v -g.
* Trong miit phiing toa 4 Oxy, cho dudmg (ron tim O
ban kinh bang 1. Trén dudmg tron nay, chon diém A(1; 0)

3

‘\+

A4

lam gde, chiéu duong la chiéu nguge chicu kim dong ho = '{ﬂ Lo >
va chiéu &m I chiéu ciing chiéu kim dong hd. Pudng tron _/ /
cling véi goc va chitu nhu trén duge goi 1a dudng tron 3 IF

lwong gidce, Hinh 11

A

-

i
Cho s6 do goe o bit ki. Trén dudmg tron lugng gide, ta xde dinh
duge duy nhit mot diém M sao cho sé do goc lugng gide
(OA, OM) bang o (Hinh 12). Khi do diém M dugc goi la
diém biéu dién clia goc ¢6 50 do o trén dudng tron lugng gide.

A
E

Hinh 12

Vi du 3. Biéu dién trén duomg tron lugng gide cae goe lugng gide ¢ so do la:

a) 865" b) _—m

3




Gidi
a) Ta c6 865° = 145° + 2.360°. Viy diém biéu dién goc lugng gidc c6 s6 do 865° 1a diém M
trén phin dwdng tron lugng gide thude goc phin tr thir 11 sao cho AOM = 145° (Hinh 13a).

e - | ® . % ' P - _? .3
b) Ta co % _ ?“ +(=1).2m. Viy diém bicu dién goe lugng gide co so ﬂnTH la diém N

trén phén dudmg tron lugng gide thude goe phéin tw thir 1V sao cho AON = g (Hinh 13b).

1 Y

I 11 ¥4 I
M \ / \
145"
A A d
!‘/ X ! EN S
I v Il N 1V

nl b)
Hinh 13

X | " 4 s iy r & 5 g k4
% Biéu dién trén dudng tron lurgng giac cic goc lugmg giac ¢o s0 do la:

a)—1485% b) -IEE-
4

BAI TAP

1. D&i s6 do cia cde goe sau day sang radian:

a) 38% b) -115% c) [1] :
R,
2. D6 s6 do cia cdc goc sau ddy sang do:
s 13
B) ==} b) =5: g) =,
} 12 : ) 9
3. Biéu dién cdc goc lugng gide sau trén dudng trom lugng gide:
—-17m 13n :
’ b) —: Sy
a) 3 ) 2 c)

4. Goc lugng gide ? co cung diém bi¢u dién trén dudmg tron
lugng gide vai goe luong gidce ndo sau day?
3n, 10m, 25
r A R
5. Viét cong thire s6 do tong quat cua cic goc lrgng gide (04, OM)
va (04, ON) trong Hinh 14,
6. Trong Hinh 15, mam banh xe 6 t6 dugc chia thanh nam phin
bing nhau. Viét céng thirc s do tong quét cua goe lwong giac
(Ox, ON).




7. Trén dudmg tron luong gide, hiy biéu dién cdc goc lwong gide ¢o
s0 do co dang la:

n ; Tt
a}E+ﬁm{REE}. b}k4(ﬁEZ}.

8. Vi tri cac diém B, C, D trén cinh quat dong co may bay trong
Hinh 16 ¢6 thé duge biéu dién cho cac goe lugng gide nao sau diy?

E+1r'r2—]rE (ke Z); j-rﬁ:E (ke Z), L (k e Z).

2 3 6 3 2 3

9. Hai i 1a mot don vi chiéu dai hang hai, duge tinh bing do dai mét

cung chiin mét goc o = (fj_ﬂ) cuia dudng kinh tuyén (Hinh 17),

Do 86 do o sang radian va cho biét 1 hai li bing khoang bao nhiéu
kilomét, biét ban kinh trung binh cta Trai Dat la 6371 km.
Lam tron két qua dén hang phén tram.

Bai 2. Gia tri luong giac
cua mot goc luong giac

Tir khod: Gia tri lwdng gidc; Goc d6i nhau; Goc han kém nhau m; Goc bis nhau; Goc phu nhau,

(?) Hinh bén biéu dién xich du /A c6 d6 dai 2 m dao déng
quanh truc 10 vubng goc vai truc Ox trén mat dat
va A'la hinh chiéu ca A 1én Ox. Toa d6 5 clia A' trén
truc Ox Augc goi la 1i 46 ctia A va (10, 14) = o dugc
goi Ia li @6 goc clia A. Lam cach nao dé tinh i 4d
dua vao li 46 goc?

1. Gia tri lwong giac cta géc lwong giac
f@ Trong Hinh 1, M va N 1a diém biéu dién cua cic goc
o LT o= s : i
lugng gidc 3 vil T trén duong tron hugng giac.

Xdc dinh toa dd cua M va N trong hé tryc toa dd Oxy.

Hinh 1




* Trén duong tron lugng gide, goi M 1a diém bicu dién
goc lwong gide ¢6 56 do a. Khi do:

-

* Tung dé y,, cua M goi la sin cua o, ki hiéu sinao.
» Hodnh dé x,, cia M goi la cdsin cia «, ki hiéu cosa.

L sinc . o
« Néu x,, = 0 thi ti s du 2T go1 la tang cua w,

ki hiéu tan o,

« Néu y,,# 0 thi ti s6 2 = =&

x, cosu

COsS QL

goi la edtang cia o,
Yy sina

ki hidu cot o, Hinh 2

Cac gia tri sin o, cosa, tana va cota duge goi la cde

gia tri lwpng giac ctia goc lrong gide .

Chui y:

a) Ta goi tryc hodnh 14 tree cdsin, con tryc lung L truc sin,

Tryc As o gf‘n: o diém A(1; 0) va song song voi truc sin (Hinh 3a) goi 4 tryc tang.
Néu dudmg thing OM cit truc tang thi tung do cta giao diém do chinh 1 tana.

Trye Bi ch g(‘ic o diém B(0; 1) va song song vai true cosin (Hinh 3b) goi 14 true edtang.
Néu duémg thiing OM ct trye cotang thi hoanh d§ cua giao diém do chinh 14 cotar,

v 4 45 VA

7 X it
I < | ST | S
: M
: \§ A e 14
X

a) b}
Hinh 3
b) sina v cos a xdc dinh vé1 moi a € R;

tan o chi xdac dinh vai céc goc o # % +hkn(k € Z),

cota chi xdc dinh véi cic goc a # kn (k € Z).

¢) Vi moi goe lugng gide o va s nguyén , ta co
sin(o + A21) = sina tan (o + km) = tan o
cos (o + A2m) = cos o cot(o + ATm) = cotar.



d) Ta da biét bang gia tri lugng gidc cua mot 50 goc o dic biét voi 0 < « ig
(hay 0" < @ < 90") nhu sau:

“lal 2| 2 | & | =
6 4 3 2
Cid 1

g i (0°) | (30°) | (45°) | (60°) | (909)

sin o 0 I— E E |
2 2 2

cos o | —@- l@ l 0
i 2 2

tan 0 P | J3

an o 5 I

cot o [ 3 I E 0

Sir dung bang trén va Hinh 4, ta c6 thé xéde dinh duge gid trj lugng gide cia mot s6 goe
e biét khac.

Vidu 1. Tinh cac gid trj lugng giae cua cac goe:
13m

B) S b) —45°,
i) 3 )
Gidai
3 3
a}Viwf:g + 41 nén: siann=sing= \‘;— cus%:ggg%:%;
sin I cos PF
t_‘mﬁn___' O | uull3n= 3 =£‘
3 13n 3 o I3 03
msT sin——

b) Vi diém biéu dién cua goe —45° va goe 45° trén dudmg tron luong gide doi ximg nhau
qua tryc hoanh (Hinh 4), nén chiing c6 cing hoanh d¢ va tung do ddi nhau. Do dé ta co:

V2 V2

sin (—45") =—sin 45" = _T: cos (—45") = cos 45° = e
tan (—45°) = sm(45) _ -=1; cot (—457) = 22720 2 s}
cos(—45") sin(—45")

. 21
@I Tinh sin [—?] vi tan 495°,




2. Tinh gié tri lwong gide clia mét géc bang mdy tinh cam tay

Ta ¢ thé tinh gid tri lwgng gide ciia mot goc lugng gide bt ki bing may tinh cam tay. Luu y
trude khi tinh, ¢an chon don vi do gée nhu sau:

— Lan luot in cac phim [SHFT). va [2) dé man hinh hién |1 :Degree

Ién bang lya chon don vi do goc. 2:Radian
3:Gradian

— Tiép tuc én phim dé chon don vi do (Degree) hoiic
phim (2] dé chon don vi radian.

— An céc phim (3] dé vao ché do tinh toan.
I 7

Vi du 2. Sir dung may tinh cam tay dé tinh sin (—45") va cot =

Giai
. i : iy Ak . . 'y
Chon don vi do goce 1a dé. An lién tiép cac phim T 15)
@ @EDLE yz
T2
ta duge sin (—45°) = —g.
- m &
Pé tinh col % ta tinh = nhur sau: Tl T®
3 lunT tan[T] ___(33

Chon dom vy do goe i radian, An lién Iiép ciac phim
(] () fen) (3 (1) ) (109 () (2D (B) O ) (B
J3

ta duge cmm =—
3 3

A { -19
% St dung may tinh cdm tay dé tinh cos 75" va tan[ c E J

3. Hé thuc co ban gilra cac gia tri luwgng gidac cua mét goéc lwgng giac

: ; L F C . ; 'R

’ a) Trong Hinh 5, M la diém bicu dién cua goc lugng
giac o trén duong tron lugng gidc. Giai thich vi sao Kheoo M
sin‘ot+ cos'o = 1. H
b) Chia ca hai vé cia biéu thirc ¢ cdu a) cho cos’ ta o8 I
duge ding thirc nio?
¢) Chia ca hai vé cua biéu thire & céu a) cho sin‘o ta
durge ding thire nao?

Hinh 5



Ta ¢ cac hé thirc sau lién hé gitra cac gia tri lwong gidc cua cung mot goc lugng giac o

=
o = n
* sin“oL+ cos'a= 1 'tanu.cntu=lvmuik-2-,keﬁ

voiaz Z+knkeZ ol+cofa=—— voiazkn kel

.| +t3]11{1= =
cos™ o 2 S oL

Vidu 3. Cho cos a = % v —-123 <@ < (. Tinh cac gia tr lweng giac con lai cua goc .
Giai

Y 7 4
Ia cosin‘a=1 - cos’oe = —

16 I I
Do do sina=—£ hnacﬁinazﬂ. 2
4 4 414
n , , o~e i «
Vi -3 < @ < 0 nén diém biéu dién cua gohcatrén N | N .M

duong tron luong gidc thude goc phin tu thi 1V m v
(Hinh 6), do d6 sinw < 0,
Hinh &
] : 7
Suy ra sino = =
Do dé tan o, = - =—l"}~_‘;Il vacoto = ! =—31ﬁ,
COS 0L 3 tan o 7

5 2 F 3“ R +
% Cho tana = 3 Vol <o < —. [inh cos o va sina.

4. Gié tri lwgng gidc clia céc géc lwgng gidc cé lién quan ddc biét

’® Cho a = -g- Biéu dién cic goc luong gide —o, o + T, - @, -g— — & trén dudmg tron
lugng giac va rat ra moi lién hé gitra gid tri luong gide cua cdc goc nay vai gia tri
lugng giac cua goc a.
Hai géc d6i nhau: a va -a
Cac diém biéu dién cia hai goc o va —o doi ximg qua truc Ox
(Hinh 7), nén ta co:

0

sin(—ct) = —sina
COS (—0L) = cos o
tan(—o) = —tan
cot(—ot) = —cota

Hinh 7




Haigochonkémnhaumiavaa+n

Céc diém biéu dién cua hai goc a va a +  d6i ximg nhau
qua goc toa dé O (Hinh 8), nén ta co:
? sin(o+ ) =-sina
cos(i +m)=—cosu
tan (o + 1) = lan@
cot(o + m) = cotat

Hai gécbunhau:avan-a

Cée diém biéu dién cta hai goe o va  — a déi ximg nhau
qua truc Oy (Hinh 9), nén ta co:

€):

¥ sin(n-ow)=sina

cos (M —a) =-—cos o
lan (m — @) = —lan «
col(m—a)==col &

n
Hai goc phu nhau: ava i -a

Cac diém biéu dién cta hai goc o v % ~ a ddi ximg nhau

qua dudmg phin gide d cia géc xOy (Hinh 10), nén la ¢o:

. ('JI ] [n: ) '
sin| =—a | =cos a cos | ——a | =sina
2 2

=
n n
tan | —=a | =col t{ —==—0a | =tan
(2 {1] cot o co [2 u) o

Hinh 8
L
N Ay, 7| ,"" d
: @ A4
i} X
Hinh 9

Hinh 10

Vidu 4. a) Biéu dién sin% qua gid tri lrong gide cua goc 6 s6 do tir 0 dén -LE ;

b) Biéu dién tan258° qua gid tri luong gide cua goe co s6 do tir 0° dén 45°.

Gidi

. 6lm . ( 311:) : ( 3:!1:) . 3n (
a) sin——=sin| 81— — |=sin| -=— |=-sin=—=—cos
B R B 8

311:] T
——— |==cos—}
8

b) tan258° = tan (180° + 78" ) = tan 78" = cot (90" ~12° ) = cot 12".

___RL



m a) Biéu dién cos 638° qua gid trj lugng gidc cha goc ¢o s6 do tir 0° dén 45°,

b) Biéu dién cﬁt“% qua gid trj lugng gidc cla goc ¢ so do tir 0 dén E

@ Trong Hinh 11, vi tri cabin ma Binh va Cuong

© ngoi trén vong quay duge danh dau véi diém
Bva C.

a) Chimg minh ring chiéu cao tir diém B dén

mil dit bing (13 + 10sin o) mét voi a la s6 do

f=10m

3
=

: z b X
cua maot goc luong gide tia diau OA, tia cudl OB,
Tinh d¢ cao cua diém B so v mat dat khi h=13m
o= =30,
b) Khi diém B cich mit dit 4 m thi diém C
; 141 iéu mét? Lam tron két qud : = .. .
cdch mat dat bao nhiéu mét? Lam tron két qua Mt dit

dén hang phan tram,

BAI TAP
1. Céc ding thirc sau ¢6 thé ddng thoi xay ra khong?

; - 4 ; i I I
a]mnm:;vacnsu:—;; h}mnrx:-}-vacnln:i; ¢)tana = 3 va cotol = —,

2. Chosina = % VA cosol = —%.‘['Inh sin[—“’%‘—a] —cos(13m+ a).

3. Tinh cac gid trf lugng gide cta goc o, néu:

a)sinu=iw‘|3ﬂaﬂn: b}uusurgv&ﬂ<uﬂ9{}";
13 2 5
¢)tano = ﬁ vant<o< 3?7:; d) cota =—|2- va 270" < a0 < 360",

4. Biéu dién cdc gid tri lvong gide sau qua cdc gid trj lugmg gide cia goe ¢6 s6 do tir 0 dén -Z—:r
hodc tr (0 dén 45" va tinh:

. 129
a) cnsﬁ; b) sin = " ¢)tan 1 020",
6 4
5. Chimg minh cic dﬁng thire lugng gide sau:
a)sin'a —cos'oe=1~2cos a; b) tana + cotot = ————,
Sin oL cos o

6. Rut gon cac biéu thire sau;
| |

a) + :
tana+1 cota+l

b) cns[g-u] —sin(m + a);

c) sin(a—g]+cns(—a+6n) —tan(a + w)cot(3m — o).




7. Thanh OM quay nguge chiéu kim dong hé quanh truc O cia nd T
trén mot mét phang thiang dimg va in bong vudng goc xuong B
mat dat nhu Hinh 12. Vi tri ban ddu cua thanh 1la OA. Hoi do dai e

B

: L : — .
bong O'M' cua QM khi thanh quay dugce 3 T vong la bao nhiéu,

biét dé dai thanh OM 1a 15 ecm? Két qua lam tron dén hang

phin muoi.

MO
bong
Hinh 12

Khi xe dap di chuyén, van ¥ cia banh xe quay quanh truc O theo chiéu kim dong hd véi toe do
goe khong dbi 1a 11 rad/s (Hinh 13). Ban dau van nam & vi tri A, Hoi sau mot phit di chuyén,
khoang c¢ach tlr van dén mat dit 14 bao nhiéu, biét ban kinh 04 = 58 ¢cm? Gia sir 46 day cua
16p xe khong dang ké. Két qua lam tron dén hang phin mui.

Hinh 13

ai 3. Cac cong thuc luong giac

Tir khoa: Cong thifc cdng; Cong thifc géc nhan dbi; Cong thic bién doi tdng thanh tich;
Cong thiic bién dbi tich thanh téng.

ITI‘DlIg kién tric, cdc vom cdng sy 271 TR 3
bing dad thuong o hinh nia w
duang tron dé co thé chiu luc
tét. Trong hinh bén, vom céng
dugc ghép bdi sau phién da hai
bén tao thanh cac cung A8, BC,
(D, EF, FG, GH bang nhau va mét
phién da chét & dinh, Néu biét
chiéu rdng cong va khodng cach
tir diém B dén dudng kinh AH,
lam thé nao dé tinh duoc khoang
cach tirdiém C dén AH?




1. Cong thirc cdng
@ QQuan sat Hinh 1. Tir hai cach tinh tich vé hudng cua vecto 1Ny
OM va ON sau day:

OM . ON =|o]|oN]cos(0M, ON) = cos(0M, ON)
=cos(a—p)
OM . ON =X, X+ Yy Ve
hay suy ra cong thire tinh cos (o — ) theo cac gia tri lugng gidc
cua o va . Tir d6, hily suy ra cong thirc cos (. + B) bing cach
thay B bing —p.
Tir day, khi khong no1 gi thém, chi xét cic goc luong gidc ma tar do cac gia tri lugng gide
duoc dé ¢ip ¢o nghia.

Hinh 1

Cong thirc cjng

s * cos(a + ) = cosacos B —sinasinfb *cos(e=[P)=cosacosp + sinwsin 3
* sin(a + [}) =sinacos ) + cosasin * sinf(a —3) = sinwcos } — cosasin 3
tan c + tan 3 tan o —tan f3
*tan(a+P)= ———— stan{ot~ )= ————
@k | —tanotan B (@-P) I+tanctan i

Vidu 1. Tinh gia trj coa cns%.

Giai
cos % o 2= | cos s sin Zsin - 1 V2, V342 2446
12° \3 4) 3 4 3 422 272 4

% Tinh t.m*— Vil lun-"-

2, Cong thire géc nhan doi
’@ Hay ap dung cong thire cong cho truomg hop 3 = o va tinh cae gia tr lugng giae cua goe 2o

Cong thire tinh cac gia try lugng giac cua goc 2a qua cac gia tri lugng giac cua goc o duge
201 1a cong thirc goc nhin doi.

# =

*F  ecos2a=cos’a—sin‘a=2cos’a— 1 =1-2sin’a
* sin2a = 25N COS 0L

2tana

*tan2a = -
|—tan" o




Vidu 2. Tinh sin %
Gidi
L 2 - ‘J’E‘

Taco £=cusE =cns[2 .E]=l-25in1 L Suy ra sin” —=
4 8 8 8 4

2-2

Vi 0<Z <X nénsins > 0. Suy ra sin— =
8 8 2

% Tinh uusE vi mnE.
8 8

3. Céng thirc bién ddi tich thanh téng

’@ Tir cong thire edng, hiy tinh tong va hifu cua;
a) cos (a ~ B) va cos(a + B); b) sin(e ~ ) va sin (o + f).

Tir cong thirc cong, ta suy ra dugc cdng thire bién déi tich thanh tong sau diy:

z
* CcOsUeos = lzlcc-s{u— B) + cos(a + )|
* sinasin b = %[L“L}S{ﬂ — ) = cos(ax + 3]

*sinacosfl = %{sinm =) + sin(ce + )]

Vidu 3. Tinh gid tri caa biéu thic Lllh%tﬂﬂ%
Giai
uas&t—cnsﬂt-:l cos [E—?—ﬂﬂ-cu [E+-?—EJ =—!—[wsl‘:—+wa3—n]=l
12 12 2 12 12 12 12 2 3 2) 4

i 5w e . 5m
Tinh gid tr1 cua biéu thire sin —cos— va sin—sin—.
& 8 24 724 g g

4. Céng thirc bién déi téng thanh tich
Ap dung céng thirc bién déi tich thanh téng cho hai goc luong gidc a = 2 : B

ta duoc cac dfmg thirc nao?

a—p

vab= ——,
2




Cac cong thie dudi diy duge goi 1a céng thire bién déi téng thanh tich.

0:
ogtp . a—=f

= =
'cnsu+cnsﬁz2cnsagﬁcnsa2ﬁ * cosa—cosfl =-2sin 5 sin 5

-ginu+5in[-;:25inu+ﬁcnsu_[3 'sina—sillﬁzzcnsu+ﬂsinm‘ﬁ
2 2 2 2
. : o N o T
Vidu 4. Tinh sin—+sin—,
) 12 12
Giai
51r|:+ s Srr_ s 5 \F J_
sin§it-+sin£=25in 12 Izcus 12 12 =23ingcusg=2.~;.~2—3:;.

12 12 2 2

? Tn m
L& [inh cos —+cos—.
: 12 12

L
-

dudmg kinh AH. Lam tron kél qua dén hing phin mui

Tl TE

Hinh 2

1. Khong ding may tinh cim tay, tinh cac gia tri luong gidc cua cic goc:
ey b) —555°.
12

In

2. Tinh sin [[1+£} CBS(E—UL] biét sina = —-i vin<o<
6 4 13 2

o) Trong bai todn khéi dong, cho biét vom cong rong 120 cm vi khodng cach tir B dén
dudmg kinh AH 14 27 em. Tinh sin a v cos o, tir do tinh khoang cach tr diém C dén




3. Tinh cdc gia tri luong gidc cua goc 2a., biét:
; 3 n o T
ajsinoi= —val<og<—; b)sin—=—vam <o <2m.
3 2 2 4

e

4. Rat gon céc biéu thire sau:

a]ﬁsin[u +EJ —COs o b) (cos o + sin a)’ — sin 2o
5. Tinh céc gia trj lrgng gide cua goc o, biét:
2 .= ) 4 . m 3n
aycos 2a=—va—-—<a<(; b)sin2a=-—— vi —<a<—,
5 2 2 4

6. Chimg minh ring trong tam gidc ABC, ta ¢ sinA = sinB cosC + sinC cosB.
7. Trong Hinh 3, tam giac ABC vudng tai B vi ¢o hai canh A

goc vuong 14 AB =4, BC = 3, V& diém /2 nam trén tia 30

dbi cua tia CB thoa man CAD = 30°, Tinh tan BAD, tr 4

do6 tinh d§ dai canh CD,

B3 C D
Hinh 3

8. Trong Hinh 4, pit-tong M ciia dong co chuyén dong tinh tién qua lai doe theo xi-lanh lam quay
truc khuyu 24, Ban diu 7, 4, M thing hing. Cho a 14 g6e quay cta trye khuyu, O 13 vi tri cua

pit-tong khi o = % va H 14 hinh chiéu cua A4 lén fx. True khuyu /4 rit ngin so vai do dai

thanh truyén AM nén c6 thé xem nhur do dai MH khong dbi va gén bang MA.
a) Biét 14 = 8 ¢m, viét cong thirc tinh toa 4 x,, cta diém M trén truc Ox theo .

b) Ban diu o = 0. Sau | phit chuyén dong, x,, = -3 em. Xic dinh X, 5au 2 phut chuyén dong,
Lam tron két qua dén hang phin muoi,

N 2 .

A

il o el
X (em)

True khuyu f4 pit-tong M

Hinh 4
9. Trong Hinh 5, ba di¢m M, N, P nim & dau cdc canh quat clia tua-bin gio. Bict cac canh quat
LI 3 L 'r.: L r'|. 1 r ki i 1 2'9-[ ] r'|.
dai 31 m, d§ cao cia diém M so vai mit dat 1a 30 m, goc gilra cac canh quat la T va so do

goc (04, OM) la a.

a) Tinh sin a va cos .

—



b) Tinh sin ctia cac goc lugng gide (04, ON) va (OA, OP), tir d6 tinh chiéu cao cua céc diém
N va P so vai mit dat (theo don vi mét). Lam tron két qua dén hang phin tram.

Hinh 5

Bai 4. Ham s6 luong giac va d6 thi

Tir khod: Ham sd chan; Ham s6 1&; Ham s6 tudn hoan; Ham sé sin; Ham 56 cosin;
Ham sé tang; Ham sé cétang.

(!D Vi sao mat cat clia song nude trén mat ho dugc goi la ¢6 dang hinh sin?

1. Ham s6 lwong gidc

@ Cho 56 thye ¢ va M 1a diém biéu dién cua goc lugng gide
¢6 s6 do ¢ rad trén dudng tron luong gide. Sir dung
dinh nghia cua cac gia tri lugng gidc, hily giai thich
vi sao xdc djnh duy nhat: |

_],i
7
- i Ly [ —]_ ,I '| =
a) G1a tr] sint va cosfr; Qj X
e : n -
I::]Glatr!tam(neur;ti+kn,k5g)wm” :

(néut#km k e 7). Hinh 1

ging p====




-

* Ham s6 sin 1a quy tic dat trong tmg mdi s6 thue x véi s6 thue sinx, ki hiéu v = sinx,
Ham sé césin 1 quy tic dit trong tmg mdi s6 thye x vdi sé thyre cosx. ki hiéu y = cosx.

Ham sé tang 13 ham s6 duge xac dinh boi cong thire

y=TY vGixe o+ kn(k e Z), ki hidu y = tanx.,
COS X 2

Ham s6 cotang 13 ham s6 dugce xac dinh boi cong thire

y= 8% v x % kn (k € Z), ki hidu y = cotx.

sinx

Nhu viy:
— Tap xée dinh clia ham s6 y = sinx va y = cosx 1A R,

— Tip xac dinh cua him 56 v=lanxlaD=R\ {g +hkn|keZ;.
— Tép xdce dinh cua him 56 y=cotxla D=R\ {kn|k e Z}.

2. Ham s6 chdn, ham sé lé, ham sé tudn hoan

Ham s6 chan, ham sé lé
’ Xét hai ham 86 y = %, y = 2¢ va d6 thi cua ching trong Hinh 2. D6i vai mdi trudmg hop,
néu moi lién hé cua gid tri ham 80 tai 1 va =1, 2 va =2, Nhdn x¢ét vé tinh doi xitng cua

moi dé thi ham so.
Vi

~¥

al b}
Hinh 2

Ham s6 y = x” 1a mot vi dy vé ham s6 chdn va ham sé y = 2x 12 mdt vi du vé ham sé 1é.

Ta ¢6 dinh nghia sau:

-

"% «Ham 50 v = f(x) vai tip xde dinh D duge goi 1a hdam s6 chdn néu vai moix e D
taco—x € D va f(—x) = f(x).
* Ham s6 y = f{x) véi tip xac dinh D duoe goi 1a hdm 5é Ié néu véi moi x € D ta co
—x € D va f(—x) =—f(x).



Chay: Dé thi cia ham sb chin nhan truc tung lam truc doi xung.
PG thi cuia ham s6 1é nhan goe toa do lam tim doi ximg.
Vi du 1. Xét tinh chén, ¢ cta cic ham s6 lugng gidc y = cosx, ¥ = tanx.
Giai
a) Ham s0 y = cosx ¢6 tip xac dinh 1a B. V&i moi x € B ta co —x e IR va cos(—x) = cosx.
Do d6 ham s6 y = cosx 1a ham so chin.

b) Ham s ¥ = tanx co tip xac dinh 1a {\ {§+ k| k EE}.
T m : n
Vai moi x E+kr:{ﬁ: = E}tacn—.rx—i—kn[k e Z),

cling c6 nghia la —x = % +hkn(k e Z)hay-x e R\ {%H’cnl k EE}.
Mt khic tan(—x) = ~tanx. Do d6 hiam s6 v = tanx 1a ham sé 1é.
ﬁ Chimg minh rdng ham s6 ¥ = sinx va ham s6 y = cotx la cde ham s6 1¢.

Ham s6 tuan hoan

!@ Hay chi ra mjt sb thre 7 sao cho sin (x + 7) = sinx véi moi x € I,

* Ham sb y = [(x) véi tap xde dinh D duge goi 14 ham sé tudn hoan néu ton tai mot so
Tkhic 0 sao chovoimoix e Dtacox+ T e Dvaf(x+ 1) =f(x).

SO T duong nho nhat thod min cdce diéu kién trén (néu ¢6) duge goi 1 chu ki coa
ham sd tudn hoan y =/ (x).

Chil y: DO thi cua ham so tuin hoan chu ki 7' duge 1ap lai trén timg doan gid tri cua x ¢o
do) dai 7.
Vi du 2. Xél tinh tudn hodn cta ham s6 y = sin x va ham s6 y = tan x,
Giai
Ta ¢o: sinx = sin (x + 2n) voi moi x € [X:
; 5 n
tan (x + ) = tan x vai moi x # 5 +ikn, ke Z.
Do d6 ham s6 y = sin x va y = tan x 1a cac ham s6 tudn hoin.

% Xét tinh tudn hoan cua ham s6 y = cosx va ham s6 y = cotx,
Chii y: Nguoi ta chimg minh dugc ring:
a) Cac ham s6 y = sinx va y = cosx la cac ham sb tuan hoan vai chu ki 2m;

b) Céc ham s6 y = tanx va y = cotx la cac ham sd tudn hoan véi chu ki 7.




3. D6 thj ctia cac ham sé lwong giac
Ham sb y =sinx

’Q Hoan thanh bang gia tri sau ddy va xac dinh cac diém twong (g trén mit phing toa do.

5 2n| = i T

- = [—=|==]| 0

nln | fom|sn
6] 3| 2| 3| 6 B || 4

oy |8

A | = E
2 |3 |6

y=siny | ? ? s ? ? ? ' ? ? ? 1 ? ?

Bing cach twong tur, 1ay nhiéu diém M(x; sin x) vai x € [-n; 7] va ndi lai, ta duoe db thi
clia ham s6 y = sinx trén doan [—n; | nhu phfm dd thi mau do trong Hinh 3.

Vi ham s6 ¥ = sinx tudn hoan véi chu ki 27 nén dé vé dd thi cua ham s6 y = sinx trén [,
ta v& d6 thi cua ham s trén doan [-n; 7], sau d6 ldp lai dd thi trén doan nay trén timg doan
gia tri coa x co dé dai 2.

Ta ¢6 d6 thi ctia ham 6 v = sin x trén [ nhu sau:

Hinh 3

Chii y: Vi y = sinx 12 ham s6 1¢ nén dé vé do thj cua no trén doan [-m; 1], ta c6 thé v& trén
doan |0; 7], sau d6 lay dbi ximg qua gbe toa do.
Tir do thi trén, ta thiy ham s6 y = sin x ¢6 tip xic dinh la &, @p gid tri 1a [=1; 1] va co cic
tinh chét sau;

&
-

g Ham $6 tudn hoan voi chu ki 2.
— Ham s6 1é, c6 d6 thi d6i ximg qua gbe toa dé O.

~ Ham s6 ddng bién trén céc khoang (-g +k2m §+k2n] (k € Z) vi nghich bién trén
cac khoang [g+k2n; 3?“+k21:) (k e Z).

Ham s6 y = cosx

‘,@ Hoan thanh bang gia trj sau diy va xac dinh cac diém tuong (mg trén mét phing toa do.

S|l 2n| = T m 0 T T T 2 | 5S¢
—TL e [ F ] (e || e e = r o — — T

* 6| 3| 2| 3| & |3 | 3|7 |6
ycosxe| ? |2 |2 |22 |22 |2|2|2|2|7]¢"

1



Bang cach tuong tu, ldy nhiéu diém M(x; cos x) v&i x € [-n; n] va ndi lai, ta dwoc db thi
cua ham s0 y = cosx trén doan [—m; 7| nhu phén do thi mau do trong Hinh 4.

Vi ham s6 y = cosx tudn hoan vdi chu ki 2 nén dé v& dé thi cua ham sb y = cosx trén R,
ta v& dd thi ctia ham so trén doan [-7; n], sau do lap la dd thi trén doan nay trén tirng doan
gia tri cua x ¢o do dai 2.
Ta 6 d6 thi ctia ham s6 y = cos x trén I nhur sau:

Vi

_31/5_1: e gg\l/n 0 EW_E_E P AN T
et B - o A T T Sslir o o s o i -0 o i

Hinh 4

Chui y: Vi y = cosx 1a him s6 chiin nén dé v& do thi cta né trén doan [-7; 1], ta ¢6 thé vé
trén doan [0; ], sau do ldy doi ximg qua tryc tung,

Tir d6 thi trén, ta thiy ham s6 y = cosx c6 tap xdc dinh la R, tap gid tri la [-1; 1] va ¢6 cac
inh chat sau:

- -
- -

kR - Ham 6 tuan hoan voi chu ki 27,

~ Ham sb chin, ¢o d6 thi déi ximg qua tryc Oy,

— Ham s6 dong bién trén cac khoing (-x + k2n; k2m) (k € Z) va nghich bién trén
cdc khoang (k2x, m + k2m) (k € Z).

Vi du 3. Nhiét d6 ngoai troi 7' (tinh bang °C) vao thoi diém ¢ gidr trong mét ngay & mét
thanh phé duge tinh bai eong thire 7= 20 + 4 sin [Er“%] Dé bao quan céc tic pham
nghe thuit, hé théng diéu hoa nhiét d6 cua mdt bao tang & duge tr dong bit khi nhiét do
ngoai trén tir 22 °C trdr 1én. Dya vao do thi cia ham so sin, hdy xac dinh khoang thoi gian ¢
trong ngdy (0 < r < 24) hé thing diéu hoa duge bit.
(Theo hitps:rwww.sciencedirect.com/science/article/abs/pii/0168192385900139)
Giai

T 5k 5‘11']
Ta cod T= 22 khi va chi khi 20 + 4 sin| —t —— 22 haysin| —tr——|=z—.
(12 6) 4 [12 6)°2

Vid<t<24nén _5_!1:{1{_5_11{?_:11

6 12 6 6

Xét do thi ham Suy = sinx trén doan [—%— %] (Hinh 5).




J;Ji.
................ Liscsatan R R AT SR
_5_“ ol TR n
6 20 I 6
1 O n Sn 1| X
6 6 \
........... B G T EEEEIes SYPERES e
Hinh 5
S 5 I . ..M _m. 5m _S5m
Ta thiy sm[ir——“Jz— khi véa chi khi —<—¢——<— hay 12 <¢< 20,
12 6 2 6 12 6 §

Viy hé thong dicéu hoa duge bét trong khoang thoi gian tir 12 gidr dén 20 gidr trong ngay.

@3 Li d6 s (cm) clia mét con lic dong ho theo théi gian ¢ (gifly) duge
' cho bai hiim s6 5 = 2 cos s, Dura vao do thi cia ham s cosin, hay
xace dinh ¢ cdc thoi diém ¢ ndo trong | gidy ddu thi 1i ¢ 5 nim

trong doan [—1; 1] (cm).
(Theo hteps./www, britannica.com/science/
simple-harmonic-motion)

Hinh 6

Ham sé y =tanx

B 3 : s . & H L ‘A f £ 0
’Q Hodn thanh bang gid tr] sau diy va xdc dinh cae diém tuong tng trén mét phang toa dé.

T m 14 m Tt m
X -— -— - () — — —

3 4 (i) 4 3

y = tanx v i 7 ? i ? ?

Bing cich trong ty, liy nhidu diém M(x; tan x) véix e (—E; E] va ndi lai, ta duge d6 thi
ctia ham s6 ¥ = tan x trén khodng [—%: EJ nhu phin do thi mau do trong Hinh 7.

Vi ham s6 y = tanx tuan hoan véi chu ki m, nén dé v dd thi cua ham 56 y = tanx trén
RH{% +hkn|k e z}, ta v& db thi ctia ham sb trén khoang (‘%* g} sau do 13p lai dé thi trén

doan nay trén timg doan gia tri cua x co dd dai .




Ta 6 do thi cua ham sé-y: tanx trén R‘a{g+k:ﬁ|k (= E} nhir sau:

1T &
: y=tanx

- _T

oL

- S

3|3

Hinh 7

Chui y: Vi y = tan x 14 ham s 1é nén dé v& do thi cua no trén khodng

vé trén nira khoang [ E) sau d lay doi ximg qua gbc toa do.

(—E —-] ta ¢o thé
272

Tir 46 thi trén, ta thay ham sd y = tan x ¢6 tip xdc dinh 14 ERH«{—+ km |k e Z} tap gid i la
v ¢6 cde tinh chilt sau: 2

i Ham s6 tudn hoan vai chu ki 7.
— Ham s6 lé, ¢O do thi dbi ximg qua gfn: toa db O.

~ Ham s6 déng bién trén cac khoang [-g+kn; %+kn) (k e Z).

Ham sé y = cotx
,@ Hodn thanh bang gia tri sau dy va xéc dinh cac diém twong (mg trén mit phing toa do.

. 9 i T b 2n In Sm
6 4 3 3 3 4 6
y =cotx ? 7 ? ? ? 7 g

Bing cich tuong tyr, 1y nhidu diém M(x; cot x) voi x € (0; m) va ndi lai, ta duoe do thi cia
ham s y = cot x trén khoang (0; m) nhu phﬁn dd thi mau do trong Hinh 8.

Vi ham s6 y = cotx tuan hoan vai chu ki 7 nén dé v do thi cia ham s6 y = cotx trén
R\ {kmt|k € 2} ta vé do thi cta him s6 trén khoang (0; m), sau d6 tinh tién dd thi trén khoang
ndy theo phuong song song v truc hodnh timg doan c6 dd dai n.

Ta c6 do thj cua ham s6 y = cotx trén B\ {kn|k € Z} nhu sau;

-I_:lllu

y=colx

=Y

38
2

2n

%
2 2

2

R Y

- T 0 m in

Hinh &




Tir dé thi trén, ta thiy ham s6 y = cotx ¢6 tap xéc dinh 12 R\ {kx |k € Z}, tap gia tri 1a IR va
¢6 céc tinh chit sau:

& _ Ham sb tuln hoan véi chu ki .
~ Ham s0 ¢, ¢6 d6 thi d6i ximg qua gdc toa d6 O.
— Ham s6 nghich bién trén cac khoang (kn; m + kn) (k € Z).

Vi du 4. Trong Dia li, phép chiéu hinh tru dwoc sir dung R i

dé v& mot ban dd phang nhu trong Hinh 9. Trén ban do A
phing ldy duomg xich dao lam truc hoanh va kinh tuyén gy
0 lam true tung. Khi d6 tung d6 cua mdt diém co vi do  Hyd
¢ (<90 < @ < 90) duoc cho béi ham s6y = Z{Jtan(—m) (cm). Nguﬁn(ﬂ’[
180 sng [ J) )
Str dung do thi ham so tang, hiy cho biét nhimg diém ¢ )
vi d6 ndo nam cach xich dao khéng qua 20 em trén ban do. £\,
(Theo https.//geologyscience.com/geology/tyvpes-of-maps/) \
Gidi —
Vi diém nim cich xich dao khong qua 20 ¢m trén ban d6 Hinh 9
nén ta cd 20 < y < 20,
” - - Vi V= tanxy
Khido-20<20tan | —¢ (=20 hay -] <tan | — | = L. '
1do an[lsﬂtp] ay an []Rﬂm] |
Ta ¢6 -90 < ¢ < 90 khi va chi khi -_{_m.:i ! 1=~
2 180" 22 ' /!

— v
Xét dd thi ham sb y = tan x trén khodng (—%;EJ(I-Ilnh 10 &1 -% 7|0 =
4

:=I

Ta thiy -1 <t [—J-:lkh ahkh-—c— £ E
d N7 a1l ]Bﬂtp 1 va chnl 1 ﬂﬂ{p : Illll.l'
hay —45 < ¢ < 45. : B

Hinh 10
Viy trén ban do, cdc diém cich xich dao khdng qua 20 em
ndm o vi do Lir —45° dén 45",

m C6 bao nhiéu gia trj x trén doan [-27; 2] thoa man dicu kién tanx = 27

BAI TAP

I. Céc ham s6 dudi déiy co 1a ham sb chiin hay ham sé lé khong?
ayy=35sin’x+1; b) ¥ = cosx + sinx; c) y = tan 2x.
2. Tim tap xdc dinh cua cac ham sb sau:

b]y'-'tan(x+-z-}; c)y= !

& 2 -
2—s8in” x

ajy=

¥
COs X

"R |



3. Tim tp gid tri cia ham s6 y =2 cosx + 1.
4. Dua vao d6 thj ctia ham s6 y = sin x, xdc dinh cdc gia tri x € [-n; 7] thoa man sinx = Y
5. Khi du quay hoat déng, vin toc theo phuong ngang cua
mét cabin M phu thude vao goe lugng gidc a = (Ox, OM)
theo ham s6 v, = 0.3 sina (m/s) (Hinh 11).
a) Tim gi4 tri Ion nhét va gid trj nho nhét cua v,

b) Dwa vao do thi cua ham sb sin, hday cho biét trong
vong quay ddu tién (0 € a < 27), goc o & trong cde
khoang ndo thi v, ting.

6. Khoang cach tir tim mdt gudng nude dén mit nude va
bin kinh ctia gudng déu bing 3 m. Xét gau G ctia gudng,
Ban diu gau nim o vitri A (Hinh 12).

a) Viét ham s6 A biéu dién chiéu cao (tinh bing mét) cua
gau (7 s0 vai mit nude theo goc a = (04, 0G).

b) Gudng nude quay hét mdi vong trong 30 gidy. Dia
vaio dd thi cia ham s6 sin, hily cho biét ¢ cic thoi diém
¢ nio trong 1 phut dau, khoang cach cua gau dén mat
nude bing 1.5 m. Hinh 12

7. Trong Hinh 13, mét chiée médy bay A bay & 46 cao 500 m theo mét dwdmng thing di ngang qua
phia trén tram quan st T & mit dat, Hinh chidu vudng goc clia A 1én mit dit 13 H, o la goc
luwgmg gide (Tx, 74) (0 < @ < n).

Hinh 13

a) Bi¢u dién toa d§ x,, ciia diém H trén tryc Tx theo c.
b) Dura vio dé thi ham s6 cOtang, hay cho biét vdi g << % thi x,, nam trong khoang nao.

Lam tron két qua dén hang phén mudi,




Bai 5. Phuong trinh luong giac co ban

{

xt) Trong hinh bén, khi ban dap xe dap quay, bong M l I l anh sang
clia ddu truc quay dao dong trén mat dit quanh
diém O theo phuong trinh s = 17cos 5xt véi / £
s (cm) 1A toa d6 ciia diém M trén truc Oxva t(gidy) ;
la thoi gian ban dap quay. Lam cach nao dé xac
dinh dugc cac thoi diém ma tai dé do dai bong
OMbéng 10 cm? OAM x(em)

bong

1. Phuong trinh tvong duong

"l- ¥ ' [ ¥ - .. . ¥ “
’q Xdc dinh va so sanh tip nghi¢m cia cde phuong trinh sau:

a)x-1=0; b)x'-1=0; ¢} J2x' =1 =x,

]
-

* [ai phuong trinh duge goi la reomg dwong néu ching c6 cling tip nghiém.

Vidu 1. Phuong trinh x* — 4 = 0 twong duong vé phuong trinh ndo sau diy?

: : I I
a) 2x* = 8; b) x —4|E—E.
Giai
a) Hai phuong trinh x* =4 = 0 va 2x" ~ 8 ¢6 cling tip nghiém {=2: 2} nén hai phuong trinh
nay tuong duong,

b) Ta ¢6 x = 2 ld mit nghiém cua phuong trinh x* — 4 = 0, nhung khong 1a nghiém
, | | : | L
cua phuong trinh x* — 4 + = X Do dé hai phuong trinh nay khong trong duong
A T b

vari nhau.

Cha y:

a) D¢ giai phuong trinh, ta thuong bién doi phuong trinh do thanh mot phuong trinh
twong dwong don gian hom. Cac phép bien doi nhu viy duge goi la cac phép bien doi
teng duong. Ta ¢6 mot s phép bién doi wrong duong thudmg sir dung sau;

* Cong hoiic trir hai vé ciia phuong trinh véi cling mét so6 hodic cting mot biéu thirc ma
khéng liam thay doi dicu kién cia phuong trinh.

» Nhiin hodic chia hai vé ctia phuong trinh véi ciing mét s6 khac 0 hodc cing mdt biéu thire
ludn ¢6 gid tri khac 0 ma khéng lam thay doi diéu kién cua phuong trinh.

b) Bé chi sy twong duong cia cic phuong trinh, ngudi ta diang ki hig¢u "<



@ Chi ra 13i sai trong phép bién déi phuong trinh dudi day:
=t =2eyr=2

X B

2. Phuwong trinh sinx=m N, 05 _N\M

’® a) Co gia tri ndo cua x désinx=15 khong?
b) Trong Hinh 1, nhimg diém nio trén dudmg tron
lugng gide biéu dién goc lugng gide x ¢o sin x = 0,57

Xdc dinh s do cia cac goc lugng gide do. '
Hinh 1

=
C
\;

"

® Xét phuong trinh sinx = m.
o Néu |m| > 1 thi phwong trinh vé nghiém.
e Néu |m| < 1 thi phwong trinh ¢6 nghiém:
x=otA2m, Kk € L
vax=mn—o+Kk2r, k € 7,

vl a la goc thude {—%; %} 540 cho sinoc = m.

VA
P=RiNnx
P 1m__ D\ Py -
e — e | B .l LY
_m ;- B N I | Ouw T a-—-uo 137 2r.  Sm  3mN\x
; BE3 ' =h 2 : 2
- -
n
Hinh 2
Chu y:

a) Mot 86 truong hop dic biét:

sinx = | <:::.>.r=-;£ +2n. ke &:

sinx =-—1 c:-.rz—-g +k2n, ke 7

sinx=0¢>x=kn,keZ
b)sinu=sinveu=v+i2n, ke Zhodicu=n—-v+k2n, k e 7.
c)sinx=sing" < x=a"+ k360°, k € Z hodc x = 180" —a" + k360°, k € Z.
Vidu 2, Giai cac phuong trinh sau:

: ) 3 . )
a)sinx = %; h) smx=—5; ¢) sin2x = sin 3x.




Giai
| N : L. o 2K ; .
a) Vi s sin = nén phuong trinh sin x = 5 = sin v ¢o cac nghiém la:

x:% tinkeZ vi x=n-£+k2n=5—;‘.+k2n.kea

b) Vi —% < —1 nén phuong trinh sin x = —% vo nghiém.

¢)sin2x=sindx W=+, ke ZhoicIx=n-2x+ 2, ke Z

e x=k2n, ke Zholicx= %h{'z?ﬂ. ke Z.

Viy phuong trinh ¢6 cde nghiém 14; x =k2n, k € Zvax= ~E-+ k%j—“. k € 4,
@2 Giiai cac phuong trinh sau:
a)sinx = -2:1: 2 b) sin (x + 30") = sin (x + 60").

3. Phuwong trinh cosx = m
‘,@ Trong Hinh 3, nhimg diém ndo trén duomg tron lugng gide biéu dién goc lugng gide x

I : _ :
co cos x = —— 7 Xac dinh s0 do cua cde goe lugng gide d6.

.1|“
o g
|
i
A' : )
ik 0 X
5|
= |
|
i
N 5
Hinh 3

=  Xeét phuong trinh cosx = m.
o Néu |m| > | thi phwong trinh vo nghi¢m.
e Néu |m| = 1 thi phwong trinh ¢6 nghi¢m:
x=ati2n kel
vix=—a +k2n, ke Z,
vol oo la goe thude [0; ] sao cho cos o = m.




Chui y: a) Mt s6 trirdng hop dac biét:
cosx=1&x=Kn ke Z,

cosx=—l<x=n+i2n. ke Z

cosx=0=x= % +km, k e Z.

bycosu=cosveru=v+ik2n, ke Zhodbcu=-v+ km k € Z.
cleosx=cosa’ <> x=a"+k360° k € & hojc x =—a"+ k360", k e Z.
Vi du 3. Giai cic phuong trinh sau:
a) cosx = —%; b) cos 2x = cos(x + 607); ¢) cos 3x = sin x,
Giai
a) Vi —-% = C0S %E nén phuong trinh cos.x = — % =C0$ _251'5 cd cde nghiém la

,r=2Tn+k2:t,kEE;vﬁx'—zTﬁ +k2n, k e Z,

b) cos 2x = cos(x + 60") & 2x = x + 60" + k360", k & 7 hodic 2x = —{(x + 60") + L3600, k € 7

> x=060"+ k360", k € Z hofic x ==20°+ k120", k € Z.

Viy phuong trinh ¢é edc nghiém la x = 60"+ k360", k € Zovax ==20"+ k120 k € 7.
C) Cosdx = sinx 4> cosdx = ct}s(g -x)
T . m -
i 3x= 5 —x+k2m, k€ Z hofic 3x = —[E—x] Fk2m, ke Z
% T
— 'k — K 1 £ —— + ' " ol o
C— 84 ZAEFImaLx i kn, k e 7

Viy phuong trinh ¢6 ciac nghiém li x = EHFE. keldvax= -—E tkm, k € Z.

2
@ Giai cde phuong trinh sau:

a) cos xy=-3; b) cosx = cos 15 c) cos| x+ 1] = EG&;B—R.
12 12
. - L A
4, Phuong trinh tanx =m i - T
’Q Trong mit phiang toa d6 Oxy, cho T la diém trén tryc BL_A
tang cotoadd la(l; J3) (Hinh ). Nhirng diém nio trén
duémg tron luong gidc biéu dién goc lugng gide x co |
tan x = +3? Xdc dinh sé do cua cic goe luong gide do. A’ f}/ﬁ X
N H'
Hinh 5




* Vi moi so thue m, phirong trinh tanx = m ¢6 nghiém

x=atkn ke Z,

e . T T
vail a la goe thude (_E; EJ sao cho tana = m.

0 1 Vi 0 e "";J . 1
S I
I I g I :
: / : | : :
OB LK SIS L
: 2! 2 2 2!
| | | | :
n
Hinh 6
Cha y:tanx = tand" <> x = a" + k180", k & Z.
Vidu 4. Giai cde phuong trinh sau;
m
a) tanx = +/3; b} tan 2x = (an it

Gidi
a) Vi V3 = lem% nén phuong trinh tan x = 3 = lun% ¢ ¢de nghiém li x = % +in, k e Z.

h‘,ltﬁﬁlt:tanl—“l &> 2= lﬂ_l + k& € Z

To.T :
X= E""J‘L’E. kreZ

Vily phuong trinh ¢ cae nghi¢m lax = %H: g k e .
m Gial cie phuong trinh sau:

a) tan x = 0; b) tan(30° — 3x) = tan 75°.
5. Phuong trinh cotx = m 4

i Y
=1

A

=y

@ Trong mit phang toa dd Oxy, cho C la diém

trén truc cotang ¢ toa dg la (=1; 1) (Hinh 7). |

Nhimg diém nao bic¢u dién goc lugng gidc x T 5 ;)
co cot x = =17 Xac dinh s6 do cua cac goc \

lugng gidce do.

BJ
Hinh 7



= Vi moi s6 thyc m, phuong trinh cotx = m co nghiém
x=atin ke,
voi a la goe thude (0 n) sao cho coto = m.

V=oly
VoA

T
ANNE

¥=im

= ) In

Hinh 8

Cha y: cotx = cota” <> x=a" + k180", k € Z.

Vidu 5. Giai cac phuong trinh sau:

V3

a) coly = —T: b) cot 3x = col

Giai

o |

NE

a) Vi —T" = cot 2??1: nén phuong trinh coty = —% =cot 2—;‘ c6 cac nghi¢m la

,\':z—flkﬂ.keﬁi

b}cnl.‘i.r:umg e 3x= g + kn, k e Z

n m
= ——t k-, o
— X 2|+ 3 keeﬂ

L S
Viy phuong trinh ¢d ¢ac nghiém la x = EH{E' k € Z.

Giiai cac phuong trinh sau:
a) cotx=1; b) cot (3x + 30%) = cot 75"
6. Gidi phwong trinh lwong gide bdng may tinh cém tay

Ta c6 thé giai phuong trinh lugng gidc dang sin x = m, cos x = m, tan x = m vi cot x = m bang
may tinh cam tay nhur trong vi du sau:

3 N



Vi du 6. Sir dung may tinh c¢im tay dé giai cdc phuong trinh sau:
a)sinx = —%, Két qua ghi theo don vj radian.

b) cot x =3, Két qua ghi theo don vy dg.

Giai
a) Chon don vi do goc la radian. Fll a
S CTRRL s SRRSO U sin“[-—-]
An lién tiép cac phim 2

EAE)©OBER®DE 6

ta duge mét goc co sin bﬁng—% F] —-g.

Do do, ta co cae nghiém cua phuong trinh sin x =—% la

-
X =—% +i2n. ke Zvix= ?n Fh2n, ke Z.

b) Chon dom vi do gée la do. m-ti .
tan™ 5]

An lién tiép cic phim
18, 4349488
OERA®OE

ta duge mot goe co cotang bing 3 1a 18,43° (lam tron dén hang phin trim).
Do do, ta ¢6 cae nghiém cua phuong trinh cotx = 3 ldx = 1843 + £180° k & Z.

Cha y: Dé giai phuong trinh cot x= m (m # 0), ta giai phuong trinh tanx = L
m

& St dung miy linh cim lay dé gial cac phuong trinh sau:
a) cosx = 0.4 b) tanx = +/3.

K&t qua ghi theo don vij radian va lam tron dén hang phén trim.

(ﬁ:} Quay lai bai todn khai dong, phuong trinh chuyén dong ciia bong diu truc bian dap 14
. x =17 cos Snt (em) vai ¢ duge do bing gidy. Xdc dinh cac thai diém £ ma tai do do dai
héng |¢| vira bing 10 em, Lam tron két qua dén hang phan mudi,

1. Giai cae phuong trinh lugng gidce sau;

a) sin 2x = l; b) sin[.r—EJ =sin2—n; ¢) sin 4.r—cns[x+£] =1,
2 7 7 6

2. Giai cac phuong trinh lugng giac sau:

J3

a) cus[x-kg]:—; b) EGS4.T=CDS?—T;; c)eos’x=1.

2



3. Giai cac phuong trinh luong giac sau:

i
a) tan x = tan 55 b) IHHLEI-FEW z==(),

y

4. Giai cac phuong trinh luong giac sau:
I m 3
a) C{Jt[—.‘f+— i b)cot 3x=——,
2 4, 3
8. Tai cac gia tri nao cua x thi do thy ham so y = cos x va y = sin x giao nhau?

(]

Trong Hinh 9, khi dwge kéo ra khot vi tri can bang o diém O va budng tay, luc dan hoi cua 10 xo
khién vit 4 gin ¢ dau cua 1o xo dao dong quanh O. Toa d§ s (em) cua A trén trye Ox vao

5 e iz N T T : ; m
thon dicm 1 (gidy) sau khi budng tay duge xac dinh bon cong thic s = lﬂmn[lﬂ.w‘;].
Vio cic thoi diém nao thi s = -543 cm? B

(Theo htips:www britannica. com/science/simple-harmonic-motion)

b (J
Hinh 2

7. Trong Hinh 10, ngon dén trén hin ding A cich b bién y' mot khoang HO = | km. Pén xoay
.2 ‘ 3 e,k . TE . . ‘a3 g ¢ ioa ; Ei gia
nguoe chiéu kim domg hd von 16¢ df 0 rad/s va chiéu han ludng anh sing vé hai phia do1 dign

nhau. Khi dén xoay, diém M ma ludng anh sang cua hai dang ro1 vao bo bién chuyén djng
doc theo ba,

(Theo hups://www.mnhs.org/splitrock/learn/technology)

s L

| km

N

3 | by bién
Hinh 10

a) Ban dau ludng sang tring véi dudmg thing HO. Viét ham so6 biéu thi toa do v,, cua diém M
trén truc Oy theo thod gian 1.

b) Ngdi nha N ndm trén bdr bién voi toa dé v, = —1 (km). Xdc dinh cdc thai diém ¢ ma
dén hai ding chicu vao ngdi nha.
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CAU HOITRAC NGHIEM
Chon phwong an dung.

1. Goc lugng gide nao turong Umg véi chuyén
dong quay 3% vong nguge chiéu kim

ddng hd?

A. EEE. B. [19) .
5 5

C.1152°. D. 1152

2. Trong trudmg hop ndo dudi day cos o = cosfd
va sina =-sin [}?

A pB=—u. B.p=rn-a.

C.B=ns0. D.ﬁ=§+u.
3. Khing dinh nao sau diy dang?

A. Ham s6 y = sinx 14 ham s6 chin.

B. Ham s6 y = cosx la ham s6 chin.

C. Ham s6 y = tanx 1 ham s6 chin.
D. Ham s6 y = cotx 1a him s6 chiin.

4. Nghiém 4m 1én nhét ctia phuong trinh
lugng gide cos2x = cns(x +§J la

AL B 2%,
3

g lX B, ey
9 9

5. S6é nghiém cua phuong trinh tanx = 3 trong
Kiiodng [*E; ?—“J la
2 3
Al B. 2.
Gi3: D. 4.

6. Nhié¢t d0 ngoai troi & mét thanh phf."; vilo cic
thori diém khic nhau trong ngay c6 thé duge
mé& phong bai cong thire

h(f) = 29 + 3sin %{:-9}

vai i tinh bang d6 C va ¢ 1a thoi gian trong

ngdy tinh bing gi¢r. Nhiét do thap nhét trong

ngdy li bao nhiéu d6 C va vao lic miy gio?

(Theo htips:/Awww.sciencedirect.com/science/
article/abs/pii/0168192385900139)

A, 32°C, luc 15 gion.

B. 29 °C, luc 9 gic.

C. 26 °C, lic 3 go,

D. 26 °C, lae 0 gid,

BAITAP TU LUAN

7. Mot chiée quat trin ndm canh quay véi toe do
45 vong trong mot phit. Chon chiéu quay cua
quat la chiéu thugn, Sau 3 gidy. quat quay duoc
mot goe ¢6 sé do bao nhiéu radian?

8. Cho cosa = % v&—g < ¢ < (). Tinh:
a) sin o b) sin 2a;
¢) cos[u+£]
3 )
9. Chirng minh dang thire lugng gidc:
a) sin(a + ) sin(a — B) = sin’ o — sin’ f;

b) cos' a — cos* [u —%J = cos 2a.



10. Nghiém dwong nho nhét cta phuong trinh
sin[x +g] —sin2x = 0 la bao nhiéu?

11. Giai cac phuong trinh sau:

a)sin2x +cos3x =10

V2

b) sinx cosx= —:
4
¢)sinx +sin2x =0,

12. D sdu ki (m) cua mye nude ¢ mot cang
bién vio thai diém ¢ (gidr) sau khi thuy triéu
1én 1an déu tién trong ngay duoc tinh xdp xi
bai cong thire A(r) = 0.8 cos 0,57 + 4,
(Theo https.//noc.ac.uk/files/documents/
husiness/an-introduction-1o-tidal-
modelling.pdf)
a) D siu cia nwde vao thai diém ¢ = 2 la
bao nhiéu meét?
b) Mgt con tau can muyc nude sau toi
thiéu 3.6 m dé c6 thé di chuyén ra vao cang
an toan. Dya vao dd thi cta ham s6 ¢osin,
hily cho biét trong vong 12 tiéng sau khi
thuy tricu 1én lan dau tién, & nhimg thai
diém 7 ndo tau ¢o thé ha thuy, Lam tron két
qua dén hang phén tram.

13, Cho viin the v (cm/s) cta mot con lic don
theo thén gian £ (gidy) duge cho béi eong thire
p = —35i|1[l,5!+%}

(Theo htps://www. britannica.com/science/
simple-harmonic-motion)

Xidc dinh céc thoi diém ¢ ma tai do:
a) Vin toe con lic dat gia trj lon nhit;
b) Vin tde con lic béng 1,5 cm/s,

14. Trong Hinh 1, cdy xanh A B nim trén dudng

xich dao duge trong vudng goc vai mat dit
va ¢o chiéu cao 5 m. Bong cua cay 1a BE.
Vao ngay xuan phan va ha phén, diém £
di chuyén trén dudmg thang Bx. Gée thién
dinh 8_= (48, AE) phu thude vao vi tri cua
Mt Troi va thay d6i theo thoi gian trong
ngay theo cong thire

0()= = (t=12)rad
= =t )

vai £ la thoi gian trong ngay (theo dom vi gid,
6<t<18).
(Theo htps:/www.sciencedirect.com/
topics/engineering/solar-hour-angle)
a) Viét ham s6 bicu dién toa d6 cta dicm £
trén truc Bx theo 1.
b) Dya vio d6 thi ham s6 tang, hdly xdc
dinh cdc thoi diém ma tai dé bong ciy phu
qua vi tri tuémg rio N bict N nim trén truc
Bx vén tog d9 1a x, =—4 (m). Lam tron két
qua dén hang phin mudi,

e

|
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Hinh 1




M DAY sG. OONG.

CAP SO

Trong chuong nay, cdc ban sé tim hiéu vé khai niém day s6 va cac tinh chét co ban clia mat day s6. Ching ta ciing sé tim
hiéu vé hai loai day sd dac biét quan trong 1 cap sd cong va cap 56 nhan ciing nhu nhiing dng dung ciia day sb trong
gidi todn va trong cic hoat ddng thuc tién,

Trong hinh trén, 6 dai canh ciia cdc hinh vudng theo thi tu ti nho dén ldn lan luot 1a: 1;1;2; 3; 5; 8; 13; ...
Déy sd nay chifa dung nhing diéu ki diéu gi cda khoa hoc va nghé thudt?

o

(' Hoc xong chuong nay, ban co thé

- Nhan biét dugc khai niém, cac tinh chét co ban va cach xac dinh mét day so.

~Nhén biét dugc cip s6 cong va cap s6 nhan. Giai thich dugc cong thitc xac dinh s6 hang
téng quat cua cap s6 cong va cap s6 nhan.

- Tinh dugc téng clia n s6 hang dau tién cla cap s6 cdng va cap s6 nhan.

- Gidi quyét dudc mét sé van dé thuc tién gan vai day sé.




Bai 1. Day s6

Tir khoa: Day sé (hitu han, vé han); S6 hang ddu; S6 hang thit n (s6 hang téng quat);
Day sd tang; Day s6 giam; Day sd bi chan; Céng thic tinh s6 hang thit n cia day sé.

v g
1
d ="

Goiw,;u;u,;...;u, lan lugtla dién tich cachinh vudng co o daicanhla 1;2;3; ....;n.

Tinhu,vau,
1. Déy sé la gi?
B S A S
;Q Cho ham so:
N — R

n s u(n) =n".
Tinh w(1); w(2); w(50); w(100),

Trong thye tién, ching ta thuomg ¢6 nhu ciu danh s6 thir ty mot loat cae gid tri s6 cin phai
xir i, tir d6 dwa dén khai niém day so:
= Ham so u xdc dinh trén tap hop cic s6 nguyén duong N duoc goi 14 mot ddy sé vé han
(hay goi tat la day s6), nghia 4
w: N —» R
no—u, =un).
Day so trén dwoc ki hiéu 1a (u,).

Dang khai trién cia day s0 (u,) 1a: u,; uy; ..., ...

£

Chay:
a)u, =u(l) goi la s hang ditu, w, = u(n) goi la sé hang thir n (hay i hang t:fng quit)
ctia ddy so.

b) Néu u, = C vdi moi n, ta noi (u,) 1a ddy so khéng doi.

Vi du 1. Ham s6 trong A3 ¢6 1a day sé hay khong? Néu co, hay tim sb hang thir nhat,
thir hai, thir ba va s6 hang tong quat cua diy so.

+s



Giai
Ham s trong 44 xac dinh trén tap hop cic sb nguyén duong N' nén no la mot day sb.

Taco:u, =1, u,=4 u,=9vau, =n’.

4 g
'® Cho ham so:
v:{l;2;3;4;5} =R

n— v{n) = 2n.
Tinh v(1), v(2), v(3), v(4), v(5).
*  Ham s6 u xéc dinh trén tdp hop M = {1:2: 3: .- m} thi duoc goi 1d mot ddy s6 hiiu han.
Dang khai trién cua day s6 nay 1a u,, u,, ..., u,, trong 6 u, 1a sé hang déu va u,, 1a
50 hang cuoi.

Vi du 2. Day gom 10 s6 tw nhién & ddu tién 1; 3; 5; ...; 19 ¢6 phai 1a déy s6 hiru han khdng?
Néu ¢0, tim s hang dau vi s6 hang cubi cia day sé.
Giai
Day la mt day s6 hiru han. Ta ¢6 s6 hang ddu u, = 1 va s6 hang cudi u,, = 19.
& Cho day s6:
w N — R
no— U =n,
a) Hay cho biét dily s trén 1a hira han hay vo han,
b) Viét ndm s6 hang déu tién cua day so da cho.
(%) Cho 5 hinh tron theo thir t c6 bn kinh 1: 2; 3; 4; 5.
a) Viét day sé chi dién tich cua 5 hinh tron nay.
b) Tim s6 hang dau va s6 hang cudi cua day so trén,

2. Cach xac dinh day sé

’Q Cho cic day so (a,), (b,), (¢,), (d) duge xice dinh nhur sau.

oq,=0;a,=l;a,=2;a,=3,a,=4. b =2n.
¢ =1 - \ . R

. e d_la chu vi cua duong tron ¢d ban kinh ».
¢, =C.t1l (nEL).

Tim bon s6 hang dau tién cta cac day so trén.




Q Théng thuémg mot day sb ¢o thé duge cho bang cc cach sau:
Cach 1: Liét ké cac sb hang (vdi cac day s6 hiru han).
Cdch 2: Cho cong thirc cia sé hang tong quat u,
Cdch 3: Cho hé thire truy hoi, nghia la
+ Cho sb hang thir nhét u, (hode mdt vai sb hang diu lién);
» Cho mét cong thire tinh u, theo u, | (hodc theo vai s6 hang dimg ngay trudce nd).
Cdch 4: Cho bang cach md ta.

Trong /3, (a,) 1a day sb chi ¢ 5 s6 hang duge cho bing cach liét k&, (b,) duoc cho b
cong thire cua s6 hang 16ng quat, (c,) duge cho bai hé thire truy hdi va (d,) dugce cho bing
cach mo ta.

~1
Vi du 3. Cho day s6 (u,) véi u, = T
: In+l
a) Tim ba s6 hang dau tién. b) Tinh ., va uy,.
Giai
4 Py i U e
a) Ba sO hang dau tén li: u, =0; i, = 7 L=1"%
50=1 49 99 -1 98 49

b) Ta ¢o: g, =

3.50+1 151" 73,9941 208 149

: =1 !.,, I =1
Vi du 4. Cho day s6 (u,) xéc dinh boi: {ul 0,

U, =u,  tu, (1= 3).

Tinh u..
Giai
Tach; =+, =1+1=u=u,+1u;,=2+1=3 0. =, +u;=3+2=35,
Viyu.=85.
o , o | 453
@Z Cho day s0 (u,) xac dinh bai: ¢
u . =2u (nzl).

a) Chimg minh 4, =2.3; u,=2* . 3; u,=2'.3.
b) Du doan cong thire s6 hang tong quat cua day so (u,).

%, Mot ching cit g8 duve xép thinh e Iop, hai lop
~ " lién tiép hon kém nhau 1 ¢ét gd (Hinh 1),
Goi u, la s6 cot gd ndm & 16p thir a tinh tir trén
xudng va cho biét 1ap trén cing 6 14 cot go,
Hay xac dinh day so (1) bing hai cach:
a) Viét cong thire so hang tong quat u,.
b) Viét hé thire truy hoi.




3. Day sé tang, day sé giam

‘,@ Cho hai diy s (a,) va (b,) duge xdc dinh nhu sau: @, = 3n + 1; b, ==5n.
a) Sosanha, via,, . VnelN.

b) Sosanh b, va b, , , Vn e I

* Cho day s6 (u,).
Day sb (u,) duoc goi la day sé ting néuu, . ,>u ¥n e N',
Day s6 (u,) duge goi la day sé gigm néuu,, , <u, ¥ne N,

Vi du 5. Xét tinh ting, giam cia cdc diy so sau;
I

a) (a,) voi a, = —; b) (b,) vén b, = n*, ¢) (¢,) vai ¢, = (-2)".
3 Giai

a)Tach: a,,, = }ﬁ- %_a Wi e N'. Viy (a,) la day s6 giam,

b)Taco: b, =(n+1)>n'=b ¥ne N Vay (b, la ddy sb ting,

¢)Taco: e, =-2;¢,=4;¢,=-8, suy ra¢, < ¢, ¢, > ¢, Viy (¢,) khong 12 day s6 ting,
cling khong la day so giam,

Vi du 6. Xét tinh ling, gidm cua cac diy s6 saw;

a) (a,) voi a, b) (b,) vOi b, = n—n.

n |

Giai
a) Ta nhéin thity cde s hang cua day (a,) déu la s dwong. Ta ldp ti 6 hai s6 hang lién ticp
n+l
Cuadﬁy HJHl ”.1.2 (H+l]{i‘3+l) ” ':'2”'!'] =I+ : 1 }11‘ "ff.ﬂ EN‘.
a, N n(n+2) n"+2n n o+ 2n
n+l
Suyraa,.,>a, Vne N Viy (a,) 1a diy so ting.
byTacob,, ,—b,=In+1-(m+1Y]-(n-n)=-n'—n-n+n*=-2n<0,Vne N,
Suyrab,  <b, Vn e N Viy (b, la day sb giam.
@ Xét tinh tang, giam cua cac day so sau;
— . e s
a)(u ) voiu, = e b) (x,) voi x, T c) () vait =(-1)".n"



@3 Mot chdng cot g8 duoe xép thinh céc 16p, hai l6p lién tiép
hon kém nhau 1 ¢dt gd (Hinh 2).
a) Goi u, = 25 la s6 cot gd co o hang dudi cing cua
chong cOt gd, u, 14 s6 cot gd ¢ ¢ hang thir n tinh tir

dudi 1én trén. Xét tinh ting, giam cua day sd nay.

Hinh 2

b) Goi v, = 14 14 0 ¢Ot gb ¢d ¢ hang trén ciing cia
chdng cot gd. v, 1a 56 ¢dt gb ¢o & hang thir n tinh tir
trén xudng dudi. Xét tinh ting, gidm cua diy sd nay.

4. Ddy s6 bi chan

’@ Cho day s6 (u,) v&i u, = ﬁ So sanh cdc s6 hang cua day 56 vai 0 va 1,

@ o Dy 86 (u,) duge goi la ddy s6 bf chin trén néu 10n tai mot s& M sao cho
u, =M, Vn e N*,

o Day s6 (u,) duge goi la ddy s6 bf chin duwdi néu ton tai mot sé m sao cho
u,=zm,n e [N*,

o Dily 80 (u,) duge goi la dily s& bf ehd@n néu no vira bi chin trén vira bi chiin dudi,
nghia 1a ton tai cac sé M va m sao cho

m<u, <M, Vne N*,

Vidu 7. Xét tinh bi chin cia ddy sd (14,) vOi u, =l.

2”
Gidi
i . 1 ", ;
Taco: u, =F£ - ¥n € N*. Viy (u,) bi chin trén.

0, = zi >0, Vn € N*, Vi (u,) bi chin dudi
Ta thay day so (u,) bi chiin trén va bi chin dudi, suy ra day s6 (u,) bi chin.
m Xét tinh bi chiin cua cic diy s6 sau:

: m
a)(a,) vl a, =cos—;
n

b) (b,) véi b, = ——.
n+l




BAI TAP

1. Tim w,, u, va du doan cong thire 50 hang tﬁng quat ¥, cua day 50:
u =1
u,

1+u,

(nz1).

2. Cho day s6 (u,) voi u"=L+L+H.+ :
o2 2,3 nin+1)

. Tim u,, u,, 4, va du doan cong thire
s6 hang tong quat u,.

3. Xét tinh tang, giam cua day s6 (v,) véi v, =vn+1-+/n.

4. Xét tinh bj chiin cua cae diy s6 sau:

a) (a,) véi a, =sin’ LS b) (1) véi u, = &H—‘*.
3 4 n+2
5. Cho day sb (u,) vl u, = 2”—-11 :
Chimg minh (u,) 1& day s6 tang va bi chin,
- " Ryl . SRR 2
6. Cho diy s (1) vén u, = ™ Tim gia tr) cua a dé:
n+ ,
a) (u,) 1 déy sd ting; b) (1,) 1a day s giam,

7. Trén ludi & vubng, moi 6 canh 1 don vi, ngudi ta v 8 hinh vuéng va té mau khac nhau
nhu Hinh 3. Tim day s6 biéu dién dé dai canh cia 8 hinh vuéng dé tir nho dén 1ém. C6 nhan xét
gi ve ddy s6 trén?

] _-L'E-‘J\

—r—

Hinh 3



Ban c6 biét?
DAY SO FIBONACCI

Fibonacci (Phi-b6-na-xi) (con co tén la Leonardo Fibonacer)
la mdt nha toan hoc ndi tiéng ngudn Y. Trong cudn sach
Liber Abaci, nam 1202, 6ng c6 viét bai toan sau:

“Mdét déi tho (gom mot tho dwe va mot tho cdi) cir moi
thang de duoe mot déi tho con (ciing gc.';m mot tho due va
mot tho cdi); moi doi tho con, khi tron hai thang tuéi, lai
moi thang dé ra mgt déi tho con, va qud trinh sinh no cte
thé tiép dién. Hoi sau mgt nim sé ¢6 tdt ca bao nhiéu doi
the, néu dau ndm (thdng 1) cé mot déi the so sinh?”

(Nguon:https://www.britannica com/seience/Fibonacei-number) Hinh 4. Leonardo Fibonacci
R6 rang ¢ thang 1, ciing nhu & thang 2, chi ed mdt p.  8dasiing Thing
d6i tho, Sang thang 3, do1 tho nay s& dé ra mot doi : : !
tho con, vi the & thing 3 s& co | + 1 = 2 ddi tho. n 1 ”

Sang théng 4, vi chi ¢o ddi the ban diu sinh con
nén ¢ thing niy ¢6 1 + 2 = 3 db1 tho. Sang thing ! J

5, hai d6i tho gom doi tho ban dau va doi tho dugc |

sinh ra ¢ thang 3 ciing sinh con nén thing nay co /.,»id A a 4
3 +2=25dai tho; ...

=
‘3
i
’
£
"

Hinh 5

Khai quat, néu ki hi¢u £ 14 86 ddi tho c6 & théng tha a, thi vai n = 3, ta c6;
F =F, , +s0doitho duge sinh ra & thang thir a.
Do cac d6i tho dwoe sinh ra o thing thir (# — 1) chua thé sinh con @ thang thit n va mdi
d61 tho ¢6 ¢ thang thir (n — 2) s& sinh ra mot déi tho con, nén s6 doi tho con duoge sinh ra
@ thang thir n chinh biing F_, (s6 ddi tho ¢d & thang thir (n - 2)).
Nhuvgy. F.=F, 8,
Viée gidi quyét bai toan trén cta Fibonacei dan dén viée khéo sat day so:
E =1
E. =]
F=F_ +F_, (n23)
Day s0 trén sau nay duge nha toan hoe Phap Edouard Lucas goi 1a diy so Fibonacei.
Ap dung quy lut ddy s6 trén, ta tinh dugc s6 d6i tho sau mét nam la F, = 144,

st




Bai 2. Cap s6 cong

Tir khoa: Cap s6 cong; 56 hang dau; (ong sai; Tong ciia n 56 hang dau tién.

s
"~ Métrap hat co 20 hang ghé. Tinh tirsan khdu, s& luong ghé ciia cic hang ting dan
nhu trong hinh minh hoa duai day.

Ban hay dém va néu nhan xét vg 50 ghé /A——\

clia ndm hang ddu tién. -
San khau
Lam thé nao dé biét dugc s ghé cia mot hang bat ki va tinh dugc tong s6 ghé cd
trong rap hat do?

1. Cdp s6 cdng

’_@ Tim diém giong nhau cua céc day so sau;
a)2; 5;8;11; 14 (xem Hinh 1).
14

b)2: 4. 6; 8. c) 5; 10: 15; 20: 25. d)-5:-2:1:4:7; 10.

1 Cdp 56 ¢ong 14 mdt ddy so6 (vo han hodic hiru han) ma trong do, ké tir s hang thir hai, mdi
s0 hang déu bang tong cia s6 hang ding ngay trude nd vii mét 6 d khong doi, nghia la:

U, ,=u, +dvoi ne N

Hinh 1

SO d dwoce goi 1a edng sai cua cip s cong,

Vidu 1. Tim cap sb cong trong cdc day sd sau:

a) 5; 10; 15; 20; 25; 30. by 1:2:4: 8. [} R Bl S el i
Giai

a) Day s6: 5; 10; 15; 20; 25; 30 la cap s6 cong vai cong sai d = 5.

b) Day s6: 1; 2; 4; 8 ¢6 u, — 1, # t, — u,nén khong phai la cap so cong.

¢) Day so: 7;7; 7; 7; 7 la cdp s6 cong véi cong sai d = 0,



Vi du 2. Cho cép s6 cong: 3: 6; 9; 12; ... . Tim s6 hang ddu, cong sai va u..
Gidgi
Cip s6 cong da cho ¢6 s6 hang déu u, = 3; cong sai d = 3.
Tacou,=12nénu,=u,+d=12+3=15.
Vi du 3. Chimg minh mdi day so sau la ¢ip s6 cong. Xac dinh s hang diu va cong sai clia
mdi cp sb cong do.
a) Day s6 (1) voiu,=2n+ 1. b) Day sd (v,) vai v, =-3n + 5.
Gidgi
a)Taco:u,=2.1+1=3,
Uy =2(n+1)+1=2n+1)+2=u,+2, ¥n e N*,
Viy day s6 (u,) 1a cip sb cong voi s6 hang diu 1, = 3 va cOng sai d = 2.
byTach:v,=-3.1+5=2,
V. ==3(n+1)+5=(3n+5)-3=v +(-3), Vn € N*.
Viy day s6 (v,) 1a cdp s6 cong vai sb hang diu v, = 2 vi cOng sai d = -3.
Vidu 4. Cho a, b, ¢ 4 ba sb hang lién tiép cua ciip s6 cOng. Tinh b theo a va c.
Giai
Goi d la cong sai cua cap so cong, tacod=h-a=c-h. Dodo b= %
Nhdn xét: Néu (u,) 1a ciip s6 cOng thi ké tir s6 hang thir hai, mdi s hang (trir 6 hang cudi
ddi vai cap 56 cong hiru han) déu la trung binh cdng cua hai s6 hang dimg k¢ né trong day,
tire la:
=2 ¥ k> 9),
2
a Chimg minh méi ddy s sau 1a cfip s6 cong. Xdc dinh cong sai cia mdi ¢dip s6 cong do.
a3 B AL 15,1923,
b) Day so (u,) voi u, = 9n 9.

¢) Day s0 (v,) vai v, = an + b, trong d6 a va b 1a cac hang so.

u,

% S6 do ba goc cua mét tam gidce vuong lap thanh cip s6 cong. Tim s6 do ba goc do.

@ Mit cdt caa mot to ong co hinh ludi tao bai cdc 6 hinh
luc gide déu. Tir mét 6 diu tién, bude thir nhit, cac ong thy
tao ra vong 1 gdbm 6 & luc gidc; bude thir hai, cac ong the
s€ tao ra vong 2 ¢o 12 6 bao quanh vong |; bude thir ba,
cdc ong tho sé€ tao ra 18 0 bao quanh vong 2; cir thé
tiép tuc (Hinh 2). S& 6 trén céc vong theo thir tu co
tao thanh cip s6 cong khéng? Néu c6, tim cong sai cia
céip sb cong nay.




2. S6 hang tong quat clua cép sé céng

f@ Cho cip s6 cong (1,). Hiy cho biét cac hiéu s6 sau déy giip bao nhiéu lan cong sai d cua (u,):

TRE T T T T R I

Dinh Ii 1

* Néu mbt cap s6 cong (u,) co s hang dau u, va cong sai d thi sb hang tong quét u, cia no
duge xac dinh b cong thire:

u,=wy+(n=1)d,nz2,

Vidu 5. Tim sb hang tong qudt u, cua cdp s6 cong o s6 hang déu u, = 3 va cong sai
d=9.

Giai
Tacou,=u+(n=1)d=3+(n-1).9=9-6.
Vay s6 hang tong quat ctia cdp s6 cong 1a u, = 9n - 6,

@5 Tim s6 hang tdng quat cua cic cdp sO cong sau:
a) Cép 6 cOng (a,) ¢6 a, = 5 va d = -5,
b) Clip s6 cong (b,) co b, =2 v b, = 20.

(‘ﬁ'\“ Tim s6 han lﬁng qual cua t:flp 50 ¢on (c,) coc,= 80 vad ¢, = 40.
T2 g | B G, (i

3. Téng clia n 8 hang ddu tién cla cdp s6 cdng

'@ Cho L::."ip 50 cong (u,) O cong sa1 d.

a) Tinh cac tong: u, +u; u, +u, sus+u, o ..o +u, .. theou, nvid.

1, iy i, W, o M, , WU,
s . =
2d 2d
— e

Hinh 3

b) Chimg t6 ring 2(u, + w, + ... +u,) = n(u, + u,).



Dinh Ii 2

- -

= Gia sir (u,) la mot cp s6 cong co cong sai d. Dat S, = u, + u, + ..+ u,, khi do

B niu, +u,)
S = ——a
iy 5= n|2u, +;n - l}d]‘

Vidu 6.
a) Tinh tong 100 s6 nguyén duong déu tién.
b) Cho cép s6 cong (u,) €6 1, + 1, = 20. Tinh tong 9 s6 hang dau tién cta cdp s6 cong do.
¢) Cho cép s6 cong (v,) ¢6 S, = -3 va S. = 15, Tinh S,,.
Giai
a) Ta co thé sdp xép 100 s6 nguyén duong diu tién thanh cip sd cong co u, = 1,
tyon= 100,
1001+ 100)

Suy ra 8y = y =50. 101 = 5050.

9(2u, +8d) 9.20

b) Ta c6 vy + 1= (u, + 3d) + (1, + 5d) = 2u, + 8d = 20. Suy ra §, ~ =90,
¢) Taco: 5, = MHTM =-3, suyrav, +d=-l; (1)
5= 2D _ i suyravi+2d=-3. ()

v+d=-1

v, +2d =-3.

Gidi hé phwong trinh trén ta duge v, = 1 vad = -2,
50(2v, +49d) _50.[2.1+49.(-2)] _

Do do 8y = 3 > =-2400.

& a) Tinh téng 50 s6 ty nhién chan diu tién,
b) Cho cip s6 cong (u,) cO u, + u,, = 100. Tinh tong 30 s6 hang diu tién cua cip sb
cong do.
¢) Cho cap so cong (v,) c6 S, = 18 va 5, = 110. Tinh S,

(ﬁﬁ Mot rap hat c6 20 hang ghé xép theo hinh quat. V-_ N
= Hang thir nhit ¢6 17 ghé, hang thir hai c6 20 ghé, -
hang thir ba ¢6 23 ghé, ... cir thé tiép tue cho dén
hang cudi cing (Hinh 4),

Tir (1) v (2) ta duge hé phuong trinh =

a) Tinh so ghé ¢ & hang cudi cling.

b) Tinh tong s ghé cO trong rap.




BAI TAP

1. Chitng minh day s6 hiru han sau 1a cap s6 cong: 1: -3; ~7; —11; -15.

2. Cho (u,) 14 cap sb cong vai s6 hang dau u, =4 va cong sai d = —10. Viét cong thire s6 hang
tong quat u,.

3. Cho cép 56 cong (1,) c6 s6 hang dau u, = -3 va cong sai d =2,
a) Tim u,s. b) S6 195 1a s6 hang thir bao nhiéu cla cap sb cong do?

4. Trong cac ddy s6 sau day, day s6 nao 1a cip s6 cong? Tim s6 hang dau va cong sai ctia no,

a) u, =3 - 4n; b)u, = % -4 c)u, = 5" d)u, = 3=28
5. Tim s6 hang ddu va cdng sai cua cp sb cong (u,), biét:

a) Uy — 1y =20 b) Uy +tty =0 & g =1, =3

u, +u, = 54; s+l =80 Uy 1ty =24,

6. MOt ngudi mudn mua mot thanh gd du dé ¢it ra lam cée thanh

ngang cta mot cdi thang, Biét rang chiéu dai cac thanh ngang

cua cii thang do (tr bae dudn cung) lan lugt i 45 em, 43 cm,

4]l ¢m, ..., 3] em.

a) Cai thang d6 ¢6 bao nhiéu béc? |

b) Tinh chicu dai thanh g8 ma ngudi dé cin mua, gia sir chicu dai o

cde mOi noi (phan gd bi cit thanh min cua) la khong dang ké.

7. Khi mét viin dong vién nhay du nhay ra khoi may bay,
gia sir quing dudmg ngudi dy roi te do (tinh theo feet)
trong mai gidy lién tiép theo thir tyr trude khi bung di
lan luot la: 16; 48; 80; 112; 144; ... (cdc quang dudng
ndy tao thanh cip sd cong).

N - L A A a ~
a) Tinh cong sai cua cip so cong trén,

b) Tinh tong chiéu dai quang dudmg roi tw do cua ngudi
dé trong 10 gidy déu tién.

Hinh 6

8. O mot loai thyc vat ludng béi, tinh trang chiéu cao cdy do hai gene khong alen 12 A va B cing
quy dinh theo kiéu tuong tac céng gop. Trong kiéu gene néu cir thém mét alen trdi A hay B
thi chiéu cao cdy ting thém 5 cm. Khi truong thanh, céy thap nhét cua loai nay vai kiéu gene
aabb ¢6 chiéu cao 100 em. Hoi cdy cao nhét véi kiéu gene AABB ¢6 chiéu cao bao nhiéu?



Bai 3. Cap s6 nhan

Tir khod: Cap s6 nhan; Céng boi; Tong clia n s6 hang dau tién,

Mét qua béng rai tit mot vi tri c6 46 cao 120 cm. Khi cham ddt, né luén nay lén db cao
bang mét nira d6 cao clia lin rai trudc dé.

Goi 11, = 120 la dd cao ctia lan roi dau tién va u; u,; ...; u; ... la 6 cao ciia cac lan roi
ké tiép. Tim 5 56 hang dau tién clia day (u,) va tim diém dac biét ctia day s6 do.

1. Cép sé nhan
’Q a) Tinh thuong cuia hai s6 hang lién tiép trong ddy s0: 2, 4; 8; 16; 32; 64,

b) Tim diém gidng nhau cua cic diy s0 sau:

1) 3: 6:.12; 24; 48, n) l; i : | - ] 2 : : ) 2; —6; 18; =54; 162; —486.
7 Ao R S

h Cdp s6 nhdn 1a mot day s6 (hiru han hodic v han) ma trong d6, ké tir s6 hang thir hai,

mdi s6 hang déu bing tich cua s6 hang dimg ngay trude nd véi mot s6 ¢ khong doi, nghia la:

U, = U, qvol ne N,

]

86 ¢ duoce goi la edng bdi cia cip s6 nhin,

Vidu 1:

Tim s0 hang dau va cong bdi cua céc cap s6 nhin sau:

a)3;6;12;:24;48;...; b) 1;—1; l; -i; L €)9:9:9:9:9: ..
2 4 8 16




Giai
a) Day s0: 3; 6: 12; 24: 48: ... 1a cap s6 nhén vai i, = 3 va cong boi g = 2.
1 1. Lk i 1
b) Day so: 1; —5‘ E —E' E . 14 cap s nhin vai i, = 1 va cong boi q-—E_

¢) Day sd: 9:9: 9;9: 9,... 1a cap s6 nhan véi u, = 9 va cong boig = 1.

Vi du 2. Trong céc day s6 sau, day s nao 1a cap s6 nhan? Tim s6 hang dau va cong boi
clia cp s nhan do.
a) 1; 11;121; 12321; 1234321, by 1;=1;1;-1; 1. c)4;8;12; 16,

Gidi
a) Day s6: 1; 11; 121; 12321; 1234321 la cip s6 nhin véi s6 hang ddu i, = 1 va cong boi
g=11,
b) Day so: 1;—=1; 1;=1; 1 1a ¢dp s6 nhin véi s6 hang déu i, = 1 va cong bdi g =1,

¢) Day sb: 4; 8: 12: 16 ¢6 “= = “L nan khéng 1a cip sé nhan.
TRTS

Vi du 3. Cho cip s6 nhan: 1; 10; 100; 1000; 10000. Biéu dién s6 hang 10 va 100 theo
hai s6 hang ké no.
Giai
Taco: 10°=1.100; 100 =10.1000.
Chd y: Day s6 (u,) 14 cap s6 nhan thi

5

w, =u, .U, voinz2l

n

@l Cho ba sé ty nhién m, np thcu thir tu 1dp thanh L;J]J s cong. Chimg minh ba b 2" 2" 2

o

theo thir tyr Lip thanh cip sb nhén.
Mot qube gia ¢ din sb nim 2011 1a 2 triéu ngudi. Trong 10 nam tiép theo, mdi nim

dian sb ting ¢%. Chimg minh ring din s& cdc ndm tir ndm 2011 dén nam 2021 cua
quoc gia do tao thanh cip s6 nhin. Tim cong boi cua cap s6 nhin nay.

Tén s6 cta ba phim lién tiép Sol, La, Si trén mot u l I
ciy dan organ tao thanh cap s6 nhin. Biét tin s0 I"“H““HI“I“HIH

cua hai phim Sol va Si lin luot 14 415 Hz va 466 Hz

(theo: hitps://vi.wikipedia.org/wiki/Dé_(not nhac)), Hinh 1
Tinh tan s6 cia phim La (lam tron dén hang
don vi).



2. S6 hang téng quat clia cdp sé nhan
'@ Cho céap s6 nhan (u,) c6 cong boi g. Tinh u,, u,, u, va u,, theo u, va q.
Dinh li 1
¥ Néumdt cip s6 nhin (u,) ¢6 s6 hang diu 1, va cong boi g thi sé hang tong quat u, cua
no duoc xic dinh boi cong thire:
u,=u, .q¢" '\ nz2.

Vi du 4. Cho cép s6 nhan c6 8 s hang, s hang déu 1a 4374, s6 hang cudi 1a 2. Tim
cong bdi cua cap s6 nhan do,

Giai
Ta ¢ u,= 4374 vi u, = 2. Goi g la cong boi cua cip s6 nhin nay, ta co:

7
u=u,.q, suyraq = ”“—L—L—(l]‘dndéqz

l
w4374 2187 \3 3

% ‘v’mi c¢ong thire s0 hang 16ng quat 1, theo s& hang diu u, va cong boi ¢ cua cic
ciip 56 nhin sau:

| 1 | ]
a) & « Y ; . ]1_: H ' i
a) 5: 10: 20: 40: 80: ... B) ¥ 257 100> 7000° 10000

':\'&\‘ Chu ki ban rd cua nguyén ) phong xa polom 210 14 138 ngay, nghia ld sau 138 ngay,
khi luong cua nguyen 16 dé chi con mot nira (theo: hitps://vi.wikipedia.org/wiki/
Poloni-210). Tinh khoi lugng con lai ctia 20 gam poloni 210 sau;

a) 690 ngay; b) 7314 ngay (khoang 20 nim).
3. Téng cua n sé hang dau tién cia cép sé nhan

!Q Cho cép 50 nhan (u,) c6 cong boi g. DALS, = u, +u, + ... + u,,

a)Sosanhg. §, va(u, tu,+..+u ) +q.u,; b) Sosanhu, +¢.5, vas +u,.q"
BDijnh Ii 2
*  Gia sir (u,) 1a mot cip s6 nhan 6 cong bdi g # 1. D@t S, = u, +u, + ..+ u,, khi do
o= ul“ -q"}‘
n l—g

Chiy: Khig=1thiS,=n.u,.




Vi du 5. Tinh tong 10 so hang dau tién cua cdp so nhén (u,) ¢6 so6 hang dau u, = 1 va
cong boi g = 2.
Giai

_m __~l0
40=9) e, =122 g0 i 03

Ap dung cong thie S, =
l-g S

@ Tinh tong n 56 hang dau tién cua cap so nhan (u,) trong cac truomg hop sau:

a)u,=10%,¢=0,1;n=35; b) u, = 10; u.=-20; n=>5.

fﬂfq Trong bai toan & (» dau bai hoe, tinh tong cac d§ cao cua qua bong sau 10 lan ron dau tién,

k..

[rong cic ddy s6 sau, dy s6 nio la cip sé nhan? |
u, =
a) u, = 3(-2)", byu =(-1)"".7 c) J ’

2. Tim s6 hang déu va cong bdi cua cip so nhén (u,), biét:
\ u, —u; =15 b) Uy, — Uy + 1, =65
a
U, =, =6 u, +u, =325,
3. a) 86 do bon goe caa mot tr giac lip thanh cip 6 nhin. Tim s6 do cua bon goc do biét ring
A . F ’ e i i i . ’ ; £
s0 do cua goe lom nhit gap 8 lin s6 do cua goe nho nhat.
b) Viét sau s xen giita cae 56 -2 va 256 dé duge cap s6 nhan c6 tam s6 hang, Néu viét tiép thi
s0 hang thir 15 14 bao nhiéu?
£ 2 ] 2 - a 3 & & - - . - A
4. Baso | - theo thir tir lap thanh cip so eong. Ching minh ring ba so a, b, ¢ theo
b—a b b-c
thir tir 1ap thanh cip s6 nhan.
5. Tinh cic 1Ong sau:
, I I ,
2)8,= l+=—+=+..+—; b)S,=9+99+999+ _ +99 9
£ 3 s _\_‘r‘_:_’,
i chirso 9
6. Mot loai vi khudn duge nuéi cdy trong phong thi nghiégm, ctr mdi

phit so lugng lai tang lén gap doi s6 luong dang co. Tir mot vi
khuén ban diu, hiy tinh tong so6 vi khudn c6 trong 6ng nghiém sau
20 phat,

Hinh 2



7. Gia str m6t thanh phd c6 din s6 nam 2022 1a khoang 2.1 triéu ngudi va toe d6 gia ting dan

sO trung binh mdi nam 1a 0,75%.

a) Du dodn dén s6 cua thanh pho do vao nam 2032,

:l i i~ g - [~ ; x -~ -1 - 3 A o’ L] = | L. Flr .
b) Néu toc do gia ting dan so van gilr nguyén nhu trén thi wde tinh vao ndm nao déan s6 cua

thanh phd do sé ting gap doi so voi ndm 20227

8. Trong tro choi mao hiém nhiay bungee, mdi lin nhay,
ngudi choi sé duge diy an toan cé tinh dan hdi kéo nay
nguoc 1én 60% chiéu siu cua ¢t nhay. Mot ngudi choi
bungee thue hién cG nhay diu tién ¢6 dé cao ndy nguoc

Ién 1a 9 m.

a) Tinh d6 cao nay nguge 1én cua ngudi do o lan nay

thir ba.

b) Tinh tong cic do cao nay nguge lén cua ngudi do

trong 5 14n nay déu,

Hinh 3

BAI TAP CUOI CHUONG I

CAU HOI TRAC NGHIEM

Chon phurong dn ding.

. £ y n s
1. Cho diy s0 (u,) vii u, = PO Ba 50

hang déu tién cua day s6 («,) lan lugt 14

2 4 27 2 4 26
2.3
C-l:l;i. D. -l—;—:—.
2 4 25 2 3 28
2, Cho diy so -|~;-I,~:~IT;--I~4--: ‘]:
, _ 3 3 30 3
So hang tong quat cua day so nay la
Ll Hapeets
C.u = o D= I_I
3JT 3”

; 4 Lt n+1 RS
3. Cho day s0 (u,) véi u, = ——. Phét bicu

n+2
nao sau diy diung?

A. Diy s6 ting va bj chin.
B. Day s6 giam va bi chan,
C. Day so giam va bj chiin dudi.

D, Day s6 gidm va bi chan trén.

. Cho cap so cdng (u,) co sO hang dau u,

cong sai d. Khi do, voin = 2 ta co
Au=u+d B.u=u+(n+ld.
Cou,=u,—(n=1)d. D.u,=u +(n-1)d.

. Cho cap s6 cong (u,)cOu, =3 vau,=-1.

Khi do
A u, =4 B. u,=2.
C. u,=-5. D.u,=1.




6. Cho cap sb cong (u,) co sé hang dau
u, = —1 va cong sai = 3. Khi do S, bing

A 1l B. 50.
C. 10. D. 25.

7. Co bao nhiéu s6 thue x dé 2x — 1 x;
2x + 1 theo thir tir 1ap thanh cdp s nhan?

Al B. 2:

3 D. 4.

8. Mot tam gide ¢6 s6 do cde goe lip thanh
cip sO nhén co cong boi g = 2. S6 do cdc
goc cua tam gide do Lin luot 1

AEET g B.2n. 4%
6 B3 2 e 5
L E: H: 4—11 D. E; H; ﬂ
6 6 6 i, T 7

BAITAP TU LUAN
9. X¢ét tinh tang, giam cua diy s6 (u,) voi

3" -1
Hn = o
2
10. Xét tinh bi chin cua day s6 (u,) voi
_2n+1
"+

11. Tim so hang dau , va cong sai d cua cap
s6 cong (u,), biét:

5u1+1ﬂu5 ={] h HT +H|_5=6ﬂ'
? S, =14; uy +up, =1170.

12. Tim s6 hang diu u, va cong bdi ¢ cua
cip so nhan (u,), biét:

2) u; =96 b w, +u, =72
u, =192; u, —u, =144,

13. Gid strmdt quén thé dong vat & théi diém
ban dau ¢6 110000 ca thé, quéan thé nay
co ti 18 sinh 1a 12%/nam, xudt cur 1a 2%/ném,
tr vong 1a 8%/niam. Dy dodn 5O cd thé cua
quén thé d6 sau hai nam,

14. MOt cily dan organ ¢6 tin s6 dm thanh
cac phim lién tiép tao thanh mét cap s6
nhin. Cho biét tin s6 phim La Trung la
400 Hz va tin s6 cua phim La Cao cao
hon 12 phim 1a 800 Hz (nguén: https:/
vi.wikipedia.org/wiki/Organ). Tim cdng
boi cia cip s6 nhin n6i trén (1dm tron
két qua dén hang phin nghin).

15, Dan s6 Viét Nam nam 2020 la khoang
97,6 triéu ngudi (theo Nién gidm thong ké
ndm 2020). Néu trung binh mdi nim ting
1,14% thi udce tinh dan sé Viét Nam nim
2040 1a khoang bao nhiéu ngudn (lam tron
két qua dén hang trim nghin)?



Chuong il GIGI HAN. HAM SO LIEN TUC

Trong chuong nay, chiing ta sé tim hiéu vé mat phép todn méi: phép toan gigi han. Nho phép todn nay, nguoi ta
xdy dung nén nhifng khai niém ca ban cla Gidi tich toan hoc nhu tinh lién tuc, dao ham va tich phén.

N6i dung clia chuong nay gom: gidi han cha day s6, gidi han cia ham s6 va tinh lién tuc cia ham sé.

Qud trinh tao ra mét hinh fractal

S _ .
\\n Hoc xong chuang nay, ban cé thé:
- Nhén biét dugc khal niém gidi han clia day s6, van dung cac gidi han co ban va céc

phép toan gigi han dé tim gigi han mot sé day s6 don gién.

- Tinh dugc tong cua mot cap s6 nhan Ui vé6 han va van dung vao gidi quyét nhiing
van dé trong toan hoc va cudc song.

— Nhéan biét khai niém gidi han hiu han, gidi han mét phia cla ham sé tai mét diém, tai
vé cuc, gidi han vé cuc cha ham s tai mét diém thong qua xét mét sé gidi han co ban;
tinh gidi han ctia ham s6 bang cach dung nhiing gidi han co ban va cic phép todn
trén gidi han ham sé; gidi quyét duge mot sd van dé thuc tién gén vdi gidi han ham sé.

- Nhén dang dugc ham sé lién tuc tai mét diém, hodc trén mét khodng, hodc trén mot
doan; nhan biét tinh lién tuc cGa téng, hiéu, tich, thuang ca hai ham sé lién tuc, tinh
lién tuc cha mét s6 ham s6 so cdp co ban,




Bai 1. Gidi han cuia day s6

Tir khod: Gidi han hitu han clia day s6; Tong clia cap s6 nhan lui vd han.

@ S6 thap phan Khéng thé nhu vy dugc, vi

- 2

vt han tudn hoan 0,666... 06 < E: 0,66 < 3; 0,666 < —: ...
3

3 3
va sb % 14 hai 6 bang nhau. -

1. Gi¢i han hiru han cla day sé
Gidi han 0 ciia day so
’C‘P Cho day s6 (u,) vi , =)

a) Tim cac gid try con thiéu trong bang sau:

n 10 20 50 100 1 000
|, | 0,1 0,05 0,02 ? 7

b) Voi n nhur thé nao thi lu,| bé hom 0,01; 0,0017
¢) Mot 80 s6 hang cua diy s6 duoe biéu dién trén truc s6 nhu Hinh 1

Mo ugy
I, My M W TR u
: —t—H—— + —
-] { 1
Hinh 1
Tir cde két qua trén, ¢o nhin xét gi vé khoang cach tir diém 1 dén diém 0 khi # tré nén

rit 16m?

*  Ta noi day sb (u,) cé gidi hgn 0 khi n din toi dwong vo cye, néu lu,| nho hon

mot s6 duong bit ki cho trude, ké tir mét sd hang ndo do tro di, ki higu lim u, = 0
hay «, — 0 khi n — +o0. Ta con viét 1a lim u, = 0. i

; : . M , : s NI T
Vidu 1. Vi day so w, = ), o I@ sir dung dinh nghia, chimg to rang lim u, = 0.
n
Giai |
Vi s6 thie duong d bé tuy v cho trude, lay s6 tu nhién N sao cho N = = Khi dé, véi moi
; e ; ) R
50 tw nhién n saochon z N, taco |u,| = e 8 =;£ F{d'

Theo dinh nghia, lim u_ = 0.

m



Ta thira nhan mdt s gidi han co ban duéi day. Chiing thuomg duoc sir dung dé tim gidi han
ctia nhiéu diy so khic.

. hmﬂ—JE =0, v&n k nguyén duong bat ki.
o lim ¢" = 0, vdi ¢ 1a s6 thue thoa man |g] < 1.

Vidu 2. Ap dung gidi han co ban, tim hm—

(4/3)"

Giai

el iJ;T}" 2[?1?]
: : — <1 nén hmﬁ—hm[L] =0

Do

Nl B

g Tim céc gio1 han sau:

I .I : 3“
a) lim—; b) | -=1.
) ) un[ 4]

n
Gidi han hitu han ctia day sé
ho v a4 oy = 2EL
'@ Cho day so “,f"] vOi i, = .
a) Cho day so (v,) vo1 v, = u,— 2. Tim gi61 han lim v,

b) Biéu dién cac diém u,, s, 1y, u, trén truc s6. C6 nhdn xét gi vé vi tri cla cde diém u,
khi n tr& nén rat 16n?

*  Tandi day sO (u,) cd gidi han hitu han 1a s6 a (hay u, din tdi a) khi # din t6i
durmgvﬁcuc‘néu lim (1, = a) = 0. Khi do, la viét lim w, =ahay hmu, =a hayu, > a

LRSS
khin — +oo. y

Chi y: Néu i, = ¢ (¢ 1a hiing 50) thi lim w, = lim ¢ = ¢.

Vidu 3. Ding dinh nghia, tim gié han lim 3”;” .
Giai
Dit u, = 3 =ni,_
Suy ralim (u,-3) = lim—11-= 0.
¥ In® +1

Theo dinh nghia, ta ¢6 lim u, = 3. Viy lim——=3.
n

% Tim céc gid han sau:

a) Iim[z +[EJ ]; b) I1m(I i
3 on




2. Cdac phép toan vé gidi han hitu han cta day sé

@ Utrentadﬁbxellnm[3+—I—J_!| 3n” +1 =],

.ﬂ

a) Tim cédc giéi han lim 3 va h

n-
b) Tir d6, néu nhin xét vé ]im[3 + _I“] vit lim 3 + lim L
n h
Pé tim giti han hitu han cia day sé, nguoi ta thuomg vin dung cic phép toan vé gidi han
hitu han cua day s6.

¥ Cholimu,=a, limv, = b va ¢ li hiing s6. Khi do:

elim(u,+v)=a+bh ¢ lim(u,—v)=a-b

¢lim(c.u)=c.a elim(u,.v,)=a.b

'IimE'L=~g—{b¢0} *Néuw,z20,%neN*thia=0va IimJZ=~."E
v

Vidu 4. Tim cde gicdi han sau:

. +2 3
a) limon2. B) R
2n-1 n
Giai
2
3+
a) Ta co bt ‘T (chia ca tir va mau cho n).

2n-1 5 1

N

3+2 : 1im[3+2 —i-) Hm3+2iim1
-'-_ - el 1
Tads Tim22*2 _ lim n_ n) Y 3420 3

2n-1 2-1 |.m(z-1} lid Jlima. F 270 B2
H n

QI
h]TamJ_nﬂn J9n +| [9n+ { 1

Ll S J%-:Jlm[%%) Jllm9+lrm— Jo§0=3.
n

n n
% Tim céc gidn han sau:

2n" +3n . N4n*+3
a) hm : b) lim :
n+1 n

Tirdé hm




3. Téng cla cdp s6 nhan lui vé han

Tir mét hinh vuéng co canh bing 1, t6 mau mot nia
hinh vudng, roi td mau mot nira hinh con lai, va cir
tiép tuc nhu vay (xem Hinh 2).

a) Xac dinh dién tich u, cia phin hinh duge 16 mau
lanthit k(k=1,2,3,..)).

b) Tinh tong dién tich S, cua phin hinh duge (6 mau
sau lanto thien (n=1,2,3, ...).

¢) Tim giéi han lim §, va so sdnh gidi han ndy vai
dién tich hinh vudng ban dau.

Xét cip s6 nhan vo han (u,) ¢6 cong béi ¢ thod man |g) < 1.
Téng S, ciia n 50 hang dau cta cap s6 nhin nay la:
'I _qil ul N HI >

S=u+u+..+u= = A
=, + U, u,=u T I—q“"
Vi|g| < 1 nén lim ¢" = 0 va do do
S =t — 8 limgr =M gt
" T=gileg =g =7~ Il-¢

Gidi han nay duge goi 1a fdng cua cap s6 nhin (u,), ki hiéu 1
=gkl Fu, U, T

* Cép sb nhan vd han (1,) 06 cong bodi ¢ thod man |g| < 1 dwoe goi 14 edp sé nhan lii vé han.
Céip 56 nhan li vé han nay c6 tong 1

u
S=u+u,+...4u, +...=l—|—a
-4

Vidu 5. Tinh tong cua cap so nhan li vo han; !—I-+L—]—+...+[-I-J +o
4 16 64 4
Giai

Téng trén li tong cua céip s6 nhan Lii vo han ¢6 s hang diu u,= 1 v cong boi g = -% nén

I S (1] 1 4

l-——F———+... 4| — | +.0. 58— =—.

4 16 64 4 1_[ l] 5
4




Vi du 6. Biét ring co thé coi s0 thap phan vo han tuan hoan 0,666... 1a tong cua mot cap
s0 nhan 1t vo han:
0,666... = 0,6 + 0,06 + 0,006 + ... = 0,6+ ﬂ,ﬁ.-]%+ ﬂ,ﬁ.]—[]F+....
Hay viét 0,666... dwdi dang phan s.
Giii

86 0,666... 1 tong ctia cip s nhan lii v6 han ¢6 s6 hang diu bing 0,6 va cong boi bing Tlﬁ

0,6 6 2
Do d6 0,666...=—5-=2_2.
193
10
m Tinh téng cua cép s6 nhan lii vo han:l+%+(%} ++(%) i

@ T & gidy, cit mot hinh tron ban kinh R (cm) nhu Hinh 3a. Tiép theo, cit hai hinh
tron ban kinh % rOi chong 1én hinh tron dédu tién nhu Hinh 3b. Tiép theo, ciit bén hinh

a)

"@ Dung mét day hinh vuéng bang cach ghép tir cac hinh vudng don vi (canh bing 1 dom vi
dd dai) theo cac bude nhu Hinh 4. Ki hiéu u, (don vi dién tich) la dig¢n tich hinh vudng
dung duge & budce thir n.

tron ban kinh % roi chong lén céc

hinh trude nhu Hinh 3¢ Cir thé tiép

tue mai. Tinh tdng dién tich cua cic
hinh tron.

4. Gi¢i han vo cuc

|

Bude 1 Budce 2 Budae 3
Hinh 4

a) Vi n nhur thé ndo thi u, vugt qua 10000; 10000007
b) Cho hinh ¢é dién tich S. V&i n nhu thé nao thi u, vuot qua 5?



* Ta noi déy s6 (u,) eé gidi han 1a + khi n —+0 néu u, 1én hon mot s6 dwong bét ki,
ké tir mdt s6 hang nao do tré di, ki higu lim u, = +o0 hay u, — +o0 khi n — +,

* Ta noi day sb (u,) co gigi han 1a —o khi n —» +o néu lim(—u,) = 4o, ki hiu
lim u, = =00 hay u, — =90 khi n — 40,

Chi y: Ta co cac két qua sau;
a) lim u, = 40 khi va chi khi lim (<u ) = —o0;

b) Néu lim u, = +o0 hodc lim u, = oo thi iiml =,
u,

¢) Néu lim u, = 0 va u, > 0 véi moi 1 thi lim—l‘ = +a0,
u,

Vidu 7. Tim gidi han m ¢" von g > 1.
Giai
= 1 e TR
Tirg>1suyra 0<—<1, Dodd, im—=lim| —| =0.
q q q
Ma ¢" = 0 véi moi n nén lim g" = +u,
Nhén xét:
a) limn' =+ (ke N, k> 1);

b) limg" =+uw (g > 1).

BAI TAP

1. Tim cac gig han sau:

-2n+1 . N16n* -2

a) lim b) hm
n n
¢) lim : d) Iimw.
2n+1 2n*
2. Tinh téng ctia cac cap so nhan lti vo han sau:
S O ki I 1 | []]'
a) ——+———+...H] —— | +.; b) —+—+—+... | = | +..
2 4 8 [ EJ 4 16 64 4

3. Viét s0 thap phan v6 han tuan hoan 0,444. .. dudi dang mét phén so.




4. Tir hinh vuéng dau tién co canh bing 1 (don vi do dai), ndi céc trung diém

ctia bén canh dé ¢6 hinh vuong thir hai. Tiép tue ni cic trung diém cua
bdn canh ctia hinh vudng thir hai dé duge hinh vudng thi ba. Cir tiép tuc
lam nhu thé, nhin duge mot day hinh vudng (xem Hinh 5).
a) Ki hiéu a, la dién tich cua hinh vuong thit n va S, la tong dién tich
ctia n hinh vudng dau tién. Viét cong thic tinh a,, S, (n=1,2, 3, ...)
v tim lim S, (gioi han nay néu c6 duge goi la tong dién tich cua cac
hinh vudng).

&

Hinh 5

b) Ki hi¢u p, la chu vi cua hinh vuéng thir » va Q, 1a tong chu vi cta # hinh vudng déu tién,
Viét cong thire tinh p, va O, (n=1,2.3, ) vil tim lim O, (gi¢i han nay néu ¢6 duge goi la

tong chu vi ctia cac hinh vudng).

Ln

. Xét qud trinh tao ra hinh c6 chu vi vo eyre va dién tich bﬁng () nhu sau:

Bit dau bang mat hinh vuéng /7, canh bing 1 don vi d6 dai (xem Hinh 6a). Chia hinh
vubng /1, thanh chin hinh vudng bing nhau, bo di bén hinh vudng, nhin dugc hinh 77,
(xem Hinh 6b). Tiép theo, chia mdi hinh vudng cua H, thinh chin hinh vudng, rdi bo di
bén hinh vuéng, nhin dwec hinh 77, (xem Hinh 6¢). Tiép tuc qua trinh nay, ta nhin dugc

mdét day hinh [ (n=1,2,3, ...).

%,

11, 11, 1, 1,

a) b) ¢) d)
Hinh é

X s L] I
Ta c6: H, ¢6 5 hinh vudng, moi hinh yudng ¢6 canh biang 3;

H,¢6 5 . 5= 5" hinh vudng, mdi hinh vuéng ¢6 canh bing g

Tir d6, nhiin duge H, ¢6 5" hinh vuéng, mdi hinh vudng ¢6 canh bing %
a) Tinh dign tich S, cua /7, va tinh lim §,,
b) Tinh chu vi p, cua /7, va tinh lim p,.

(Qua trinh trén tao nén mot hinh, goi la mét fractal, dwoe coi la co dién tich lim S va

chu vilim p,).



Bai 2. Gigi han ctia ham so

Tit khoa: Gigi han hitu han cia ham 5o tai mét diém; Gidi han mét phia cia ham sd;
Gidi han hitu han clia ham s6 tai v cuc; Gidi han vé cuc ciia ham sé.

@ Quan sét hinh bén, cho biét hinh chitnhat  ~ |
OHMK thay ddi nhung diém M ludn ndm

trén d thi cia ham s6 y = —_ (x> 0).
X

Dién tich hinh chil nhat sé thay d6i nhu thé
nao khi diém H tién gin dén goc toa do?
Khi H tién xa sang phia bén phai thi sao?

1. Giéi han hiru han ctia ham sé tai mot diém

23t —2

) PR I Fy S =
!Q Xeét him s0 v = flx) T

a) Bang sau déy cho biét gia trj cua ham so tai mot so diém gan diém 1.

x| 0 [ 0509109099 1 [1001]100]11]15]2

Ax)| 2 3 38 | 398 | 3998 I 4002 | 402 | 42 5 6
Co6 nhiin xét gi vé gid trj cua ham s6 khi x cing gin dén 17 v A
b) O Hinh |, M la driém trén d6 thi ham s6 v =flx): H va P ph - - ” '
lan lugt [ hinh chiéu cua M trén truc hoidnh va truc tung. 4 :’
Khi diém H thay doi gin vé diém (1; 0) trén truc hoanh thi : / i
diém P thay déi nhu thé nao? J;’J L
rs, / : H N
/ ] Y
Hinh 1

Xét ham sé & A . Ly day sb (x.) bit ki sao chox, # 1 va limx, = . Ta ¢6
fly= 22 _2n D@D,
=] X =]

Dodo, limflix)=lim(2x +2)=2limx, +2=2.1+2=4
Ta noi ham sé v = f{x) 6 gidi han 1a 4 khi x din tai 1.
Dum day, ta viét 1a khoang K thay cho cac khoang (a; b), (—=; b), (a; +=) hay (—=; +0).



*  Cho diém x,thude khoang K va ham s6 y = f (x) xac dinh trén K hodic K\ {x,}.
Ta n6i ham sd v = f(x) ¢d gidi han hizu han 14 s6 L khi x dan téi x, néu véi day s6 (x,)
bit ki, x, € K\ {x,} vax,— x, thi f(x)— L, kihiéu lim f(x)=L hay f(x) = L
khi x — x,. G

2

x -4

Vidu 1. Cho ham s6 flx) =
x+2

. Tim lim f(x).
Giai
Ham 6 y = f(x) xdc dinh trén &\ {-2}.
Gia sir (x,) la day s6 bét ki, thoa man x,# -2 vaimoinva x, —» -2 khin — +o. Ta co
X — 4 (x, =2)(xi#2)
= lim -
b X, +2

Viy |iﬂ1f{x]= -4,

lim f{x ) = lim

lim(x,=2)=lmx, -2=-2-2=-4

Nhdn xét: lim x = x,; lime = ¢ (¢ la hiing s0),

X=¥ i

.y N o ; X 2w+l
% I'im céc gicn han sau: a) l:n}{lv' ) h) lu11|——"-|—.
[ rep] e o .-1- F

2. Cac phép todan vé gidi han hiru han cua ham sé

@ Cho hai ham sd y = f(¥) = 2x va y = g(x) = ——
‘ x+1

a) Gia sir (x,) la ddy s6 bit ki thoa main x, # —1 voi moi 7 vi x, — | khi g — +o,
Tim gidi han lim| f(x,) + g(x,)].

b) Tuir do, tim git han iﬁ_il‘.I;lLf'{I}+ 2(x)], va so sdnh vai |_iI}‘II flx)+ Ijrg 2(x).

Tir cée phép todn vé giéi han hitu han cta déy s, ta nhin dugc cdc két qua sau diy:
¥ ) Cho lim S(x)=L va lim g(x) =M. Khi do:
T4 X=F¥y
* lim[f(x)+g(x)]=L+M
A=y
* lim [f(x)-g(x)]=L-M
* lim [f(x). g(0)]=L.M

M:.ﬂ% (véi M £ 0)

b) Néuﬂx)z Ova lim f(x)=L thiL=0va lim,ff{x] =L
X4y XXy

(Déu cia JS(x) duge xét trén khoang tim giai han, x #x,,.)

—



Nhan xét:

- 5 & ~
a) lim x* = x;, k 1a so nguyén duong;

X%y

b) lim[¢f (x)] = clim f(x) (c € R, néu ton tai lim f(x) e R).
X Tk, r—4iy

Vidu 2. Tim cdc gidi han sau:  a) lim(x” —4x + 2); b) li 2 2,
! =2 2x+1
Giai
a) lim (x° +4x+2}*hmx —hm[4:r)+i1m2-l —~4Iln11x+2*l-4 1+2=-1.
=1 a=

- Iy = 2_1%11;1{31‘-2} 3limx—2 _3.2-2
r*12x+l 1:11':}{21+1} 21=mx+[ AL

2
Vi du 3: Tim céc gidi han sau:  a) lim = i N skl

r= y_7J x4 r—3
Giai

= l_i_rr;(x-h 2)= 1i1qx+ lim2=2+2=4,

A
A

x* 4 (x=2}x+2)
li M ——
a} llfrn - 2 :41' xX— 2

b) lim"‘ll (q‘x+ 2)(»,-'x+l+2)

X3 x-3 .r~+5 .I 3]( Ix+1 +2)
et ) |

= (x=3)Wx+1+2) x+142

| |

: lim(\.’.t+l +2) & Iin;t x+1+2

(nhén ca tir va mau véi v/x +1+2)

I 1
\[llm(xﬂ ) +2 Jlunx+l+2 J3+1+2 4

2

% Tim cac gidi han sau:  a) IEH_I,IJ‘: +5x-2); b) lim -

r=] y—

3. Gidi han mét phia

’Q Gia eudc van chuycn buru kign gitra hai thanh |'Ih0 do mt don vi cung cap duoe cho bon

bang sau:
Khdi lrong buu kién (100 gam) Gia cudre cin vang (nghin déng}
dén 1 6
trén 1 dén 2.5 7
tir 2,5 dén 5 10




Néu chi xét trén khoang tir 0 dén 5 (tinh theo 100 gam) thi e |
ham s6 gia cude (tinh theo nghin dong) xéc dinh nhu sau: 10 o S —

6 khi xe(0;1] Y
f(x)=47 khi xe(l:2,5]

10 khi xe(2,5; 5].
D& thi ctia ham 6 nhu Hinh 2.

a) Gia str (x,) la ddy sé bat ki sao cho x, € (1; 2.5) .
va limx, = 1. Tim lim f{x, ). of 1 25 5 x

=

b) Gia sir (x') la day s6 bt ki sao cho (x') € (0; 1) Hinh 2
va lim x) = 1. Tim lim f(x) ).

¢) Nhin xét vé két qua o a) va b).

T Cho ham s ¥ = f(x) xdc dinh trén khoang (x,; b).

Ta noi ham 6 y = £(x) cd gidi han bén phdi 14 s6 1. khi x dén téi x, néu vai day sé (x,)
bat ki, x, < x, < b va x, = x, thi f(x,) > L, ki hi¢u lim f(x)= L.

o Cho ham sé ¥ = f(x) xac dinh trén khoing (a; x,).
Ta noi ham s6 y = f(x) cd gidi han bén trdi 14 s6 1 khi x dén t6i x, néu véi day s6 (x,)

bit ki, a < X, <x, viix,— x, thi flx,) = L, ki hiéu lim f(x)= L.
X—bX]

Chu y:
a) Ta thira nh@n céc két qua sau:
e lim f(x)= L va lim f(x)= L khivachikhi lim f(x)=L;

¥ b X I p R

o Néu lim f(x) # lim f(x) thi khéng ton tai lim /(x).

T—kx, E=hT, Yty

b) Céc phép toan vé gidi han hitu han cua ham sé & Muc 2 vin ding khi ta thay x — x,
bing x — x! hodcx - x;.

0 khix<0

Vi du 4. Cho ham s =
W4 Chobimeo /() {1 Khi x > 0.

a) Tim céc gidi han lim f(x) va lim f(x).
arll’ x-¥ll

b) C6 ton tai gici han lim £ (x)?



Gidi
a) Gia st (x,) la ddy s6 bat ki, x, > 0 vax, — 0. Khi d6 f(x,)= 1 nén lim f(x,) = lim = 1.
Viy lir‘? Ffx)=1.
Gia sur (x,) 1a ddy s6 bt ki, x, < 0 va x, — 0. Khi d6 f(x,) = 0 nén lim ' (x,) = lim0 = 0.
Viy ]irf. Ff(x)=0.
b) Vi hrgj flx)# lirriur f(x) nén khong ton tai l_i_l;l&f{x].
. I-2x khix<-1
% Cho him s0 f(x)=+ , = ],I i
x*+2 khix>-1.

Tim cac gidi han lim £(x). lim /(x) va lim /() (néu cd).

4. Gi¢i han hiru han ctia ham sé tai vé cuc
: ; | : :
’Q Cho ham s6 f(x)= = ¢ db thy nhar Hinh 3.

iﬂm -.,ur: .giﬂ (ri ¢on thiéu trong bing sau: »t |
X 10 | 100 | 1000 | 10000 | 100000 '
yf@ | 01001 ? ? 2
Tir d6 thi va bang trén, néu nhan xét vé gid tri f(x) Bp==N\__
khi x cang lan (déan tdi +o0)? St ": L — ' & h;"‘_——?

b) Tim cdc gid tri con thiéu trong bang sau;
X ~100000|[=10000| <1000 | <100 [ <10
y=f| *? ? 7 |=0,01]-0,1

Tir do thi va bing trén, néu nhin xét vé gid tri f(x)
khi x cing bé (din tg —=)? Hinh 3
Xét him s6 y = f(x) & X, Ly diy sb (x.) bt ki sa0 cho x, #0 va limx, = +e0. Khi do
hm f(x,) = Iim]—r- 0.
X

* o Cho ham s6 y = £ (x) xdc dinh trén khoang (a; +).
Ta noi ham s6 v = £ (x) cé gidi han hivw han 1a 56 1 khi x — +o0 néu voi day s6 (x,) bét ki,
x, = avax,—» +oo, thi f(x ) — L, ki hiéu }_ifﬂf{x] = L hay f{x) — L khi x —» +o.

e Cho ham sb y = f'(x) x4c dinh trén khoang (—=; a).
Ta ndi hiam s6 y = f{x) ed gidi han hitu han 1 s6 L khi x — —oo néu vai day so (x,) bét ki,
x,<avax,——owo thi f(x)— L, kihiéu lim f(x)=L hay flx) - L khix — —ow0.

s



Vidu 5. Cho ham s6 f(x) =

2x—1 .
 Tim lim f(x).
x+2 Kbt

Gidi
Ham s xéc dinh trén (—o0; —2) va (-2 +o0).

Gia str (x,) 1a day s6 sao cho x, > -2 va x, — +0. Ta c6

e gt Bfime -
lim /£ (x, ) = lim 22— = [im—r = ol B}
T [ B 1111 1+0
xl‘i‘ xl'l
Vi i 2L =2,
xam x4 2
Chui yi:

a) Vi ¢ 14 hing s6 va k 14 s6 nguyén duong, ta ludn co:

: I
imec=c¢c va lim—=0.
Tep Lo Xop 106 _tk

b) Ciéic phép todn trén giti han him s6 & Muc 2 vin dang khi thay x — x, bing x — +o

hodc x = —.
. xt-3x
Vidué. Tim lim .
0o 2T
Giai
: 3
3 g2 ltm[l- ) 1= i 2
. X =3x ; ¥ e X il 1-0 |
Rl e R 240 2
R 2 4 9 um(z,,_,] 24 lim
x° T X et 7
| FREY | 2
@ Tim cic giod han sau:  a) hm — : b} Im —.
i = o4 Dy v+ x|

(ﬁ) Mot cdi hd dang chira 200 m' nude min véi ndng dd mudi 10 kg/m’. Ngudi ta ngot hod
nude trong ho bang cach bom nude ngot vao ho vai tée do 2 m'/phit.
a) Viét biéu thire (1) biéu thi nong dd mudi trong ho sau ¢ phut ké tir khi bat dau bom,
b) Tim gidi han lim C(r) va giai thich ¥ nghia.

=% an



5. Gidi han vé cwe cia ham sé tai mét diém

,@ Cho ham sb J(x)= ¢ d6 thi nhu Hinh 4.

1 A&
v .

a) Tim cdc gid tri con thiéu trong bang sau:

x| L1 | 101 | 1001 | 1,0001 !
y=f(x)| 10 100 ? ?
Tir db thi va bang trén, co nhin xét gi veé giatr flx) = ol 1 x >
khi x dén tGi 1 phia bén phai? \\_1 '
b) Tim céc gid trj con thiéu trong bang sau:

x 0,9 | 099 | 0999 | 0,9999

= ~10 ~100 ? ?
S Hinh 4

Tir d6 thi va bang trén, co nhan xét gi vé gia tri f(x)
khi x dén tdi 1 phia bén trai?

. TL‘.hu ham 6 y = f(x) xéc¢ dinh trén khoing (x,; b).

o Ta ndi ham s6 v = f (x) cd gidi han bén phii la + khi x — x, vé& bén phai néu véi
day s6 (x,) bat ki, x, <x, < b vax,— x,, thi f(x,) = +0, ki hiéu I:m [(x) =+ hay
J(x) = +oo khi x = x;.

e Ta noi ham s v = f (x) ¢é gidi han bén phii 13 = khi x — x, vé bén phai néu véi
day so (x,) bét ki, x, < x, < b va x, = x,, thi f(x,) - —0, ki higu Ilm f(x)=—-o0 hay
Slx) =~ khi x— 7.

Chi y:
a) Cac gidi han lim f(x)= oo, !imf{x):-:n, Ilim S(x)=+o0, l|:11 S(x) =—0,

¥—iXy

lim f(x)=-+=, l:m f{x]-—-fm duge dinh nghia twong tr nhu trén,

T=4=—20

b) Ta c6 cac gidgi han thudng ding sau:

: ) : |
o lim =40 va lim =- (g e R);
r—=a" ¥ — x4 X — (]

o lim x* =+ voi k nguyén duong;

X—pm

e lim x* =+ néu k 1a s6 chan:

X=p—m0

o lim x* = —oo néu klasd le.

X—3—0




¢) Céc phép todn trén gidi han ham sé cua Muc 2 chi dp dung dugc khi tit ca cac ham sb
duge xét c6 gioi han hiru han. Vi gidi han vo cuc, ta co mot s6 quy tic sau day.
Néu lim flx)y=L=0 va lim g(x)=+= (hodc hrn g(x)=—o0) thi Iim[f(x). g(x)]

X—rky Ty Xy

duge tinh theo quy tic cho bai bang sau:

lim f(x) jl;n% g(x) Ilf'gg [f(x) . g(x)]
+on +a0
L=0
—a0 -0
+o0 —o0
L<0
i3 a0

Céc quy téc trén vin dang khi thay x, thanh x, (hogc o, ~w0),
Vidu 7. Tim céc gidi han sau:

0 T 2= b) Tim (x* +1).
2 ¥ — Kb
Giii
) Taco lim(1-26)=1-2limx=1-2.2=3; lim —— =+,
21" =1 X=3" -

Dod HELE2¥ =i [[1-2;:} , L:|= &
e x =2 al x-2

|

b) Viét x=+l=x:[l "

J Ta co l:m.r = 420 ; Iim(I+I—J-I+I|m—I?-I+ﬂ-I
e X g4y

Do d6 Jim (+* +1) = |.m{ J[HL:H;m

L ] x

& Tim céc gidn han sau:

. - .
a) lim—; b) lim (3x-1).

I y—13 T—bda

—

@_ﬁ Xét tinh hudng & (®) ddu bai hoc. Goi x la hoanh dé diém /. Tinh dién tich S(x)
~ ciia hinh chir nhit OHMK theo x. Dién tich nay thay doi nhu thé nao khi x — 0
va khi x — +o0,



BAI TAP

0.

. Cho ham s6 f(x) ={

Tim cac gidi han sau:
a) lim(x* =7x+4); b) lim xz-?;;: ¢) limm.

r—3-2 3yt — x-s] r—]

—x* khix<l
X khix=1.

Tim cde gigi han Iinlq Sf(x); Iin|1 fix), Ii_rrll f(x) (néu ca).

. Tim céc gidi han sau:

a) lim 4'1‘:4‘3; h) lim Z . ¢) lim I-+I,
repim Dy X=p 1:3_1:4-] T |

. Tim céc gion han sau:

; | : : X
a) lim —; b) lim (1-x%): ¢) lim——.
}l'—1"|'x+1 :Ia--ur.( T ) }1-|‘| 3...x

. Trong hé 6 chira 6000 lit nirde ngot. Ngudi ta bom nude bién ¢ ndng do mubi 1a 30 gam/lit

vo hd voi 16¢ do 15 livphat.

a) Chirng 16 ring ndng do mudi cua nude trong hd sau ¢ phat ké tir khi bit dédu bom la
30t
Clty=— am/lit),
® 400 + 1 - }

b) Nf:-ng do mudi trong hé nhur thé ndo néu  —» +e,

Mot thiu kinh hoi tu co tiéu ey 1a J = 0 khing d6i. Goi d va d' 1in lugt 14 khoing cich tir

vit thit va anh ctia n6 téi quang tim O cua thiu kinh (Hinh 5). Ta c6 cong thire: ) + L' = L
g d d f
hay d' = ——.
d—f y
Xét ham so g(d) = d—"%: Tim cac gicn han sau day va giai thich ¥ nghia.
a) ,.th}l- gld); b) ﬂﬂ g(d).
B = . e EEEEEEEPEEEE
’ J: ! 4 :
& i




Bai 3. Ham s0 lién tuc

Tif khoa: Ham s4 lién tuc tai mot diém; Ham sd lién tuc trén mot khodng;
Ham sé lién tuc trén mot doan;
Tinh lién tuc clia téng, hiéu, tich, thuong ciia hai ham sé lién tuc;
Tinh lién tuc cia mét s6 ham sé so cap co ban.

IIII,"'_"\\.
\ b f'JI-lai @6 thi & hai hinh dudi day cho biét phi gii xe y ctia 6 t6 con (tinh theo 10 nghin dong)

theo thoi gian g x (tinh theo gio) cda hai bai xe. C6 nhan xét gi vé su thay déi clia
56 tién phi phai tra theo thoi gian giti & mdi bai xe?

Pk VA
4 4
[ —
3 3 o—a
e
2 2 o—u
| | f—
ol T 2 3 4 .5 ¢ | I
a) Baixe A b) Baixe B

1. Ham s& lién tuc tai mét diém "

I khi0<x<l ;

) : . . y=f(x)
‘,@ Cho hamso y= f(x)=<1+x Khil<x<2 /\

5=x khi2<x<3

c6 d6 thi nhu Hinh 1. e

L)

. oy e d 2 Lo v Eritu .
Tarmordiémx, = | vix, =2, cotOn ta1 gidrhan lim /(x)
r=3Xy

0 1 2 3

khong? Néu co, g1o1 han do co hfmg_f'{r{,: khing? Hinh 1

Cho ham so y = f(x) xac dinh trén khoang K va x, € K.
Ham s6 v = f(x) duoc goi 1a lién tuc tgi diém x, néu lim f(x)= f(x,).

Nhdén xét: Dé ham s6 y = £ (x) lién tuc tai x, thi phai c6 ca ba diéu sau;

I. Ham so xéc dinh tai x,; 2. Ton tai lim f(x); 3. lim f(x)= f(x,).

A=rXy



Chi y:
Khi ham s6 y = f(x) khong lién tuc tai diém x, thi ta noi f'(x) gidn dean tai diém x, va
x, duge goi la diém gidn doan cua ham so f(x).
Vi du 1. Xét tinh lién tuc cua ham so; |
=P+ It dibm =2 ) fe=iF T4 X0 ot =0,
2x khix <0

Giati

a)Taco f(2)=3va lri_r.rzlf[x}z_ltiﬂ{f ~2x43)=2"-2.243=3,suyra lim f(x) = /(2).

Viy ham 50 v = flx) lién tyuc tai diém x, = 2,

J?
b)Taco: f(0)=2.0=0;
3
lim f(x)=1lm(2x)=2lmx=2.0=0; 247!
x=lr xesll” =l
lim f(x)=lim(x* +2)=042=2. sl lot
K’ -l b | ¥
Suy ra khong ton lai hn?I S /4o
Viy ham s6 y = f(x) khéng lién tuc tai diém x, = 0.
Hinh 2

& Xét tinh lién tuc cia ham so:
¥ +1 khixsl

tai diém x, = 1.

a)f(x) =1 —x" tai diém x, = 3; b) f(x) =
/ ' {-x khix <1

2. Ham sé lién tuc trén mét khodng, trén mét doan
o , |x+1 khil<x<2
Cho haimso v= fi{x)= .
4 ‘g P 1 k' khi x=1,
a) Xét tinh lién tye cia ham s6 tai moi diém x, e (1: 2).
b) Tim lim /(x) va so sanh gid tri ndy vai /(2).

¢) Vi gid tri ndo cua k thi lim f(x)=k?
y=#]"

e Cho ham s v = f(x) xdc dinh trén khodng (a; b).
Ham s6 y = [ (x) duge goi la lién tuc trén khodng (a; b) néu f(x) lién tuc tai moi diém
trong khoang dy.

e Cho ham 56 y = f(x) xdc dinh trén doan [a; b].
Ham so [(x) duge goi la lién tuc trén dogn [a; b] néu f(x) lién tuc trén khoang (a; b) va
lim f(x)= f(a), lim f(x) = /(b).



Nhén xét: Do thi cia ham sé y = f(x) lién Ay
tuc trén doan [a; b] la mét dudng lién,

cd diém ddu, diém cudi (Hinh 3). Néu /B f- o ,
hai diém nay nam vé hai phia so vdi truc |
hoanh thi dudng lién noi trén ludn cit truc a /—‘-\ v
hoanh tai it nhat mot diém. Diéu nay co ol ' /e gy 5 %
thé duge phat biéu dudi dang nhu sau; /

Néu ham s ¥ = £ (x) lién tuc trén doan [a)
la; b] va f(a) . f(b) < 0 thi lubn ton tai _—
it nhat mot diém ¢ € (a; b) sao cho f(¢) =0.

Vidu 2. Xét tinh lién tuc cia ham sé £(x) =v1—x* trén doan [-1; 1],

Giai
¥
Vot moi x, € (<1; 1), ta cd: 'f__ T
B i [ Uik
lim £(x)= lim /1’ =\/|- limx® = \1-x) = f(x,). /” N\
Do d6 f(x) lién tue tai moi diém x, € (-1; 1), : , \I >
- - x
Ta lai ¢o: i
lim f(x)= lim J1=x* = [I- lim x* =J1=1=0= f(-1),
r=p=1" =t §=w=]'

lim £(x) = lim y/1- %’ =\/1 ~limx* =VI-1=0=£(1).

il bl

Vay ham 50 ¥ =f(x) lién tyc trén doan |-1; 1] (Hinh 4).

% Xét tinh lién tue cia him s6 p=yx—1+42-x trén[1; 2].

(ﬁ"} Tai mdt xudmg san xudt bot da thach anh, gia ban (tinh theo nghin dong) cua x (kg) bét
~ da thach anh dugc tinh theo cong thire sau;

4.5x khi0<x=<400
dx+k khi x> 400
a) Vai k=0, xét tinh lién tuc cua ham sd P(x) trén (0; +o0),

b) V@i gia trj nao cua k thi ham 50 P(x) lién tyc trén (0; +o0)?

P(x) = (k la mét hing s0).

3. Tinh lién tuc cua ham sé so cap

‘,@ Cho hai ham sb J-'zf[x):% va y=g(x)=+4-x.
I-—

a) Tim tip xac dinh ctia mdi ham 50 da cho.
b) Mdi ham s6 trén lién tuc trén nhitng khoang nao? Giai thich,



Nhé céc phép tinh trén gioi han ham s, ¢6 thé kiém tra cic ham s6 y = f(x) va y = g(x) & /5
lién tuc trén tng khoang cua tip xac dinh cua ching. Mo rdng hon, ta thira nhan cic két qua sau:
"F . Ham sb da thitc y = P(x), céic ham s6 luong gidc v = sinx, y = cosx lién tuc trén B,
: Hﬁmsﬁphﬁnlhfrcy=—g—gf%,hﬁmsﬁcanthim y = JPG) , céc ham sb luong gifc y = tan x,
x
v = cot x lién tuc trén cac khoang cua tip xac dinh cua ching.

Trong do P(x) va Q(x) la cac da thirc.

Nhan xét: Ham sd thue nhimg loai trén dugce goi chung 1 hdm sé so edp.
Sau déy, khi noi xét tinh lién tuc ciia mot ham sé ma khong noi gi thém thi ta xét tinh lién tuc
cia ham s6 do trén nhimg khoang coa tip xéac dinh cia no.
Vi du 3. Xét tinh lién tuc cua céc ham so sau;
2 —
a)y =3¢ — 4+ Sy 2; By e A
=2
Giai
a) y = 3x’ — 4x" + Sx + 2 14 ham s6 da thirc nén né lién tye trén B;
1 I
b) y= 3’”—’;'1 12 ham 4 phin thirc, ¢6 tp xic dinh (<; 2) U (25 +%0) nén nb lién tuc
x —
trén céc khoang (~o0; 2) v (2; +=);

% Xét tinh lién tuc cia ham s6 y=+/x" —4.

Z = 0

& Cho ham s6 f(x)= X
a khi x =0,

Tim a dé ham s6 v = f(x) lién tyc trén R,
%, Mot hng taxi dua ra gid cuoe 7(x) (ddng) khi di
quiang duong x (km) cho loai xe 4 chd nhu sau;

10000 klm0<x<0,7
T(x)=<10000+(x-0,7).14000 khi0,7<x<20
280200 +(x—20).12000 khi x> 20,

Xeét tinh lién tyc cua ham s T(x). Hinh 5

4. Téng, hiéu, tich thweong cliia ham sé lién tuc

'Q Cho hai him Sél }i':.f(x]:% va y:g(x]:ﬁil.-x_
=

Ham sﬁy = f(x) + g(x) ¢o lién tuc tal x = 2 khong? Giai thich.




Cho hai ham s6 y = f(x) vi y = g(x) lién tuc tai diém x,. Khi do:
* Cac ham sﬁy =fx)+gx),y=f(x)—gx) vay=[f(x).g(x) lién tuec tai x,.

* Ham sb y =M lién tuc tai x, néu g (x,) # 0.
glx)

Vi dy 4. Xét tinh lién tuc cta him sé p =0
x+1
Giai
Tap xac dinh cua ham s0: D= (~w: 1)U (-1; +). .
Céac ham s6 y = sinx va y=x + 1 lién tuc tai moi diém x, € R. Do d6, ham s y = %

lién tue tai moi diém x, # =1 (hay lién tuc trén cac khoang (=0; 1) va (=1; +)).
% Xét linh lién tue cua cac ham sb:

a) y=ax'+1+3-x

X
b) ¥y= COS X

i o
(ﬁ"} Trong mit phing toa d Oxy, cho dudmg tron (C)

o tim O, ban kinh bang 1. Mot duong thang d thay ()
doi, lubn vudng goc voi true hodnh, it true hodnh
tai diém M co Imﬂph do x (-1 <x < 1) va ¢iit dudmg
trom () tai cac digm N va P (xem Hinh 6).

a) Viét bicu thirc S(x) bicu thi dién tich cua tam gidc ONP.
b) Ham s6 y = S(x) ¢6 lién tye trén (~1; 1) khong? Giai thich,

¢) Tim cac gid han lim S(x) va lim S(x).
="

x|
BAI TAP

1. Xét tinh lién tuc coa ham so:

¥ +1 khix20 . .. x*+2 khix=2l . ..
a) fix)= taidiemx=0; b)f(x)= tai diemx=1.
)/ () {l—.x khix <0 £ )/ (x) {x khix<l| 4
x -4 .
2. Chohamsb f(x)=1 x32 M¥*~2
a khi x =-2.

Tim a dé ham s6 v ={(x) lién tuc trén .



3. Xét tinh lién tuc cia cac ham sb sau:
a) f(x}=ﬁ; b) g(x)=\.l'9—x1; ¢) h(x)=cosx+tanx.

4. Cho ham s6 f(x) =2x —sinx, g(x) = Vx—1.
S(x)

Xét tinh lién tuc ham sé y =f(x) . g(x) va y="—"—.
g(x)

5. Mot bai diau xe 6 t6 dua ra gia C(x) (ddng) khi thoi gian dau xe 1a x (gio) nhu sau;
60000 khi 0 <x < 2;
Clx)=1100000 khi 2 <x <4,
200000 khi 4 < x < 24,
Xeét tinh lién tuc cua ham s6 C(x).
6. Luc hiip din do Trai Bét tac dung lén mot don vi khoi lugng ¢ khoang cach » tinh tir tim cua

no la
G Mr
7

khi0<r<R

trong dd M 14 khéi luong, R 12 bén kinh cua Trai DAt, G 14 hing sb hip dan.
Ham s6 £(r) ¢6 lién tuc trén (0; + =) khong?

1
CAU HOI TRAC NGHIEM 3. lim ™~ ': bing:
vl oy —
Chon phuong dn ding. A 0. B. 6.
1. [irn—ﬂ";3 bang: C.3 D,
n 4. Ham sb
Al B. 0. _|x*+2x+m khix=z2
g3 D.2. f)= 3 khi x < 2
2. Téng cia cAp sb nhan 1i vo han: lién tuc taix =2 khi
M=1 1 1 1 i A.m=3. B.m=35.
= +"£+E?+.,,+1';+,., ng. Com=-3. D.m=-5.
3 5 e e .
A —. B. —. 5. :
4 4 rl—’-IEﬂ ¥ bing
- =L
oS n2 A2 °
3 5 C. 0. D. 1.




BAITAPTYU LUAN 9. Tim cac gioi han sau:

. =x+2 i X2
6. Tim céc giti han sau: a) lim ——=:  b) lim= —.
=iw 4] rp—e
a) lim 3”“1; b) lim Ata : 10. Tim cac gidi han sau:
a) lim——;  b) lim—>—
¢) lim d) lim(n+l}(2n+2} it x—4 ' 42 oy
3n+1 = '

11. Xét tinh lién tuc cua ham s

Wvr+4 khix=0

2eosxy kKhix<0.

7. Cho tam gidc déu cd canh bing a, goi la
tam gidc /1, Noi céc trung diém coa /7, dé S(x) ={
tao thinh tam gigc H,. Tiép theo, ndi cic
trung diém cua /7, dé tao thanh tam gide /7, 12, Cho ham sé

(Hinh 1). Cir tiép tuc nhu viy, nhéin dugc 225 |

day tam gidc H,, H,, H., ... g W g

Tinh tong chu vi va tong dién tich cic tam a khi x = 5.

gidc cua day. Tim @ dé ham s6 y = f(x) lién tye trén 1.

13. Trong mt phong thi nghigm, nhiét d
trong i sdy duge diéu khién ting tir 10 °C,
mdi phut tang 2 °C trong 60 phut, sau do
giam modi phat 3 °C trong 40 phit, Ham
s6 biéu thi nhiét o (tinh theo °C) lrong Lu
theo thén gian ¢ (tinh theo phit) c6 dang

Hinh 1 T{”_{I{Hz: khi 0 < <60
8. Tim céc gidi han sau: k=3t khi60<r<100
a) lirﬂ(f')xz -x+2) (kla hﬁng 50).
| Biét ring, T(¢) 1a ham lién tuc trén tip xac

byl dinh. Tim gid tri cia k.

= x—4
&) i ”2*7 .

r—+2 xX-



Phéin|HINHHOC VA DO LUONG

PUGNG THANG VA MAT PHANG.
Chuong IV QUAN HE SONG SONG TRONG
KHONG GIAN

Trong chugng nay, chiing ta sé tim hiéu vé khai niém duding thang, mit phing trong khdng gian va quan hé song song
giiia cac duong thing va mat phang ciing nhu iing dung cac tinh chat cla dudng thing, mat phing, quan hé

s0ng song vao viéc giadi toan va gidi quyét mot sé vin dé thuctién.

.

(ﬂ) Hoc xong chuong nay, ban c6 thé: |

A

~ Mé ta dugc cach xac dinh mat phang. Xac dinh dugc giao tuyén cla hai mat phang.
Nhan biét dugc hinh chop, hinh td dién.

— Nhan biét va van dung dudc cac tinh chat vé quan hé song song giita cic dudng thing
va mat phang. Biét st dung dinh li Thalés trong khéng gian. Gidi thich dugc tinh chat
cd ban cha hinh lang tru va hinh hép.

- Nhan biét dugc phép chiéu song song. St dung dugc phép chiéu song song dé mé ta
mot s6 hinh dnh trong thuc tién.

s7



Bai 1. Piém, dudng thang va méit phang
trong khéng gian

Tir khoa: Mat phang; Giao tuyén; Hinh chop; Tit dién; Tir dién déu.

P,

\:’) Mén hoc Hinh hoc phang tim hiéu tinh chat cia cac hinh cling thudc mét mat phang.
Mén hoc Hinh hoc khong gian tim hiéu tinh chat clia cac hinh trong khéng gian,
nhiing hinh nay c6 thé chiia nhimng diém khong cing thudc mét mét phang.

Hay phan loai cac hinh sau thanh hai nhdm hinh khic nhau.

lC e d

1. Mat phéng trong khéng gian

q Mt ban, mat bang cho ta hinh anh mdt phan
ctia mit phiing. Hay chi thém cac vi du khac
ve hinh anh mot phan cua mit phing,

Hinh 1

Diém, dudmg thiing vt mit phﬂnL, 1 ba dbi tuong co ban cua hinh hoe khéng gian. Ta da lam
quen vol diém va dudmg thing trong hinh hoc phing. Trong ph:m nay. ching ta sé lam quen
v&i mit phing.

Mat bang, mat ban, mit san nha, mat hé nudce yén lang cho ta hinh anh mat phﬁn cua mot
mat phing. Mat phang khong c6 bé day va khong c6 gigi han.

Ta thudmg dung hinh binh hanh hay mat mién goe dé biéu dién mat phing va ding chir cai
in hoa hodc chir c4i Hy Lap trong déu ngodic dé ki hi¢u mat phing,

L/ 4

a) Mit phing (P) b) Mit phing (o)
Hinh 2

Cha y: Mat phiing (P) con duoc viét tit 1a mp(P) hodc (P).




Diém thudéc mat phang
Cho hai diém A, B va mat phiang (P) nhu Hinh 3. B

4%

¥ _ Néu diém 4 thude mit phang (P) thi ta néi A nam trén (P)
hay (P) chira A, hay (P) di qua 4 vi ki hiu la 4  (P). / 4 /
P

— Néu diém B khong thugc mat phing (P) thi ta noi B nim
ngoai (P) hay (P) khong chira B va ki hiéu la B & (P). Hinh 3

Biéu dién cac hinh trong khéng gian Ién mét mét phang
Dé biéu dién mat hinh trong khong gian 1én mot mat phang (tér gidy, mat bang, ...), ta thuémg
duyra vao cac quy tic sau:
— Hinh biéu dién cua dwémg thing 14 duomg thang, cua doan thing 13 doan thing.
~ Giir nguyén tinh lién thuge (thuge hay khong thuge) giira diém véi dudmg thing hojic voi
doan thang,
— Giix nguyén tinh song song, tinh cit nhau gitra cdc duomg thing.
— Biéu dién dwomg nhin thiy biing nét ve& lién va biéu dién duong bj che Khudt bing nét vé
dirt doan,

A B C w
3 E C
qe | g B \.4
;3\ o I3 — 3
prle 3 !
y C A \
a) b) ¢) d)

Hinh 4

a) V& hinh bicu dién ctia mét hinh hop chit nhét,
b) Quan sat Hinh 4a va cho biét diém ndo thude, diém nao khéng thude mat phang (P).
¢) Quan sét Hinh 4b va cho biét diém nao thude, diém ndo khong thude mat phing (Q).

2. Cac tinh chét duoc thira nhén cla hinh hoc khéng gian

Quan sat Hinh 5 va cho biét muon gac mot
cdy sao tip nhay cao, ngudi ta can dya no
vao may diém trén hai coc do.

Hinh 5




Tinh chiit 1

0

be i a - B
* 6 mdt va chi mot duomg thing di qua hai diém A d
phén biét cho trude. Hinh 6
Duéng thang di qua hai diém phan biét 4, B duoc ki hiéu la AB. Ta cling ndi dudmg thing
AB xac dinh boi hai diém A, B.
Vidu 1. Cho ba diém phan biét M, N, P khong thiang hang. C6 bao nhiéu duong thing
di qua hai trong ba diém da cho?
Giai
Do qua hai diém phén biét chi ¢6 mot dudmng thing nén qua ba diém phén biét khong
théng hang M, N, P, ta xac dinh dugc ba dudng thiang la MN, NP va PM.
Chobdndiém A, B.C. D phéin biét, trong d6 khong
) ¢d ba diém nao thing hang. Co bao nhiéu dudng
thing di qua hai trong bon diém dé cho?
/ Quan sat Hinh 7 va cho biét gia d& may anh tiép
dit tai mdy diém. Tai sao gia A& may anh thudmg
¢t ba chan?
J Hinh 7
Tinh char 2

0

oy

1 : : C
Co mgt va chi mot mit phing di qua ba diém /I %
khéng thang hang cho trudc,

Hinh 8
Chdi y: Mat phing di qua ba diém A4, B, C khong thang hang dugc ki hi¢u la mat phang
(ABC. 0.
Vidu 2. Cho duong thang a di qua hai diém phéan biét
M, N va diém O khong thude a. Co bao nhiéu mat N ¢
phang di qua ba diem M, N, O? M
Hinh 9

Giai
Do O khéng thude a nén ba diém M, N, O khong thang hang. Do do chi ¢o mot mét phing
d1 qua ba diem M, N, O.
C6 bao nhiéu mit phiing di qua ba dinh cia
tam giac MNP?

Quan sat Hinh 10 va cho biét nguai tho mée kiém
tra mdt ban c6 phang hay khong bang mét cay
thude thang nhu thé nao.

Hinh 10



Tinh chit 3

0

Néu mét dudmg thing c6 hai diém phan biét thude n

¥ 1 % o
mét mit phing thi moi diém cua duong thang déu A4
thude mat phiang do. 5
Hinh 11
Cha y: Duing thing d niam trong mat phang (P) thuong duoc ki hiéu 1a d c (P) hoac
(PYo d.

Vidu 3. Cho ba diém A4, B, C khéng thing hang va mt diém M nim trén dudng thing BC.
Goi (P) 1a mit phang di qua ba diém 4, B, C. Chimg 16 ring M € (P).

Giai
Ap dung tinh chit 2, ta ¢6 (P) 1a mit phing duy nhit

. . : M
di qua ba diém A4, B, C. Ap dung tinh chat 3, ta cé moi ’
diém cua dudmg thang BC déu thude mit phing (P). B :
Ta g1 c6 M € BC (g thiét), Suy ra M e (P).
P i

Hinh 12

@ Cho mit pi'lﬁ.lljr (Q) di qua bon dinh clia tir gide
: ABCD. Cic diém nim trén cdc duomg chéo cua

tr giac ABCD co thudc mit ph&nz, () khong?
Giai thich.

Quan sat Hinh 13 va cho biét bon dinh 4, B, €, D

ry il PR . 3 d
cua cdi banh gid ¢6 cing ndm trén mot mit phang
hay khong.
Hinh 13
Tinh chir 4
W

Tén tai bon diém khong ciing nam trén mot mat phang.

Chay: Néu ¢6 nhiéu diém cung thudc mot mit phﬁng thi ta no1 nhimg diém do .f]’::f:ﬂg phﬁng,
con néu khong c6 mit phang nao chira cic diém do thi ta noi ching khéng dong phang.
Vi du 4. Cho bon diém A, B, C, D khong cing nim trén mdt mit phang, Cé bao nhiéu
mat phing di qua ba trong bon diém da cho?

Giai
Goi 4, B, C, D 1a bon diém khong cung nam trén mot mat phiang trong khong gian (16n tai
theo tinh chit 4), Ta xac dinh dugre bdn miit phﬁng phan biét la: (ABC), (ABD), (ACD), (BCD).

Cho tam gide MNP va cho diém O khong thude mat phang chira ba diém M, N, P,
Tim cac mat phang phan bié¢t duge xéac dinh tir bon diém M, N, P, O.

o1



Quan sat Hinh 14 va md ta phin giao nhau cua hai

o birc tudng.

Hinh 14

Tinh chit 5

0- ‘ 1 v \p
®  Néu hai mjt phing phan biét c6 mjt diém chung Q/
d

thi ching ¢ mot dudng thing chung duy nhét
chira tat ca cace diém chung caa hai mét phiang do.

Hinh 15
Chi y: Dudmg thang d chung ctia hai mit phang (P) va (Q) duge goi 1a giae tuyén cuia (P)
va (Q), ki higu d= (P) n (Q).

Vi du 5. Cho tam giac ABC va mot diém O khéng thube mit phﬁng (ABC). Xic dinh
giao tuyén cua hai mit phing (OAB) va (4BC),

Giai
Ta c6 A, B la hai diém chung ctia hai mat phang (OA4B) va (ABC). Suy ra A8 la giao tuyén
cua hai miit phing (OAB) va (ABC).

Cho A, B, C la ba diém chung cua hai miit phing i
: phin biét (o) va () (Hinh 16). Chimg minh 4, B, C
thang hing. C
o p
Hinh 16
’® Trong mit ph-.-"ing (P), cho tam gidc ABC ¢c6 M, N A
, . M
lan lugt 1a trung diém cua cic doan thang AB, AC N
(Hinh 17). Tinh ti s§ 2. §
BC r C
Hinh 17
Tinh chiit 6

Trong moi mat phing, cac két qua da biét cia hinh hoc phing déu ding.



Vidu 6. Cho bén diém A, B, C, D khong cling nam trén
mot mét phiang.

a) Goi O la trung diém cua CD, G va G' lin lurgt 1a
trong tdm cua tam gidc ACD va BCD. Chimg minh
GG'// AB.

b) Cho diém E trén AB sao cho EG ¢iit mit phing
di qua ba diém B, C, D tai F. Chieng minh bon diém :
B, G', O, F thing hang. Hinh 18

Giai
a) Goi (P) 1d miit phiing di qua ba diém O, A, B duge xic dinh theo tinh chit 2.
Trong mit phﬁng () ta ¢o:
0G| y. .. - .
Od 3 (vi G 14 trong tAm cua tam giae ACD);
)G
% =— (vi G' la trong tam cua lam giac BCD).
OG {’J{""
X 7 11 AB.
04 OB suy ra GG [/ AB

b) Goi (Q) ld milt phiing di qua ba diém 8, C, D. Cic diém B, G, O, F 1a diém chung cua
hai mat phing phan biét () va (). Theo tinh chat 5, chiing phai cting ndm trén giao tuyén
cua () va (Q). Viy B, G', O, F thfmg hing,

('“‘W I;u 580 muon canh cira dong ma duge ém thi cic
diém gin ban 1é& A, B, C cua cdnh cira va mit ong
(Hinh 19) phai ciing nam trén mot duomg thang?

3. Cach xac dinh mat phang Hinh 19
Theo tinh chét 2 da biét:

o

* Mot mat phing duge xac dinh néu biét né chira ba A,
diém khong thiang hing, .
B o
Mit phiang xdc dinh boi ba diém A, B, C khéng thing Hinh 20

hang ki hi¢u la mp(4BC) hay (48C) (Hinh 20),




Vidu 7. Cho ba diém A, B, C khong thing hang va khong ¢
ndm trong mit phing (P). Biét ba duong thing AB, AC,

BC lan luot cit (P) tai cac diém M, N, E (Hinh 21). /ﬁ// L “‘V
M

Ba diém M, N, E ¢o thing hang khong? Giai thich,

Hinh 21

Giai
Goi (Q) 1a mit phang xac dinh boi ba diém A, B, C.
TacoM e ABva AB < (Q), suyra M € (0Q).
Mt khic, M € (P). Vaiy M € (P)n (0).
Tuong tu, tacling cO N € (P) (Q) va E € (P) m (Q).
Suy ra ba diém M, N, £ thing hang vi cting nim trén duong thing giao tuyén cua hai mit
phédng () va (Q).

g Cho duomg thing a va diém 4 khong ndm trén a. Trén a 4,
lay hai diém B, C. Dudmg thing a c6 nim trong mit phang —
(ABC) khong? Gidi thich. ’E""//
Hinh 22
* MOt mit phing duge xde dinh néu biét né chira A
mét dudmg thing va mdt diém khéong thuge dudng //":T
thing do.
Hinh 23

Mt phing xac dinh bai diém A va duéng thing @ khéng qua diém A ki hiéu la mp(4, a)
hay (A, a) (Hinh 23).

Vi du 8. V&i dudmg thing d va hai diém M, N phin biét
khong thude d, ta xée dinh duge bao nhiéu méit phing? //-\
Giai
Vi duomg thiing d va diém M khong thudc d, ta xdc dinh
duoe mit phing thir nhét la (M, d). Néu diém N thude

M "
(M, d) thi ta chi xac dinh duge mét mat phang, Néu diém N
khong thuge (M, d) thi ta xac dinh duwge mat phﬁng thir hai /\
la (N, d) (Hinh 24). Hinh 24

TN




mit phiang di qua ba diém M, N. O (Hinh 25). Mit phing

@ Hai dudng thing phan biét ¢ va b cit nhau tai diém O, b w
3 ven a, b lay lan lugt hai diém M, N khic O. Goi (P) la . \o
: P M S
(P) cd chira ca hai dudmng thiang a va b khong? Giai thich.

Hinh 25
* Mot mit phing duge xdc dinh néu biét né chira hai ){
didmg thiing c¢it nhau, e
Hinh 26

Miit phing x4c¢ dinh bai diém hai dudng thing a, b ciit nhau ki hiéu Ia mp(a, b) (Hinh 26).

Vidu 9. Vi ba dudmg thing a, b, ¢ khéng cling nam trong
mét mit phing va ciing di qua mét diém O (Iinh 27), ta

xéc dinh duge bao nhiéu mit phing? 9
Giai
Tir ba cap dudng thang cit nhau a va b, b va ¢, ¢ va a, o
ta xdc dinh duge ba mat phang 1a mpla. b), mp(h, ¢), b
mp(c, a). Hinh 27

% Cho hai duong thing a va b cit nhau tai @ va diém M khong thude mp(a, b).
a) Tim giao tuyén cua hai mat phﬁllg (M. a) va (M, b).
b) Léy A, 8 ldn lugt 14 hai diém trén a, b va khie vai diém ¢, Tim giao tuyén ctia (MAR)
va mp(a, b).
¢) Lﬁy diém A' trén doan M4 va d iém B' trén dogn MB sao ¢ho dudmg I.hﬁng A'B' ¢iit
mp(a, b) tai C. Chimg minh ba diém 4, B, C thang hang.

@, Gidi thich tai sao ghé bén chan cé thé bj khap khiéng con ghé ba chan thi khéng,

Hinh 28

@ Trong xdy dung, ngudi ta thuomg ding may quét tia laser dé ké cac duong thang trén
téng hodce san nha. Tim giao tuyén cta mit phing tao bai céc tia laser 04 va OB vi
cdc mat tudng trong Hinh 29,




4.
Hi

Hinh chép va hinh t& dién
nh chép

’q"\l’] a) Céc cong trinh kién tric, do vit trong Hinh 30 ¢6 mat bén la hinh gi?

b) c)
Hink 30

b) Tim diém giéng nhau ciia cic hinh trong Hinh

D44

Hmh 1

Cho da giac 16 AAs...A, nim trong mit phi&ng () v diém § khong thude (w).
N6i S vai cde dinh 4, 4., ..., 4, ta duge n tam gide S4, 4., S4:4,, ..., S4,4,.
Hinh tao bdi n tam gide d6 va da gide 4, A4,...4, duge goi 1a hinh chdp, ki hiéu
S.A4.4,.4,

Trong hinh chop 8.4 A,...4,, ta goi:

—Diém S 1a dinh;

—Cac tam gidc S4,4,, SA.4,, ..., 54,4, 1a

cac mdr bén,

— Da giac A,45... A4, 14 mdr day,

— Céc doan thang S4,, S4,, ..., S4, lacde
canh bén:

— Céc canh cua da giac 4,4....4, 1a cic
canh ddy.

Ta goi hinh chop co day tam giac, tr giac,

ngil gidc, ... lin lurgrt 1a hinh chdp tam gidc, Hinh chop tr gide S.ABCD Hinh chop ngii gidgc S ABCDE
hinh c¢hop tir gidc, hinh chop ngi gide, ... Hinh 32

§ &

e MM ——

o Combibin

—— M bén—_

Vi du 10. Cho hinh chop 5.ABCD (Hinh 33). Goi tén cac mit bén, mit day, canh bén,
canh day cua hinh chop 5.ABCD.



Gidgi N
Hinh chop S.ABCD cé:
e Cac mit bén: S4B, SBC, SCD, SDA,;

e Mat day ABCD; y
e (Cac canh bén: S4, S8, 5C, SD; C
e Cac canh déy: 4B, BC, CD, DA. B

Hinh tir dién dadde

'@ Trong Hinh 34, hinh chép nio c6 sb mét it nhét?

b)
Hinh 34

‘e 4
* Cho bbn diém A, B. C, D khéng déng phing. Hinh tao
bai bén tam gide ABC, ACD, ADB va BCD dugc goi la

hinh ti di¢gn (hay @i dign), ki hiéu ABCD, B D

Trong tr dign ABCD (Hinh 35), ta goi:

— Cée diém A, B, C, D 1a cac dinh.

— Cac doan thﬁng AB, AC, AD, BC, CD, BD la cic eanh cua tir dién.
— Hai canh khong di qua mot dinh 1a hai canh déi dién.

— Cie tam gide ABC, ACD, ADB, BCD la cic mgt cua ur dién,

— Pinh khong thude mat mat cia tr dién 14 dink doi di¢gn voi mit do.

Hinh 35

Vidu 11. Goi tén cic mat, cdc edp canh doi dién cia nr dién
MNPQ (Hinh 36).
Giiai

Tir dign MNPQ co:

* Cac mit: MNP, MPQ, MON, NPQ. N o

* Cic ciip canh ddi dién; MN va PQ, MP va NO, MO va NP, P
Chay: Hinh 36
a) Hinh t(r dién ¢6 bon mit 1a cie tam gide déu duge goi 14 hinh tir di¢n déu.
b) Mot tir dign co thé xem nhu la mét hinh chop tam gide voi dinh 1a mot dinh tuy y cua
tir dién va day la mét cua tir dién khong chira dinh do.



Vidu 12. Cho tir dién SABC. Goi M va N lan lugt 14 hai diém trén hai canh 4B va BC sao
cho MN khong song song vai AC.
a) Tim giao diém cua duéng thing MN va mit phang (SAC).
b) Tim giao tuyén ctia cdc mit phang (SMN) va (SAC); (SAN) va (SCM).

Giai
a) Trong mit phang (ABC), vé giao diém E cua MN
vaAC. Taco E € AC,suy ra E € (S4C). Vay E la
giao diém cuia dudmg thing MN va mat phang (S4C).
b) Ta ¢6 § va £ 1a hai diém chung cta hai mit phéng
(SMN) va (54C), suy ra (SMN) N (S4C) = SE.
Trong mit phiing (4BC), vé giao diém F ctia AN va MC
Ta ¢6 § va F 14 hai diém chung cia hai mit phing
(SAN) va (SCM), suy ra (SAN) n (SCM) = SF.

Hinh 37

= 3 EREET R = H
& Cho tr dién SABC. Gor H, K lan lugt 1 hai diém (rén han canh

SAva SC(H# 8, 4; K+ 8, C) sao cho HK khong song song K
vl AC. Goi £ 1a trung diém cua BC (Hinh 38). "
a) Tim giao diém cta dudmg thing HK va mit phing (4BC). A ¢

b) Tim giao ruy{":n cha cac miit phﬂng (SAD va (ABK);
(SA0N va (BCT).

l'\&} Cho hinh chop S.ABCD. Trén ede canh bén cta hinh chop
7 lay lan lugt cdc diém A", B, €', D', Cho biét AC cit BD
tai O, A'C" ¢t B'D' tai O', AB cit DC tai £ va A'B' cit
D'C tai £ (Hinh 39). Chimg minh ring:
a) .S, O, O thing hang,;
b) S, £', E thing hang.

Hinh 39

Lﬁg Néu cach tao lap tir dién déu SABC tir tam gidc déu S5'S" theo goi ¥ & Hinh 40.
5

Hinh 40




BAI TAP

Cho hinh chop S.ABCD, goi O la giao diém cua AC va BD. Lﬁy M, N lan ot thuoe cac
canh S4, SC.

a) Chirng minh duémg thing MN nim trong mat phing (S40).

b) Chirng minh © la diém chung cia hai mit phing (S4C) va (SBD).

. Cho hinh chop S.ABCD c¢6 day 14 hinh binh hanh., Goi M 14 trung diém cua SC.

a) Tim giao diém / cua duong thing AM va mit phang (SBD). Chimg minh /4 = 2IM.
b) Tim giao diém £ cia dudmg thiang SD va mit phang (4BM).

¢) Goi N la mét diém tuy y trén canh AB8. Tim giao diém cua duong thang MN va mat
phang (SBD).

. Cho hinh chép S.ABCD c6 day 1a hinh binh hianh, Goi O la giao diém cia AC va BD; M, N

lan luwgt 14 trung diém cua SB, SD; P thude dogn SC va khong 14 trung diém coa SC.
a) Tim giao diém £ cta duong thing SO vi mit phang (MNP).
b) Tim giao diém O cua dudmg thing S4 va mit phing (MNP).

¢) Goi 1, J, K lan luot 1a 2iao diém cua OM va AB, QP va AC, ON v AD. Chimmg minh /, J, K
thang hang.

. Cho tir dién ABCD. Goi E, F, G lan luot 1d ba diém trén ba canh AB, AC. BD sao cho EF cit

BC tai I (I # C), EG cit AD tai H (I # D).
a) Tim giao tuyrfin cua cdc mjt phi‘:ug (EFG) va (BCD); (EFG) va (ACD),
b) Chirng minh ba dudmg thing €D, IG, HF clng di qua mot diém.

Thuoe laser phat ra tia laser, khi tia nay quay € tgo ra mit
phiing dnh sang (Hinh 41). Giai thich tai sao cic thudce ké
laser lai gitip nguoi the xdy dyng ké duge dudng thang
trén tudmg hodc sin nha.

Hinh 41




Bai 2. Hai dudng thang song song

Tir khod: Hai dudng thang ddng phang; Hai dudng thang song song;
Hai duéing thang chéo nhau.

@ Mo ta vi tri giﬁa:&::ﬁpﬂuﬁng .

trong hinh hin.

1. Vj tri twong déi clia hai duwéng thang trong khéng gian

’@ a) Néu ede treomg hop ¢6 thé xay ra ddi vai hai duomg thang a, b cling ndm trong mit
mit phiing.

= £/ i

Hinh 1

b) Cho tir dién ABCD, Hai dudmg thing AB va CD ¢6
cling nim trong bét ki mat phing nao khong?

Vi
Hinh 2

Cho hai dudng thang a va b trong khong gian. Khi d6 ¢é thé xay ra mot trong hai trudmng

hep sau:

— Truwdmg hgp 1: Co mot mit phing chira @ va b. Khi d6 ta ndi a va b dong phang. Theo két

qua cua hinh hoc phang, c6 ba kha nang sau ddy xay ra:

* Néu a va b ¢6 hai diém chung thi ta ndi a tring b, ki hiéu a = b

» Néu a va b ¢c6 mot diém chung duy nhit M thi ta néi a va b cdt nhau tai M, ki hiéu

amb=M.

» Néu a va b khong cé diém chung thi ta ndi a va b song song véi nhau, ki hiéu a // b,



— Truwdomg hop 2: Khing co mit phz:mg nao chira ca a va b. Khi d6 ta néi hai duong thang
a va b chéo nhau hay a chéo voi b
\lu'

WS A= b

= anb=M allb abuhe&nhau

a) b) c) d)
Hinh 3

* Hai dudng thing goi 13 song seng néu ching nam trong ciing mdt mat phing va khong

¢6 diém chung.

Chuy:

a) Hai dudmg thiing goi 14 ehée nhau néu ching khong dong phiing.

b) Cho hai dudmg thiing song song @ va b. C6 duy nhit mot mét phing chira hai dudmg

thiing do, ki hiéu mp(a, b).

Vi du 1. Cho tir dién ABCD ¢6 M, N lin luot la trung diém cta A8, AC. Xét vi tri

twong doi cua cdc cdp dudmg thing sau day:

a) MN va BC; b) AN va CD; ¢) MNva CD,
Giai

a) Trong mit phing (4BC), ta ¢c6 MN 1a duémg trung bink

cua tam gide ABC, suy ra MN // BC,

b) Trong mat phiing (ACD), ta ¢6 AN ¢t €D tai diém C.

¢) Gia sir MN va €D ciing nam trong mot mdt phing (),

suy ra dutmg thiing NC' nam trong (P), suy ra (P) chia diém 4. 8

Tuong ty, ta cling ¢d AM nam trong (P), suy ra (P) chia

diém B. Suy ra (P) chira ¢i bdn dinh cua tir dién ABCD.

Diéu nay vé Ii,

Viy hai duong thing MN va CD khong nidm trong bat ki

miit phiing nao, suy ra MN chéo vai CD.

Cho hinh chop S ABCD ¢6 day ABCD lid hinh binh hanh.
Xet vi tri twong ddi cua cac cdp duong thing sau day:

a)ABva CD; b) §4 va SC; ¢) 84 va BC.

Hinh 5




™,
| II - . [ r rl . 5 At
l'@"l Hay chi ra cac vi du v¢ hai duong t!lang’ song song,
cit nhau va chéo nhau trong hinh cau sat & Hinh 6.

Hinh 6

2. Tinh chdt co ban vé hai duéng thang song song
@ a) Trong khong gian, cho diém M ¢ ngoai dudmg thing d, M d'
Dat (P) = mp(M, d). Trong (P), qua M v& dudmg thiang o d
song song voi d, dat (Q) = mp(d, d'). Co thé khang dinh
Hinh 7

hai mt phing (P) va (Q) tring nhau khéng?

b) Cho ba mit phing (£). (Q). (R) ¢it nhau theo ba giao tuyén a, b, ¢ phin biét véi
a=(P)m (R b= (R) ¢ =(P)(Q) (Hinh 8).

Néu a va b ¢o diém chung M thi diém M ¢ thude ¢ khong?

// i E ; =
i

M

4

(4 i)

H )

//{}'

a) b)
Hinh &8

I
i
|
I
|
i
I
|
i
I
I
I
i
o

Tir khim pha trén, ta ¢6 cac dinh li sau:
Pinh Ii 1

-

% Trong khéng gian, qua m6t diém ndm ngodi mét dwdmg thing, ¢6 mot va chi mot
dudmg thang song song vai dudmg thing do.

Vidu 2. Cho tr dién ABCD. Trong mit phﬁng (ABC) vé ‘H..H
hinh binh hanh ACBE. Goi d 1a dudng thing trong khm‘;g
gian di qua A va song song v&i BC. Chimg minh diém E
thude dudng thing d,

Giai
Ta cd ACBE la hinh binh hanh, suy ra AE // BC. Do trong
khong gian chi ¢6 duy nhit mot dudmg thing di qua 4 va
song song véi BC, suy ra AE phii tring d, vy diém E phai
thude d.




Cho hinh chép 5. ABCD. V& hinh thang ADMS c¢6 hai day 1a AD va MS. Goi d la dudmg thing
trong khong gian di qua S va song song véi AD. Chimg minh duong thing d nam trong
mit phing (SA4D).

Dinh Ii 2
"% Néu ba mat phing doi mot cit nhau theo ba giao tuyén phan biét thi ba giao tuyén ay
hodc dong quy hodc déi mdt song song.

Vidu 3.
a) Trong Hinh 10a, hai tam giac ABC va ABD khéng cung nim trong mdt mit phing.
Tim ba cip mdt phing ¢ ba giao tuyén dong quy.
b) Trong Hinh 10b, hai hinh binh hanh ABCD va ABMN khéng ciing ndm trong mdt mit
phiing. Tim ba cap mit phing c6 ba giao tuyén song song.

D N {

¢ D '
a) b)
Hinh 10

Giai

a) Trong Hinh 10a, ta ¢d:
(BAC) N (BAD) = BA; (BAC) n (BCD) = BC, (BCD)  (BAD) = BD.
Ba giao tuyén vira néu dong quy tai 5. Viy ba ciip mét phing co ba giao tuyén dong quy la
(BAC) v (BADY), (BAC) vt (BCDY), (BCD) va (BAD).
b) Trong Hinh 10b, ta cé:
(ABCD)  (ABMN) = AB, (ABCD)  (CDNM) = CD;, (CONM) o (ABMN) = MN.
Ta c6 AB [/ €D [l MN. Viy ba ciip mit phiing ¢o ba giao tuyén song song la (4ABCD) va
(ABMN); (ABCD) via (CDNM), (CDNM) vt (ABMN).

T Dinh 1§ 2, ta ¢6 h¢ qua sau;

H¢ qua

* Néu hai mat phing phan biét lan luot di qua hai duong thing song song thi giao tuyén

cila chting (néu c6) song song vai hai duomg thing do hofic tring véi mot trong hai

duomg thing do.
o, (1
F d, d, ; d,
a) b) c)

Hinh 11



Vi du 4. Cho hinh chop §.ABCD co day la hinh binh hanh.
Xae dinh giao tuyén cua hai mat phang (SBC) va (SAD).

Giai
Hai mat phang (SBC) va (SAD) c6 diém chung S va 1an lugt
di qua hai dudng thing song song BC va AD, suy ra theo hé
qua ctia Pinh i 2, giao tuyén cta (SBC) va (SAD) la duomg

thiing d di qua S va song song véi BC va AD (Hinh 12), Hinh 12
) Tadabiét trong ciing mot mdt phing, hai duomg thing phén biét cing song song vai mot
dudmng thing thir ba thi song song vdi nhau (Hinh 13a).
Trong khong gian, cho ba dudmg thing a. b, ¢ khong dong phiing, a va b clng song song
voi ¢. Goi M 1a diém thude a, d 13 giao tuyén cia mp(a, ¢) va mp(M, b) (Hinh 13b).
Dob/lenéntacod// bvad// c. Gia thich ta sao d phii tring v a. Tu do, néu két luan
vé vitri gira a va b
Y
\R M
:K h / il ¢ /
h
a) b)
Hinh 13
BPinh li 3

0:

Hai dudmg thing phan biét cling song song véi mot dudmg thang thir ba thi song song
v nhau.

Chii y: Khi hai dudmg thing phan biét a, b cang song song vii duong thing c thi ta c6 thé
ki hiéu la a // b // ¢ va goi 1a ba dwomg thdng song song.
Vidu5.Goi M, N, P, O, R, § li trung diém cac canh cia
tr di¢n ABCD nhu Hinh 14. Chimg minh rang cac doan
thing MN, PO, RS ¢6 cung trung diém,

Gidi
Ta ¢6 MP la dudng trung binh cua tam gidc ABC, suy ra

MP !l ACva MP = ~2—C

Ta ciing c6 ON la dudng trung binh cua tam giac ADC, Hinh 14
iy i QNI AC RO = 25



MP va QN cung song song vai AC suy ra MP // ON. T giac MPNQ c6 hai canh doi
song song va bang nhau nén 14 hinh binh hanh, suy ra MN va QP ¢6 cling trung diém /.
Chimg minh tuong ty ta ciing ¢ MN va RS ¢o cing trung diém /. Viy cac doan thing MN,
PO, RS c6 cing trung di¢m.

% Cho tir dién ABCD ¢6 [ va J lan gt [a trung diém cua cac
- canh BC va BD, Goi (P) la mat phing di qua [/, J va ciat hai
canh AC va AD lan lugt tai Mva N.
a) Chirng minh JJNM 14 mét hinh thang.
b) Tim vj tri cua diém M dé IJNM 1a hinh binh hanh.

Hinh 15

1'@& M6t chiée 1éu (Hinh 16a) duge minh hoa nhu Hinh 14b.
a) Tim ba mat phing cit nhau timg d6i mdt theo ba giao twyén song song,

b) Tim ba mat phiing ¢t nhau timg d6i mot theo ba giao tuyén déng quy.

Hinh 16

BAI TAP

1. Cho hai dudmg thing song song a va b. Ménh dé sau day dung hay sai?

a) Mot duong lhﬁng ¢ ¢iit @ thi cling ciit b
b) Mét dudng thang ¢ chéo vai a thi ciing chéo voi b,




2. Cho hinh chép S.ABC va diém M thuée mién trong tam giac ABC
(Hinh 17). Qua M, v& dudmg thang o song song véi SA, cit (SBC) C
tai N. Trén hinh v&, hiiy chi rd vi tri ctia diém N va xdc dinh 4
giao tuyén cua hai mat phang (SAC) va (CMN). i
Hinh 17
3. Cho hinh chép S.ABCD ¢6 diy ABCD li hinh binh hanh.
a) Tim giao tuyén cua hai mit phing (SCD) va (S4B).
b) Lay mdt diém M trén doan S4 (M khéc § va 4), mit phing (BCM) cit SD tai N. Tir gidc
CBMN la hinh gi?

4. Cho hinh chép S.4BCD c6 day l1a hinh binh hanh. Goi / 1a trung diém cia SO. Hai mat
phéng (IAC) va (SBC) ciit nhau theo giao tuyén Cx. Chitng minh rang Cx // SB.

Cho hinh chép S.ABCD c6 day 14 hinh binh hanh, AC va BD cit nhau tai 0. Goi I 14 trung
diém ctia SO. Mt phiing (/CD) ¢iit SA. SB lin lwot tai M, N.

a) Hily noi cich xdc dinh hai diém M va N. Cho AB = a. Tinh MN theo a.

b) Trong miit phing (CPMN), goi K 14 giao diém cua CN va DM, Chimg minh SK // BC I/ AD,

L

6. Chi ra cic dudmg thing song song (rong moi hinh sau. Tim thém mdt s6 vi dy khic vé chc
duéng thing song song trong thye t¢,




ai 3. Pudng thang va mat phang
song song

Tir khoa: Duting thing song song vdi mat phing.

@ Duding thing atrén mép hién ctia toa nha
¢6 diém nao chung véi mat (P) cia phd
di b Nguyén Hué khong?

1. Pudng thang song song vé&i mét phang

M
'@) Cho hai hinh binh hanh ABCD vii ABMN khong déng
phing, Tim s6 giao diém cua mat phing (4BCD) lin
lugt vai cde dudmg thing MN, MA va AC. : 8
D C

Hinh 1
Cho dudng thing ¢ va mét phing (). Khi do ¢o the xay ra mét trong ba trudng hop sau:
— Trwimg hgp 1: a va (P) ¢6 tir hai diém chung phén biét trg [én (Hinh 2a), suy ra moi
diém thudc a déu thude (P), ta néi a nim trong (), ki hi¢u a < (P).

— Truwdng hop 2: a v (P) ¢6 mit diém chung duy nhét 4 (Hinh 2b), ta noi a ciit (P)
tai 4, ki hi¢ua (P) = A,

— Truwimg hop 3: a vi (P) khéng ¢6 diém chung ndo (Hinh 2¢), ta ndi @ song song vai (P),
ki hiéu a // (P).

\d a
KT K T
a) b) ¢)

Hinh 2

- -

A Duémg thing a song song vai mat phang (P) néu chung khong cé diém chung,

Vidu 1. Trong S5, xdc dinh vj tri twong ddi cia mat phang (4BMN) lan lugt véi cac
dudmg thang CD, BD va BN,



Gidai
Néu €D c6 diém chung O v&i (A4BMN) thi O thuée N M

giao tuyén 4B cua hai mat phang (ABCD) va (ABMN),

suy ra CD cat AB (méu thudn voi gia thiét ABCD la

hinh binh hanh). Vay CD // (ABMN), A B
BD c6 mét diem chung duy nhat B vdi (4BMN), suy ra M/
BD cit (ABMN) tai B.

) f &
BN c¢o6 hai diém chung 8 va N véi (ABMN), suy ra
BN < (ABMN). Hinh 3

Cho E va F lan lwet 14 trung diém cac canh AB va AC cua
tir dién ABCD. Xac dinh vi tri twong dbi cta che dudmg
thang BC, AD va EF véi mat phang (BCD).

Hinh 4

2. Piéu kién dé mét duwong théng song song véi mét mat phéng

@ Cho dudmg thing a khéng nim trong mEiI phing ()

vil g song song vl mol dudmg Ih:ing. b niim trong (P). \¢
biL (Q) = mpla, b).

a) Tim giao tuyen cia hai mjt phéing () v (). e

b) Gia str @ ¢6 diém chung M véi (P) thi diém M
phai nam trén duomg thing nao? Diéu nay ¢ tral
v gia thiét a // b hay khong?

Ta ¢ dinh li:
Binh i 1

0

¥ Néu dudmg thang a khong nim trong miit phing (P) va song song

vai mdt dudmg thing b nio d6 ndm trong (P) thi a song song vai (P), o 5*
I

Vi dy 2. Cho hai diém 4, B cing thujc mat phing (P) va \C d,

mot diém C khong thuge (P). V& dudmg thing o, di qua 4, B; )

d, di qua 4, C; d, di qua C va song song vai A8 (Hinh 7). A\ B /
Tim s0 diém chung ctia moi dudng thang vira v& vai (P). /P 4 B

Xét vi tri twong d6i cia mat phéng (P) ldn lugt ddi véi cac \d;

dl.rcrng thang d,. d,, d.. Hinh 7




Gidai
Pudang thing d, chira hai diém A4, B thude (P), viy d, < (P).
Puong thing d, khéng ndm trong (P) vi ¢6 chira diém C khong thude (P). Mt khéc, d, lai
c6 diém A chung véi (P), suy ra d, cit (P) tai A,

Pudng thing d, khong nam trong (P) va song song vai dudmg thing d, nim trong (P),
suy ra d, /! (P).

% Cho hinh chép S.ABC ¢ A", B!, C' lan lrot la
trung diém ctia §4, SB, SC. Tim cac dudng thing
ldn lugt ndm trong, cit, song song vai mit phiing
(ABC).

@ Hay chi ra trong Hinh 9 ¢de dudng thiing Lin lugt
~ ndm trong, song song, il mil phing sin nha.

Hinh 9

3. Tinh chét co bén clia dwéng thang va mat phang song song

Cho dudng thing @ song song voi miit phing (P), ———~----=---+ 8
mit phiing (Q) chira a va cit (P) theo giao tuyén b "\

(Hinh 10). Trong (@), hai duong thang a, b c6 bao
nhiéu diém chung? Hinh 10

Ta co dinh 1i:
Dinh If 2

= #

"2 Cho dudmg thing a song song véi mat phing (P). Néu mit phing (Q) chia a, cit (P)
theo giao tuyén b thi a song song véi b.

Vi du 3. Cho tir dién ABCD ¢6 M va N lan luot la trong tam cua tam gidc ACD va BCD
(Hinh 11). Chimg minh dwdng thing MN song song vii cac mat phiang (CAB) va (DAB).

100



Gidi
Goi E la trung diém cua CD. Do M. N lan lugt Ia trong tam
EM _EN 1

EA EB 3

cua cic tam giac
suy ra MN // AB.
Puémg thang MN khéng niam trong (CAB) va song song
voi dudmg thiing AB nim trong (CAB), suy ra MN [/ (CAB).
Tuong tur ta cling co MN /! (DAB).

Tir DPinh 1i 2, ta co cac hé qua sau:

Hé qua 1

)

¥ Cho duong thing a song song voi miit phing (2). Néu qua
diém M thudc (P) ta v dudmg thing b song song vai @ thi
b phai nim trong (P).
H¢ qua 2

0

¥ Néu hai mit phiing phén biét ciing song song vdi mot dudomg

lh'fmg thi giao luyéu cua ching (néu o) cling song song vl
dudmg thang do.

Hinh 12

el

h

-

4

-

Hinh 13

o

Vi du 4. Cho hinh chép S.ABC ¢b M 1a trung diém ctia AB. Goi (P) la mit phang chira CB
v song song vai SA, (@) la mat phiing chira CM v song song véi SA.

a) Tim giao tuyén cua hai mit phiing (P) va (Q).
b) V& dudmg thing b qua B vi b // SA.
Chimg minh b < (P).

f.'.r‘iti:' |
a) Ta cd hai mit phang (P) va (Q) cing cd diém
chung C va cung song song vai SA, suy ra giao luyén
cua () va (Q) la duong thing a di qua C va a // 54.
b) Ta c6 S4 // (P) va B thude (P), b 1a dudmg thﬁng di
qua B va b // 54, suy ra b < (P).

@ Cho hat dudmg lhan&_ chéo nhau a, b, Lﬁy mét diém M

10

trén a, vé duomg thﬁnb b' di qua M va song song vai b,
Pit (P) 1a mit phing di qua a, .

a) Co nhan xét gi vé moi lién hé giira b va (P).

b) Goi (P') la mat phing chira @ va song song véi b.
Co nhan xét gi vé mdi lién hé gitra b’ va (P'); (P) va (P')?

Hinh 14
Mat phang di qua mét trong hai duding thang chéo nhau va song song vdi dudng con lai

Hinh 15

1]
(=
P/,'-;‘//M



Dinh i 3

- -
- -

= Néu a va b 1a hai dudmg thiang chéo nhau thi qua @, c6 mot va chi mot mat phing
song song vai b,

Vidu 5. Cho tlr dign ABCD.

a) Néu cach v& mit phiing (P) chira AB va song song vai CD. Ta ¢6 thé vé& bao nhiéu mit

phang (P) nhur viy?

b) Tim giao tuyén cia hai mat phing (P) va (BCD).
Griagi

a) V& dudng thing a di qua 4 va song song véi CD,

Dat (P) = mp(a, AB). Ta cd CD I/ a, suy ra CD [/ (P).

Do AB va CD c¢héo nhau nén chi ¢6 mot mat phing ()

duy nhit chira AB vi (P) /I CD.

b) Ta ¢6 B la diém chung cta hai mit phing (P) va

(BCD). Ta lai ¢6 (BCD) chira CD va CD [/ (P), suy ra

giao tuyén cua (P) va (BCH) la dudng thing b di qua B

va song song vai CD,

% Cho hinh Lhup S.ABCD ¢ day ABCD la hinh binh hinh
va M, N, £ 1an lugt 14 trung diém cua cde doan thing 48,
€1, 54 (Hinh 17). Chimg minh ring;

a) MN song song véi hai mit phiing (SBC) va (SAD);
b) S8 vit SC song song véi mit phiing (MNE).

_ Hinh 17
(u‘.ﬁ-;‘.lg Lam thé nao dé dat ey thude ké g dé no song song vii
v [
% cde trang cua mot cudn sach?
4]
Hinh 18

BAI TAP
1. Cho hinh chop S.ABCD, diy ABCD la hinh binh hanh ¢6 O la giao diém hai duong chéo.
Cho M la trung diém cua SC.
a) Chirng minh duémg thing OM song song vdi hai mit phiang (SAD) va (SBA).
b) Tim giao tuyén cia hai mat phing (OMD) va (SAD).

i




n

. Cho hai hinh binh hanh ABCD va ABEF khong nam trong cling mét mit phing. Goi O va O

lan luot 1a tim cia ABCD va ABEF.

a) Ching minh duong thﬁng () song song vol cac mat phéng (CDEF), (ADF) va (BCE).

b) Goi M va N lin luot 1a trung diém cua AF va BE. Ching minh MN // (CDFE).

¢) Tim giao tuyén cua hai mat phing (OMN) va (4BCD).

Cho hinh chép S.ABCD ¢6 ddy ABCD 1i hinh binh hanh va mét diém M di dong trén canh 4D,

Mot mit phang (o) qua M, song song véi CD vi 54, cit BC, SC, SD 1an lugt tai N, P, 0.

a) MNPQ la hinh gi?

b) Goi 1 = MQ ~ NP. Chimg minh rang / luén luén thude mot dudmg thang c6 dinh khi M
di dong trén 4D,

Cho tir dién ABCD vi diém M thude canh AB. Goi («) 1a mit phing qua M, song song vdi hai

dudmg thing BC va AD, Goi N, P, O lin luot 1d giao diém cia mit phing (o) véi cic canh

AC, CDva DB.

a) Chimg minh MNPQ 1a hinh binh hanh.

b) Trong trurdmg hop nao thi MNPQ 14 hinh thoi?

. Cho hinh chép S.ABCD ¢6 day ABCD la hinh thang, day 1ém 48, Goi M 13 trung diém

clia CD, (P) la mat phang qua M song song véi S4 va BC. Tim giao tuyén cua (P) vai
cde mit cua hinh chop S ABCD.,

. M6 ta vi tri twomg ddi cua cic duomg thang a, b, ¢, d, ¢ voi mit phing () 1d mit trwde cua

tod nha (Hinh 19).




Bai 4. Hai mat phang song song

Tit khod: Hai mat phang song song; Dinh li Thalés; Hinh lang tru; Hinh hép.

®
k.‘ Bé mat trén cia moi bac thang nay dugc dat
nhu thé nao so vdi mat dat?

1. Hai mét phéang song song

;@ Hop gifly ¢O cac mat 1a hinh vuong ¢

Hinh 1a dugc va lgi véi cic dinh 1a 4, B, 2 C’
C,D, A", B, C", D' nhu Hinh 1b. Goi tén A ; B

¢iip mit phiing: ;

a) C6 ba diém chung khong thing hang, 3 - -
b) La hai mat phang phén biét va c6 mét ; %

diém chung,

¢) Khéng co bat ki diém chung nio. 4) Hinh 1 b)

Cho hai mét phang () va (Q), ¢6 thé xay ra mdt trong ba truémg hop:

~ Trwimg hop 1: (P) va (Q) ¢6 ba diém chung khéng thang ] ]
hang, ta néi hai mit phing (P) va (Q) tring nhau, ki hiéu /K "o . )/
(P)=(0) .

— Trwirmg hop 2: (P) va (Q) phin bigt va ¢o mdt diém chung,
ta ndi () vit (Q) ciit nhau theo giao tuyén ¢ di qua diém chung, :
ki hi¢u (P) " (Q) = d.

— Trudmg hop 3: (P) va (O) khéng ¢6 bit ki diém chung nio,
nghia l1a (P) m (Q) = &, ta ndi (P) va () song song vdi nhau,
ki hi¢u (P) // (Q) hoic (Q) /1 (P).

N
N\

c)

Hinh 2

Hai mat phing duge goi la song song vdi nhau néu ching khong ¢ diém chung,

RER



Vidu 1. Hop gidy co cac mat
la hinh chir nhit & Hinh 3a

duoc vE lai vél cac dinh 1a A b
A,8,C.D A8, C, D nhu . ]
Hinh 3b. Quan sat hop gidy ‘
va chi ra céc cip mét phing 2
o . A' Iy
song song vai nhau o Hinh 3b. b)
Hinh 3

Giai
Céc cip mat phang song song véi nhau ¢ Hinh 3b la:
(ABCD)va (A'B'C'D'), (AA'B'B) va (DD'C'CY; (AA'D'D) va (BB'C'C).

@ Tim mot s& mét phang song song co trong hinh chyp ciin phong & Hinh 4,

i | | ] I ) o
L\
' 3T "'1__11“;?:

= s =

Hinh 4

2. Diéu kién dé hai mat phang song song

’Q Cho mit phiing (P) chira hai dudmg thing a, b cit
nhau va cung song song v mat phing [Q] Gia sur
(P) va (Q) co diém chung M thi (F) cdt () theo
giao tuyén ¢ (Hinh 5).
a) Giai thich tai sao dwong thing ¢ phai cit it nhat
mdt trong hai dudmg thang a, b. Diéu nay 6 trdi voi
gia thiét @ va b cling song song vai (Q) khong?
b) Rat ra két ludn vé s6 diém chung va vi tri twong

doi cua (P) va (Q).
Dinh li 1
9- a
% Néu mat phing (P) chira hai duémg thing a, b cit nhau va /K’ /E’/
hai dudmg thiing do cting song song v6i mit phing (Q) thi (P) / @/
song song vii (Q).

Hinh 6

L



Chui y: Chiing han néu A, B, C khong thing hang va AB // MN va AC |/ MP thi (ABC) /| (MNP).

Vi du 2. Cho hinh chép S ABCD ¢é déay la hinh thang
ABCD day 16m AD va AD = 2BC. Goi M va N lan luot 1a
trung diém cua S4 va AD (Hinh 7). Chimg minh ring hai
mit phang (BMN) va (SCD) song song vi nhau.

Giiri
Ta ¢6 MN la duong trung binh ctia tam gide S4D, suy ra MN // SD,
do d6 MN /I (SCD). (1)
Tir giac BCDN ¢6 BC /I ND vt BC' = ND nén i hinh binh hanh, suy ra BN // CD,
do dé BN // (SCD). (2)
Mit khac ta cé MN va BN cling chira trong (BMN), MN n BN=N. (3)
Tir (1), (2) va (3) ta suy ra (BMN) /[ (SCD).

Cho i dién ABCD ¢cO E, F, H lin lugt & trung diém cua AB, AC, AD. Chimg minh
(EFH) /! (BCD).

3. Tinh chét ctia hai méat phéng song song

a) Cho diém A & ngoai mit phing (Q). Trong (Q) v& hai duémg thing cat nhau a' va b'.
I.am thé nao dé v& hai duong thing a va b di qua 4 va song song vai (Q)?
b) C6 nhan xét gi vé moi lién hé gitra mp(a, b) va (Q)?

Dinh li 2 ,/>"<E/
o: —T
¥ Qua mét diém ndm ngoai mot mat phing cho trude co 5
mot va chi mdt mit phing song song véi mit phiing do6. /’><E’/ @/

Hinh 8

pu

Cho ba mit phing (P), (Q), (R) thoa man () // (), (R) n (P)=a va (R) N (Q) = b.
Xét vi tri twomg dbi cua a va b,

A
&)
Pinh Ii 3 .
iy e’. P |

* Cho hai mdt phﬁng (P) va (Q) song song v nhau. Néu 5 1 I

cat (P) thi cit (Q) va hai giao tuyén cua chiing song song 6 &
va1 nhau. V
Hinh 9




Vi du 3. Trong mit phﬁng (P), cho hinh binh hanh ABCD. V& céc

nira duong thing song song vai nhau, ndm vé mot phia doi vai (P)

va lin lugt di qua cac diém 4, B, C, D. M6t mit phing (P') cit bén

nua duong thﬁng noi trén ta A', B', ", D',

a) Chirng minh mp(44', BB') song song voi1 mp(CC’, D).

b) Chirng minh tr gidgc A'8'C"D" 1a hinh binh hanh. Jarn

¢) Goi O va O' lan luot 1a giao diém cua hai dudng chéo cua ABCD i i fg‘
a FaF f A D

vaA'B'C'D'. P

Chimg minh QO" // AA".

Giai
a) Taco AB // CD, AA" /] DD, suy ra mp(4A4', BB') [/ mp(CC", DD').
b) Mt phing () ciit hai mt phing song song mp(A4', BB') va mp(CC", DD') theo hai giao
tuyén A'B' va C'D', suy ra A'B/IC' D
Tuong tir ta ciing c6 A'D' [/ B'C".
Tir gide A'B'C'D' ¢6 cée cip canh dbi song song nén la hinh binh hanh.
¢) Hai mit phiing (44'C"C) Vi‘l'( BB'D'D) lan lugt di qua hai duong thing song song A4,
DD’ va cit nhau theo giao tuyén OO, suy ra O0" [/ 44"

% Cho hinh chop S.ABCD vén day ABCD 14 hinh binh hanh
co O la gmu diém cua hai dudmg chéo, tam gide SBD la
lam grac deéu. Mot miit ph"mg (o) di dong song song vii
mil phiing (SBD) vi cit doan thing AC. Chimg minh cic
giao tuyén cia (o) voi hinh ¢hop tao thinh mét tam giac déu.

('ﬁ‘i Khi ding dao cit cac lop banh (Hinh 11), gia st bé mét cua
 cde 1op banh 1a cdc mit phiing song song va con dao duge
xem nhu mit phang (P), néu két ludn vé cdce giao tuyén tao

boi () voi cae bé mit cia cc 1op banh. Giai thich.

4. Pinh li Thalés trong khéng gian
Cho ba mat pl1éllg song song (P), (Q), (R) lin luot cit hai
dudmg thing a va @' tai cic diém 4, B, Cva A', B', C'. Goi B,
la giao diém cia AC" vén (Q) (Hinh 12).
a) Trong tam gidc ACC", ¢6 nhin xét gi vé mbi lién hé giira

AB . 4B,
BC " BC

b) Trong tam gidc AA4'C’, c6 nhan xét gi vé moi lién hé gitra KM{/
AB, 5 A8 ' \
BC A BC ! Hinh 12

AB BC AC
AB BC AC

c¢) Tir d6, néu nhin xét vé mai lién hé gitra cac ti s




Chung ta da lam quen véi dinh 1i Thalés trong phan hinh hoc phang & cép Trung hoc co 50,
trong khong gian, dinh 1i Thalés phat biéu nhu sau:

Dinh li 4 (Pinh li Thalés)
¥ Bamat phing doi mt song song chiin trén hai cat tuyén bét ki cac doan thing twrong
img ti 1§,

Vi du 4. Cho ba mit phing (P), (Q). (R) d6i mét song song. Hai dudmng thing d va d'
cit ba mit phing (7). (Q). (R) lin lwot tai A, B, Cva 4', B', (". Cho AB =13, BC =17,
A'C' =20, Tinh cac & dai A'B', B'C".
Giai

Ap dung dinh 1i Thalés trong khéng gian dbi véi ba mit phing song song (P), (Q), (R) va
hai ¢t tuyén d, d', ta co:

AR 4B 3 A BC AB+BC AC 20

—F—==_Suy Ia = = — T

B BC 17 3 7 3+7 10 10
SuyraA'B'=6, B'C' =14,

Cho hinh ¢hop S.ABC ¢6 §4 =9, S8 =12, SC = 15. Trén canh 854 liy cdc diém M, N
sao cho SM =4, MN =3, NA = 2. V& hai mit phing song song v&i mit phing (48C),
ldn lugt di qua M, N, ciit SB theo thir t tai M’, N’ va cit SC theo thir ty tai M”, N".
Tinh dé dai cac doan thiing SM', M'N', M"N", N"C.

5. Hinh lang tru va hinh hép

Hinh lang tru

) Hinh dang cua cic dd vit nhu hop phfm, If‘mg dén, hop qua, ling kinh ¢6 dic diém gi

giéng nhau?

a) b) ¢)
Hinh 13

- #

e ‘Chc:- hai miit phﬁng (P) va (P') song song véi nhau. Trén (P) cho da gide 161 4, 4,.. A,
Qua cic dinh cua da giac nay, ta vé cac dudmg thing song song véi nhau va cit (P') lan luot
tai 4, 4, ..., A’ .Hinhtaobdicachinhbinhhanh 44,4, 4, 44,4, 4;, ..., A, A4 A
v hai da gidc 4 A,.. A, A A, ..A' goilahinh ling tru kihidud A, A A A .4



Trong hinh lang tru A,4,...4,. A{45.. A, ta goi:
— Hai da gidc 4,4,... A, va A'A'.. A’ 1a hai mdt ddy ndm trén hai
mit phing song song;

~Cacdiém A, Ay, ..., A, A', A, ..., A 1a céc dink;

— Cac hinh binh hanh 4,4,4,’ A, A, A4 A, ..., A AA 4 13
cic mdt bén,

— Cic doan thing 4 4', 4,4, ..., A A’ 1a cac canh bén.

Céc canh bén song song va biing nhau,
~ Cac canh cua hai da giac day la cac egnh ddy. Cac canh day
lwong (mg song song va bing nhau,

Hinh 14

Cha y: Hinh lang tru ¢6 day la tam gide, tr gide, ngl gide, ... wong tmg duge goi 1a hinh

ling try tam gidc, hinh lang try tr giac, hinh lang try ngii gide, ...
Vidu 5.

a) Gioi tén cac hinh lang try trong Hinh 15.

b) Goi tén cac thanh phin cua hinh lang try trong Hinh 15a.

’ L ir F.'!
A o A A

NG_— \B_ ¢~ a7
A C A D A ! D

B g e s

a) h) c)
Hinh 15
Griai

a) Hinh 15a 1 hinh lang tru tam giac ABC A'B'C".

Hinh 15b la hinh ldng tru (& giac ABCD.A'B'C'D',

Hinh 15¢ la hinh lang tru ngli gidc ABCDEA'B'C'D'E’.

b) Hinh lang try tam giac ABC A'B'C" trong Hinh 15a co;

o Hai mat day la cic tam giac ABC, A'B'C",

e Sdudinh: 4. B, C. A" B, (";

e Ba mit bén la cac hinh binh hanh: AA'B'B, BB'C'C, C("A'A;
e Ba canh bén: A4', BB', CC",

Hinh hop

n'

@ Cho hinh lang try ABCD.A'B'C'D' ¢6 day ABCD la hinh binh hanh, Chimg minh ring:
’ a) Bon miit bén va mit day con lai cua hinh ling tru 1a cac hinh binh hanh;

b) Cac mat 4A4'C"C va BB’ D 1a hinh binh hanh;
¢) Bon doan thing A'C, AC', B'D, BD' ¢6 cung trung diém.

N 11s



- -
- -
- -

= Hinh hgp 1a hinh lang tru ¢ ddy 1a hinh binh hanh.

Trong mot hinh hop ta co:
~ Sau mit 1a sau hinh binh hanh. M&i mit déu co mot mit

song song vai nd. Hai mat nhu thé goi 1a hai mt doi dién;
— Hai dinh khéng cing ndm trén mt mat goi 1a hai dinh
doi dign,

~ Doan thing n6i hai dinh ddi dién goi la duwéng chéo;

— Bén dudmg chéo cit nhau tai trung diém ctia mdi duomg.

Vi du 6. Cho hinh hop ABCD.A'B'C'D'. Chimg minh
(BDA') v (B'D'C) la cic mit phing song song.

Gidai
Ta co BB [/ DI va BB = DI suy ra BB'D'D la
hinh binh hanh, do d6 BD // B'D’,
Tuong tyr ta cling co A'B /D' C.
Tir do suy ra (BDA") [/ (B'D'C).

@ Cho hinh hép ABCD.A'B'C' D' va mat mat phiing (ct) cit

cde mit cua hinh hop theo cac giao tuyén MN, NP, PQ\
OR, RS, SM nhu Hinh 18. Chimg minh cic ¢dp canh dbi
cua lyc gide MNPORS song song v nhau.

i‘\..*_-:',' Tim hinh ling tru c6 thé ldy mot mit bt ki lam mat ddy.

BAI TAP

1. Trong mit phiing (P) cho hinh binh hanh ABCD. Ta dyng cic nira duémg thing song song
vori nhau va nam vé mét phia doi vai (P) lan lugt di qua cac diém A, B, C, D. Mot mit phing (Q)
cit bon nira duomg thing noi trén tai 4', B', €', I'. Chimg minh ring:

AA"+ CC'=BB' + DL,

1o




2. Cho hinh chép S.ABCD, day ABCD 14 hinh binh hanh ¢é O la giao diém cua hai duong chéo.
Goi M, N lan luot 1a trung diém cua S4, SD.
a) Chirng minh ring (OMN) // (SBC).
b) Goi E la trung diém cua AB va F 1a mét diém thude ON. Chirng minh EF song song
vai (SBC).

3. Cho hai hinh vudng ABCD va ABEF & trong hai mit phing khac nhau. Trén cac dudmg chéo
AC va BF lin luot ldy cac diém M, N sao cho AM = BN. Céc duong thing song song voi AB
v tir M, N 1an luot céit AD, AF tai M, N
a) Ching minh (CBE) /1 (ADF).

b) Chimg minh (DEF) /| (MNN'M").

4. Cho hinh hop ABCD.A'B'C'D'. Goi G, vi G, lin luot 14 trong tim cua hai tam gide BDA'
va B'D'C. Chimg minh G, va (7, chia doan AC" thanh ba phén bing nhau.

5. Dé& lam mét khung 16ng dén kéo quéin hinh lang tru lue gidc ABCDEF.A'B'C'D'E'F', Binh
gén hai thanh tre 4,D,, FF,C, song song véi mét phing ddy va cit nhau tai O, (Hinh 19),
a) Xdc dinh giao luyén cua mp(4 D, F,C,) vl cae mil bén cua ling try.
b) Cho biét 4’4, = 644, va A4’ = 70 em. Tinh CC, va C,C".

Hinh 19

6. Chi ra ciac mat phing song song trong mdi hinh sau. Tim thém mot s6 vi du khac vé
cac mit phiing song song trong thue (€.

Hinh 20



ai 5. Phép chiéu song song

Tit khod: Phép chiéu song song; Phudang chiéu; Mat phing chiéu; Anh;
Hinh biéu dién ciia mét hinh.

(
.' Céc tia ndng song song theo phuaong /

khi chi€u t6i bién béo gao théng hinh .
chit nhat ABCD tao thanh bong trén mat -
dudng (xem hinh bén).

Bong clia bién bao nay co dang hinh gi?
Tai sao?

1. Khéi niém phép chiéu song song

ﬂ 0
’Q Trong (»;

a) Cic tia sang AA', BB', DD’ ¢6 song song voi nhau hay khong?

b) Néu cach xac dinh bong €' cua diém C trén mat dudng,

Phép chiéu song song thuimg duge ding dé biéu dién cde hinh trong khong gian 1én mot
mit phang.

= :
Trong khong gian, cho mit phing (P) va dudng M :

thang / cat (P). V&i mdi diém M trong khong gian,
v& mot dudmg thing di qua M va song song hoiic
tring v&i /. Pudmg thing ndy ¢t (P) tai M'. Phép / \ A \ /
cho twong (g moi diém M trong khﬁng gian vai

diém M’ trong (P) duge goi la phép chiéu song song
lén mat p!mng (P) theo phuwong [.

Phuong chiéu

Miit phiang l.hh.u
Hinh 1

Mt phang (P) dugc goi la mdt phang chiéu va duomg thang [ duge goi 1a phieong chiéu cia
phép chiéu song song néi trén,

Phép chiéu song song theo phuong / con dugc go tit 14 phép chiéu theo phuong [,
Piém M’ goi la @nh cua diém M qua phép chiéu theo phuong /.
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Cho hinh . trong khéng gian. Ta goi tip hop " cac anh M’ cia tit ca nhimg diém M thude A4
qua phép chiéu song song theo phuong / [a hinh chiéu song song cua -H 1én mit phing (P).

Vi du 1. Tim phuong chiéu, mat phing chiéu ctia phép chiéu song song duge mé ta trong | » .
Griai

Trong | "' , ta o phép chiéu song song 1én mat phang (o) ctia mat duomg theo phuong / cia
tia niing.

Tim phuong chiéu, mat phing chiéu ctia phép chicu
song song duge mo ta trong Hinh 2.

5

Hinh 2
Mt phing chiéu
(@j Tim anh cia hinh hép ABEF. DCGH qua

phép chiéu song song duge mé ta trong
inh 3.

Phuromg chiéu

i

Vit chidu
Hinh 3

2. Cac tinh chét co ban ciia phép chiéu song song

Dudi day ta chi xét anh ciia cde dudmg thing, tia, doan thiing khong song song véi phuong chiéu,

@ Trong Hinh 4, xét phép chiéu theo phuong / lén /
’ mat phing (P), mit phang (0) chira dudmg thing a
véi song song vai phuong chicu,

a) Khi diém M thay doi trén duong thing a thi anh
M’ cia nd thay doi & dau?

b) Tir d6 hdy chi ra anh cua dudmg lhﬁng a qua Hinh 4
phép chiéu theo phuong / 1én mat phing (P).
Tinh chit 1

Hinh chiéu song song ctia mdt dudmg thing 1a mdt dudmg thang. Hinh chiéu song song
ctia mét doan thang 1a mét doan thang. Hinh chiéu song song cuiia mdt tia la mot tia,



Trong Hinh 5, xét phép chiéu theo phuong / véi mat phiang chiéu (P). Biéta // b véi
ac (Q)va b = (R). Néu nhin xét vé vi tri twong do6i cua hinh chiéu @', &' cua a, b
trong hai trudmg hop: (Q) // (R): (@) = (R).

Hinh 5

Tinh chit 2

*  Hinh chiéu song song cua hai duomg thing song song 13 hai dudmg thing song song

hode tring nhau.

Tinh chit 3

- -
-

"3 o Phép chiéu song song bién ba diém thing hang thanh ba diém thing hang va
khong lam thay dbi thir ty ba diém do.
o Phép chiéu song song khong lam thay doi ti s6 86 dai cua hai doan thing nim trén
hai dudmg thiing song song hoiic tring nhau.

Hinh &

Vidu 2.
a) Tim hinh chiéu song song ctia doan thing AC, tia AB va duong thing AD trong Hinh 6b.
b) Quan sat Hinh 6a va so sanh hai ti so ﬁ, =]
ch 'Y
¢) Quan sat Hinh 6b vi so sanh hai ti s6 E 2 A .
DB D'B




Gidi
a) Trong Hinh 6b, hinh chiéu song song cia doan thing AC, tia AB va duong thing AD
ldn lwot 1a doan thang A'C", tia A'B’ va duong thang A'D',
b) Do phép chiéu song song khéng lam thay déi ti s6 do dai cuia cac doan thing nam trén hai
AB AR
dudmg thing song song nén trong Hinh 6a, ta c6: — ;
£ £ S0ng song g cD_CD
¢) Do phép chiéu song song khong lam thay ddi ti s6 d dai clia cac doan thang cling thude
) D'A
mdt duong thing nén trong Hinh 6b, ta ¢o: L = —’4
DB DR
% Cho hinh thang ABCD ¢é day lém AB va AB = 2CD, hinh chiéu song song cia ABCD 1a
tir gidge A'B'C'D'. Chimg minh ring A'B'C'D' ciing la mét hinh thang va A'B' = 2C'D",

L‘ﬁ‘é Cho G 1a trong tdm tam giac ABC, M i trung dlem BC va hinh chiéu song song cua
R tam gide ABC 1d tam gide A'B'C". Chirng minh riing hinh chiéu M cia M 1a trung diém
ctia B'C* va hinh chiéu ' ctia G ciing 14 trong tdm tam gide A'B'C",

3. Hinh biéu dién ctia mét hinh khéng gian .

@ Quan sat Hinh 7 va cho biét cdc tia ning song
song da tao ra hinh chiéu cua hinh hdp nhu
thé nao trén nén nha.

Hinh7 D

* Hinh biéu dién cua mot hinh . trong khéng gian 1a hinh chiéu song song cutia .J# trén
mot mit phang theo mét phuong chiéu ndo dé hode hinh ddng dang véi hinh chiéu d6.

Chui y: Dya theo tinh chiit cua phép chiéu song song, ta phai tuin theo mét s& quy tic khi
v& hinh biéu dién, chang han nhu:

a) Néu trén hinh .#c6 hai doan thang ndm trén hai duomg thang song song (hodc tring
nhau) thi chiing duoge biéu dién bﬁng hai doan théng nim trén hai duong thﬁng song song
(hodc trung nhau) va ti s6 do dai cua hai doan thﬁ'ng nay phai bﬁng ti s6 d6 dai cua hai
doan thang twong (g trén hinh %

b) Néu hinh phing nim trong mit phing khéng song song vdi phuong chiéu thi

« Hinh biéu dién cta mét dwdng tron thuong 1a mot elip.

« Hinh biéu dién cua mot tam gidc (vudng, cin, déu) 1a mét tam gide.

« Hinh biéu dién cua hinh vuong, hinh chir nhat, hinh thoi, hinh binh hanh 14 hinh binh hanh.



Vi du 3. Quan sat Hinh 8 va tim hinh biéu dién cua:
a) doan thing AB; b) tam gidc ABC; ¢) dudmg tron (C) tam O.

Hinh 8

Giai
a) Hinh biéu dién cia doan thiing A8 1 doan thing A'B' v&i A" va B 1an lugt 1a anh cia
Avah,
b) Hinh biéu dién cua tam giac ABC la tam gide A'B'C' v 4", B', " lin luot 1a dnh cia
A, B, C.
¢) Hinh biéu dién ciia dudmg tron (C) la elip (£) véi tam O 1a anh coa O,

Vidu 4. V& hinh biéu din va néu nhan xét vé hinh bicu dién cua cde miit ciia cac hinh sau;

a) Hinh hap; b) Lang try c6 ddy la lye gidc déu; ¢) Tir dign.
Gidai
|- ‘
a) b) c)
Hinh 9

a) Hinh biéu dién cua cac mit 1a cac hinh binh hanh,

b) Hinh biéu dién cua mat day la lyc gidc co cde cip canh doi song 5(:-ng va bang nhau,
dong thoi song song voi dudmg chéo néi hai dinh con lai. Hinh biéu dién cua mat bén la
hinh binh hanh.

¢) Hinh biéu dién ctia bon mat 1a bon tam gidc.

d) Hinh biéu dién ctia mit day 14 elip, hinh biéu dién cua cac dudng sinh la cac doan thing
song song va bing nhau,



@ Goi tén cdc hinh khéi co hinh biéu dién la céc hinh trong Hinh 10,

<

a) b) ¢)
Hinh 10

e

I'\lﬁ“i V& hinh biéu dién ctia mot hinh chop tam giac S.ABC dat trén mot hinh ling tru tam gide
T ABCABC.

BAI TAP

1. Trong cdc ménh dé sau, ménh dé ndo ding?
a) Mot dudng thing co thé song song véi hinh chitu cia no;
b) Mot dudmg thing c6 thé tring vai hinh chiéu cta no;
¢) Hinh chiéu song song ctia hai duong thing chéo nhau c6 thé song song voi nhau;
d) Hinh chiéu song song cta hai dudng thing chéo nhau c6 thé tring nhau.

2. V& hinh biéu dién caa mét luc gide déu.
3. V& hinh biéu dién ctia mot hinh vuéng ndi tiép trong mét hinh tron,

4. Cho hai diém A, B ndm ngoai mat phing (o) va dudng thing d cit (o), Gia sir duémeg thing
AB ¢it (@) tai diém Q. Goi A’ va B' lan lugt la hinh chifu song song ctia 4 va B trén (o) theo
phuong cua dudng thing d. Ba diém O, A", B' ¢6 thﬁng hang khong? Vi sao? Chon d sao cho:
a) A'B' = AB; by A'B' = 24B.

V& hinh biéu dién cia: Hinh chiéu
a) Hinh ldng tru 6 day 1a tam gidc déu;
b) Hinh ling try co day la luc gide déu;
¢) Hinh hdp.

L

Vit chicu Mat phing chiéu

Hinh 11




BAITAP CUOI CHUONG IV

CAU HOI TRAC NGHIEM
Chon phuong 4n diang.

1. Cho tam gidc ABC. Liy diém M trén canh 5. Cho hinh binh hanh ABCD va mét diém S

AC kéo dai (Hinh 1). Ménh dé nio sau diy
la ménh dé sai?

khong nim trong mét phing (ABCD). Giao
tuyén cua hai mit phing (SAB) va (SCD)
la mt dudng thing song song véi dudng

A. M e (ABC). B. C € (ABM). ;
‘ thing nao sau diy?
C. A e (MBC). D. B € (ACM).
y A. AB. B. AC.
£ B, D. 54.
L ;
6. Cho hinh chop tir giac déu S.ABCD co
A canh ddy biing 10. M li diém trén SA sao
Il SM 2 . L ;
Hinh 1 cho N7 = T Mot mit phing (o) di qua M

. Cho ur dign ABCD v&i 1 v J Lin Tugt 1
trung diém cae canh A8 va CD. Ménh dé

song song véi AB va CD, it hinh chop
theo mét tir gide co dién tich la

nao sau diy dang? oy 400 B 2{1{}_
A. Bbn diém 1, J, B, C‘t1:311g phfmg. 9 3
B. Bén diém 1, J, A, € déng phing. - %ﬂ D. %

C. Bén diém 1, J, B, D ddng phang.
D. Bon diém 1, .J, C, D dong phang,

. Cho hinh chép S.ABCD c6 AC cat BD
tai M, AB cat CD tai N. Trong cic duong
thing sau ddy, dudmg ndo 1a giao tuyén ciia
(SAC) va (SBD)?
A. SM.
C. SB.

B. SV.
D. §C.

. Cho hinh chop S.ABCD co6 day ABCD
14 hinh binh hanh, Goi [, J, E. F lin lurgrt
la trung diém SA4, SB, SC, SD. Trong cic
duong thing sau, duomg nao khing song
song vol LJ?
AL EF.

C. AD.

B. DC.
D. AB.

. Quan hé song song trong khdong gian ¢

tinh chat nao trong cdc tinh chat sau?

A. Ncu hai mit phiing (P) va (Q) song song
v nhau thi mo1 dudmg thing ndm trong
(P) déu song song vdi ().

B. Néu hai mat phing (P) va (Q) song song
vai nhau thi moi dudmg llu‘ing nam trong
(P) déu song song vol mol duomg tl];‘lmg
nam trong (Q).

C. Néu hai duomg thing song song voi
nhau lin lwot nim trong hai mit phiang
phin biét () va () thi (P) va (Q) song
song voi nhau.

D. Qua mét diém nam ngoai mat phiang
cho trudce ta vé dwoc mot va chi mot
dudng thing song song véi mit phang
cho trude do.
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8. Cho hinh lang tru ABC. A'B'C". Goi M, N,

P, O lin luot la trung diém cia cdc canh
AC, AA', A'C", BC, Ta ¢o:

A. (MNP) [l (BCA).

B. (MNQ) // (A'B'C").

C. (NOP) I/ (CAB).

D. (MPQ) // (ABA').

BAITAP TU LUAN

9. Cho hinh hop ABCDA'B'C'LY'. Goi Mva N

lin luot 1a trung diém ciua AB va A'B' va
O 1a mot diém thude mién trong ciia mit bén
CC'D'D. Tim giao tuyén ciia mat phing
(OMN) v cac mit cia hinh hop.

10. Cho hinh ¢hdép S.ABCD véi ABCD la

hinh thoi canh a, tam gidc SAD déu. M la

diém trén canh AB, (o) 14 mat phing qua

Mva () // (SAD) et €D, SC, SB lan luot

tai N, P, 0.

a) Chimg minh riing MNPO 14 hinh thang
can,

b) Dt AM = x, tinh dién tich MNPQ theo
a v x,

11. Cho mat phang (o) va hai dudng thing

chéo nhau a, b cit (o) tai 4 va B. Goi d 1a

dudmg thing thay doi luén luén song song

voi (o) va cit @ tai M, cat b tai N. Qua

diém N dung dudmg thing song song vdi a

cit (o) tai diém .

a) T giac MNCA la hinh gi?

b) Chimg minh ring diém C luén ludn
chay trén mot dudmg thang ¢6 dinh.

¢) Xdc dinh vj tri ctia dudmg thing d dé 4o
dai MN nho nhat.

12. Cho hai hinh binh hanh ABCD va ABEF

nitm trong hai mit phing khéc nhau. LAy
cic diém M, N lan leot thude cac dudomng
chéo AC va BF suo cho MC = 2MA,
NE=2NB. Qua M, N ké cic dudmg thing
song song vai A8, cit cac canh AD, AF
lin lugt tai M,, N,. Chimg minh ring:
a) MN // DE;

b) M\N, I/ (DEF);

c) (MNN M) 11 (DEF).



Pnan THONG KE VA XAC SUAT

TRUNG
o114 /A DO YU THEE TRUNG TAM

CHOo MAU S0 LIEU GHIEP NHOM

Trong thuic té ta thudng gp nhiing tap s6 liéu rat Ion, vi du nhu diém thi tét nghiép Trung hoc phd théng clia hoc sinh
cd nudc hay s6 tién thué thu nhap ca nhan moi cd nhan phai dong trong nam. Dé thuan tién cho viéc luu trir, trinh bay
va bidu dién cac 56 liéu nay, nquiri ta thuong sit dung bang s liéu ghép nhém, trong d6 cac s lidu riéng I8 cd gia tri
gan nhau dugc sap xép vao tiing nhom.

Trong chuong nay, ching ta sé tim hiéu cach xac dinh, ¥ nghia va vai trd clia cac 6 dac trung do xu thé trung tim cho
mau s6 liéu ghép nhém.,

&l Hoc xong chuong nay, ban ¢ thé:

— Tinh dugc cdc sé6 dac trung do xu thé trung tdm cho mau sé liéu ghép nhém:
s6 trung binh céng (hay s6 trung binh), trung vi, ti phan vi, mot.

~ Hiéu duoc y nghia va vai trd clia cac sé déc trung néi trén cla mdau sé lidu trong
thuc tién.

- Rut ra dugc két ludan nhd y nghia cla cac sé dac trung ndi trén cla mau so liéu trong
truang hop don gian.

~ Nhén biét dugc méi lién hé gita théng ké véi nhiing kién thuc clia cac mén hoc khac
trong chuang trinh l6p 11 va trong thuc tién.

4
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ai 1. SO trung binh va mot
clla mau sé liéu ghép nhom

Tir khoa: 56 trung binh; Mét.

{\9 Mot dai li bao hiém da thong ké sé lugng | Bt 00 g v v
khéch mua bdo hiém nhéan tho trongmét | "0 * @0 gié tinh v
ngay & biéu dé bén. 54
Hay so sanh d6 tudi trung binh ciia
khach hang nam va nii.

120 300 [ M Adkp [y SO) [50; 60) [6d; T (reds

1. S8 liéu ghép nhém

Y Sirdung dir liéu & bicu do trong (», hodn thién bang thdng ké vé s6 lugng khach han
ung ¢ g ¢ g i ong g

nir theo tudi sau:

Khodng tudi [20; 30) [30; 40) [40; 50) [50; 60) [60; 70)
$6 khach hang nir 3 ? ? 7 ?

Mot s loai 56 liu diéu tra ¢o thé nhan rit nhiéuy nhimg gid trj khic nhau, hodic kho xde dinh
duge gid tri chinh xdc, vi du nhu chiéu cao, cin nang, tuoi the, ... DE thudn tién cho vige o trir
vl xir 1f cde loai s6 liéu nay, nguoi ta thémg ghép cic s6 liéu gan nhau lai thanh nhom.
Mau 56 liéu ghép nhom thuémg duge trinh bay dudi dang bang thong ké c6 dang nhu sau:
Bing I: Bdng tin sé ghép nhom

Nhom (0,2 1) [0, 20,) fui #y,)

A
Tén s6 n, 1", n

Chi y:

« Bing trén gdm k nhom [ %,
mat tiéu chi xac dinh.

« Co mau n = T TR SR L

« Gid trj chinh gitra moi nhom duge ding 1am gid erf dai dign cho nhém ay. Vi dy nhom [a: w,)

)véi | </ <k, mdi nhom gom mot sb gid tri duge ghép theo

mQMﬂmnmma%m+%1
* Hi¢u u, | —w, dugc goi 1a dp dai cua nhom [u; w, ).
Vidu 1. Tinh gid tri dai dién va d6 dai ciia m&i nhom trong mau so ligu o ,@ :

_EREY



Gidi
Khodng tudi [20; 30) [30; 40) [40; 50) [50; 60) [60; 70)
Gia tri dai dién 25 35 45 55 65
Bg dai cua nhom 10 10 10 10 10

Mét sé quy tdc ghép nhém ciia mau sé liéu
Mbi mau s6 liéu ¢o thé duge ghép nhom theo nhiéu cach khac nhau nhung thuémng tudn theo
mét s6 quy tic sau;
~ Sir dung tir k= 5 dén & = 20 nhom. Cé miu cang 16n thi cdn cang nhiéu nhom s ligu,
Cac nhom co cung d6 dai bing L thod man R < k . L, trong do R 14 khoang bién thién, & la
50 nhom.
~ Giid tri nho nhat ciia mau thude vao nhom [u,; u,) va cang gan u, cang tot. Gia tri 16n nhét
ctia mau thude nhom [u,; w, . ) va cang gin w, | cang tt.
Vi du 2. Céin ning cia 28 hoc sinh nam [6p 11 duge cho nhur sau:
554 626 542 S68 588 594 607 S8 595 636 618 523 634 579
497 45,1 56,2 63,2 46,1 49.6 59,1 553 558 455 468 54 492 526
Hiy chia miu dit liéu trén thanh 5 nhom, lap bang tin s6 ghép nhém va xde dinh gia tri
dai dién cho mdi nhom.,

Gidi

Khoang bién thién ctia miu s6 liéu trén 14 R = 63,6 — 45.1 = 18.5.
3 R 185

P dian mo1 nhom L = Tk" - —-5—— =37

Ta chon L = 4 vi chia dit liéu thinh cic nhom [45; 49), |49; 53), |53, 57).|57; 61).]61; 65).
Khi do ta co bang tin s6 ghép nhom sau:

Cén niing 145:49) | 149:53) | 15357 | 157:61) [ [61;65)
Gid tri dai dién 47 51 55 59 63
S6 hoe sinh 4 5 7 7 5

Chu y:

» Céc dau mut cta cac nhom co thé khéng la gia tri ciia mau so ligu,

* Ta hay gép cac bang s0 li¢u ghép nhom 1a so nguyén, chang han nhu bang thong ké s0 16i
chinh ta trong bai kiém tra gitta hoc ki | mdn Ngir Vin cua hoc sinh khoi 11 nhu sau:

S 16i |1: 2] [3; 4] 5: 6] [7; 8] [9; 10]

86 bai 122 75 14 5 2

Bang so liéu nay khong c6 dang nhu Bang 1. Dé thudn lgi cho viée tinh céc s6 dac trung cho
bang s liéu nay, ngudi ta hiéu chinh vé dang nhu Bang | bing cach thém va bét 0,5 don vi
vao diu mit bén phai va bén trai cia mdi nhom s6 lidu nhu sau:

S 16i [0.5; 2,5) [2,5:4.5) [4.5;6.5) [6,5:8,5) | [8,5;105)
86 bai 122 75 14 5 2




& MOt clra hang da thdng ké s6 ba 16 ban duoc mdi ngay trong thiang 9 vai két qua cho nhr sau:

: 12: 29 1B 19 15 21 ¥ 29 28 1 15 25 16 28 29
21 12 24 14 10 12 W 23 27 28 18 l& 10 20 21
Hay chia miu s liéu trén thanh 5 nhom, 1ap bang tan s6 ghép nhom, hiéu chinh bing
tan 50 ghép nhom va xac dinh gié tri dai dién cho mdi nhom.

2. S8 trung binh
Céc ban hoc sinh 16p 11A1 tra & 40 ciu hoi trong mot bai kiém tra. Két qua dugc

’ théng ké & bang sau:
S6 ciu tra loi ding [ [16; 21) |21; 26) [26; 31) [31; 36) [36; 41)
S6 hoc sinh 4 6 8 18 4

a) Tinh gi tri dai dién ¢, 1 <7< 5, cia timg nhom s6 liéu,

b) Tinh m,c, + n,e5 +n.c, +ae, +nc..

¢) Tinh T = e, + M€y + MLy + N,y +NC

40
Gia sir miu 86 liéu duge cho dudi dang bang tin sd ghép nhom:
Nhom Nhom | Nhom 2 Nhom &
Gid tr) dai dién fol s €,

Tan s6 n, ", n,

* S6 trung binh cua méau s6 lidu ghép nhém, ki hidu ¥, duge tinh nhu sau;
ne, +n,e, +...+ne,
n

x=

trongddon=m+n,+..+n

Vidu 3. K&t qua khao st cin ning cta 25 qua cam & moi 16 hang A va B duge cho & bang sau;

Can nang (g) [150: 155) | [155: 160) | [160: 165) | [165; 170) | [170; 175)
SO qua cam & 16 hang A 2 6 12 4 |
S6 qua cam & 16 hang B I 3 7 10 4

a) Hay udc lwgng cin ning trung binh ctia mdi qua cam & 10 hang A va 16 hang B.
b) Néu so sanh theo so trung binh thi cam ¢ 16 hang nao ning hon?

Gidi

Ta co bang thong ké so lugng cam theo gid tri dai dién:

Cén nang dai dién (g) 1525 1575 162,5 167,5 172,5
S6 qua cam & 16 hang 4 2 6 12 4 1
S6 qua cam @ 16 hang B 1 3 7 10 4




a) Cén nang trung binh cia mdi qua cam & 16 hang A xép xi bing
(2.1525+6.1575+12.1625+4.167,5+1.172,5):25=161,7 (g).
Cén nang trung binh ciia m&i qua cam & 16 hang B xap xi bing
(1.152,5+3.157,5+7.162,5+ 10.167,5+4.172,5) : 25 = 165,1 (g).
b) Néu so sanh theo s6 trung binh thi cam & 16 hang B ning hon cam & 16 hang 4.
Y nghia ctia sé trung binh cia mau sé liéu ghép nhém
S6 trung binh cta miu sb liéu ghép nhom la gid tri xap xi cho s6 trung binh cia miu s6 liéu gde.
N6 thuémg ding dé do xu thé trung tim ciia miu s6 lidu,

% Hay wde hegng trung binh s6 cdu tra 1 ding cia cac hoc sinh 16p 11A1 trong 8.
Hay ude lugng cdn ndng trung binh cua hoc sinh trong Vi du 2 sau khi ghép nhém
va so sanh két qua tim duge véi ¢dn niing trung binh etia mau so lidu goc.

3. Mét

f@ Tl mau s6 liéu & (»), hily cho biét khach hang nam va khéch hang nir & khoang tudi nao
mua bao hiém nhan tho nhiéu nhat. Ta 6 thé biét mot ciia mau s6 1iéu dd khong?

Xét méu s6 ligu cho & dang Bang 1.

- -

* Nhom chica mét ciia miu s6 liéu ghép nhom 1a nhom ¢o tin s6 1om nhit.

Gia st nhom chira mdt 14 |u,; w,, . ), khi d6 mét ciia miu s6 ligu ghép nhom, ki hiéu
la M,, duge xac dinh bai cong thire
n_=n

Mﬂ =um + i o '(”m+| _Hm }
{Hm -nm-ll+{ﬂm _"Ilil.mul»:l

Chii y: Néu khang ¢6 nhom ké trude ciia nhom chita mot thin, =0, Néu khéng eé nhom
k& sau cua nhom chira mot thi n, ., =0,

Vi du 4. M6t cong ty xdy dung khio sit khich hang xem ho ¢6 nhu ciau mua nha & mirc
gid ndo. K&t qua khio sat duoe ghi lai ¢ bang sau:

Mirc gia . _ = N 1
(riéudbng/m’) | U019 | (1418) | [18;22) | [22:26) | [2630)
S6 khach hang 54 78 120 45 12

a) Tim mot cia méu so liéu ghép nhom trén,

b) Cong ty nén xay nha & mirc gia nao dé nhiéu ngudi ¢6 nhu ciu mua nhit?
Giai

a) Nhom chira mét cia miu 6 liéu trén 1a nhom [18; 22).

Dodou_=18,n,_,=78,n,=120,n_,, =45, u_,.,—u . =22-18=4,
M@t ctia mau s6 liéu ghép nhom 1a
M =18+ Lg=78 L
(120-78)+(120—45) = 39




b) Dua vio két qua trén ta c6 thé dir doan rang néu cong ty xdy nha & mirc gia 194 tri¢u dong/m’
thi s& ¢ nhiéu ngudi ¢6 nhu cau mua nhét.

Vi du 5. S6 cudc goi dién thoai mot ngudi thue hién mdi ngay trong 30 ngay duoc
lya chon ngéu nhién dugc théng ké trong bang sau:

S6 cude goi [15;17]
S6 ngay 5 13 7 3 2

[3; 5] [6: 8] [9; 11] [12; 14]

a) Tim mét ctia mau s6 liéu ghép nhom trén,
b) Hiy dur doan xem kha nang nguoi do thue hién bao nhiéu cude goi mdi ngay 1 cao nhét.

Giai
Do s6 cude goi la 50 nguyén nén ta higu chinh la nhir sau:
Sécubcgoi | [2.5:55 | [55:85 | [85:11,5) |[11,5;14,5) | [14,5;17,5)

SO ngay 5 13 7 3 2

a) Nhom chita mot cua méu s6 licu trén 1a nhom [5,5; 8,5).
Dodbu,=55n,_=5n,=13n,., =T u,, -u,=85-55=13.
MGt ciia miu s6 liéu ghép nhom 14
13-5 101
3= Y
(13=-5)+(13=-7) 14
b) Dira vio két qua trén ta c6 thé du dodn ring kha nang ngudi do thye hién 7 cude goi
mdi ngay la cao nhit.
Y nghia clia mét cla mdu sé liéu ghép nhém

M, =554+ 7,2.

~ Mot ctia mu s6 liéu khong ghép nhom la gid tri c6 kha nang xuat hién cao nhat khi liy méu,
Mot ctia mau so ligu sau khi ghép nham M, xap xi vai mot cua mau s6 liéu khong ghép nhom,
Cac gid tri niim xung quanh M, thudng ¢6 khi nang xudt hién cao hon cdc gia trj khéc.

— Mot méu s6 liéu ghép nhom co thé ¢6 nhiéu nhém chira mdt va nhiéu mét.

Hay sir dung dir liéu ¢ (») dé tu vén cho dai li bao hiém xdc dinh khach hang nam va
nir & tudi ndo hay mua bao hiém nhat.

BAI TAP

1. Anh Vin ghi lai cy 1i 30 lan ném lao cua minh & bang sau (don vi: met);

72,1 749 | 102 | 708 | 722 | TL5 725 | 693 72,3 69,7
72,3 71,5 712 | 698 | 723 71,1 695 | 122 | 719 T3;1
71,6 | 71,3 722 | 71,8 | 708 | 722 | 722 | 729 | 727 70,7




a) Tinh cu li trung binh ciia mdi lin ném.
b) Téng hop lai két qua ném cua anh Vin vio bang tin sd ghép nhom theo méiu sau:
Cu li (m) [69,2; 70) | 70; 70.8) [70.8;: 71.6) | [71.6:724) | [72.4;73.2)

So lan ? ? ? /) ?

¢) Hay ude lugng ey li trung binh mdi lin ném tir bang tin s6 ghép nhom trén.
d) Kha niing anh Van ném duge khoang bao nhiéu mét la cao nhat?

. Nguai ta dém sb xe 6 16 di qua mot tram thu phi mdi phat trong khoang thoi gian tir 9 gio
dén 9 gior 30 phut sang. Két qua duge ghi lai & bang sau;

1511613 (21 [ 17 | 23 (15 [ 21 | 6 [ 10 [ 12 | 23 [ 19 [ 25 | 11
25 | 7 (29 (10 [ 28 (29 (24 | 6 [ It [ 23 | M [ 21 9 | 27 [ 15

a) Tinh 6 xc trung binh di qua tram thu phi trong mdi phit.

b) Téng hep lai 56 liéu trén vio bang tn s6 ghép nhom theo méu sau:

36 xc (6:10) | [11:15] | [16,20] | [21:25) | [26:30]
S6 lan ? ? ? ? ?

¢) Hay ude lugng trung binh s6 xe di qua tram thu phi trong mdi phit tir bang tin s6 ghép
nhom trén.

. Mot thu vién théng ké s6 lugng sach duge muon mdi ngay trong ba thang & bing sau:
[21;25] | [26:30] | |31:35] | 136:40] | [41;45] | [46; 50]
6 15 27 22 14 5

S6 sich | 116: 20
Sb ngay 3

Hay wde lugng so trung binh va mot cia méu so liéu ghép nhom trén,

. Két qua do chicu cao ctia 200 ciy keo 3 nam tudi & mét nong trréng dugce bicu dién o biéu do
dudi day.
Chiéu cao 200 cay keo 3 nam tudi
(50 ely) 4

0

Gl
6l 55

50
40+ 35
30
20
10

0 »
[8,5:88) [R&9l) [1:94 [9497) [97.10) (m)

30

Hay wde luong so trung binh va mot cia méu so liéu ghép nhom trén,




Bai 2. Trung vi va tu phan vi
clla mau so liéu ghép nhom
Tir khoa: Trung vi; Tir phan vi.

Chigu cao cla cac vin dong vién

158 wdn @Gng widni

@ Biéu do bén théng ké chiéu cao

(don vi: am) cda cac van dong vién 12
hai ddi bong ré Sao La va Kim Nguu. .
Hay so sanh chiéu cao clia céc p
van ddng vién hai doi bong theo 2

0

s trung binh va trung vi.

{76 175) (175, 180) [180; 185) [ 185; 190 [ 190y 195)'™"

04 o L @ B M Nguw

1. Trung vi
’C‘P a) Sir dung biéu d6 & (), hoan thién bang thong ké sau;

Chiéu cao (em) [170; 175) | [175; 180) | [180; 185) | [185; 190) | [190; 195)
D61 Sao La 2 4 5 5 4
DG Kim Nguu_ ? ? ? ? ?

b) Tim cac nhdm chira gid tr) trung v) chiéu cao thanh vién mdi doi.
Gol X, Xy; ... Xy, Jd chidu cao ciia 20 thanh vién déi Sao La xép theo thir tw khong giam,
Tir bang sﬁ!iéu trén ta théy.v,..rz e [170; 175); x5, ..., %, € [175; 180); x,, ..., X,, € [180; 185)

“ _— ¥ PG
nen trung vi cua mau so |I(.‘L1 X Ao ey Xy

la ;-{x“, + x,,) s¢& thuge nhom [180; 185).

Céng thic xdc dinh trung vi cda mdu 56 liéu ghép nhém:
o GOi 1 14 ¢0 mau.

o Giad su nhom |u,; u, . ) chira trung vi;

o 11 14 tAn 56 ciia nhom chira trung vi;

s C=mitnt . atn,

Khi do

St L)

L)

Vidu 1. Két qua khao sat cén nang cua 25 qua bo & mdt 16 hang cho trong bang sau:

136

Céan nang (g)

[150; 155)

[155; 160)

[160: 165)

[165: 170)

[170; 175)

Sé qua bo

|

7

12

3

2

Hay tim trung vi ctia mau s6 liéu ghép nhom trén.




Gidgi
Goi x,; x,; ... X, 1a cén ning ctia 25 qua bo xép theo thir tu khong giam.
Do x, € [150; 155): x5, ..., X, € [155; 160); x,, ..., Xy € [160; 165) nén trung vi ctia mau
sO lidux,; Xy; ..o %, la x,y € [160; 165).
Taxdcdinhduge n=25n, =12, C=1+7=8,u,=160,u,, = 165.

3 g
Viy trung vi cua mau s6 liéu ghép nhom la

=

M, =160+ 212 (165-160) = 161,875.

Vidu 2. Trong tudn I& bao v& mdi trudmg, cée hoe sinh khoi 11 tién hanh thu nhat vo chai nhua
dé tai ché, Nha truomg thing ké két qua thu nhat vo chai cia hoe sinh khdi 11 & bang sau;

S8 vo chainhya | [11;15] [16: 20] [21;25] [26; 30] [31;35]

S hoc sinh 53 82 48 39 18
Hay tim trung vi ctia mau s6 liéu ghép nhom trén.

' ' Giai
Do s vo chai 14 s0 nguyén nén ta hi¢u chinh lai nhur sau:
S6 vo chai nhya | [10,5; 15,5) | [15,5: 20,5) | [20,5; 25.5) | [25,5: 30,5) | |30,5; 35,5)
86 hoc sinh 53 | 8 48 9 | 18

S6 hoe sinh tham gia thu nhit vo chai nhya la

n=353+82+48+ 39+ 18 =240.
GOl X531 %.0 ool Xog lin luot 14 s vo chai 240 hoe sinh khéi 11 thu nhit duoe xép theo
thir tir khéng giam.
Do x,, ..., x € |10,5; 15,5); xg,, ..., X35 € |15,5; 20,5) nén trung vi cua méu s ligu
X5 Xgsienn s Xagg 18

-%[x”[, +x,,,) € [15,5; 20,5).

Ta xac dinh duge n =240, n, =82, C=53, u, =155, u,, ., = 20,5.
Trung vi ciia miu s6 liéu ghép nhom 1a

240

=53
2 ,(20.5_15.5}=%==19,59.

M, =155+

¥ nghia ctia trung vi cia mau sé liéu ghép nhém

Tir dir lidu ghép nhom néi chung khéng thé xac dinh chinh xdc trung vi ctia miu s6 lidu goc.
Trung vi clia mau s6 liéu ghép nhom 14 gid tri xdp xi cho mau s6 ligu goe va ¢o thé lay lam
gid tri dai dién cho mu s liéu,

‘@1 Hay tra 101 cdu hoi & &),

{ﬁ Trong mot hoi thao, thot gian chay 200 m cua mét nhém cac van dong vién duge ghi lai

I‘\f-—"

o bang sau:
Thei gian (gidy) | [21;21,5) | [21.5:22) | [22;22,5) | [22.5:23) | [23;23.5)
S6 van dong vién 5 12 32 45 30




Dua vao bang sb hiéu trén, ban t6 chire mudn chon ra khoang 50% sb van dong vién
chay nhanh nhat dé tiép tue thi vong 2. Ban t6 chirc nén chon cac vén dong vién co
thot gian chay khong qua bao nhiéu giay?

2. T phan vi

Thon gian luyén tap trong mot ngay (tinh theo gir) cua mot 56 véin dong vién duge
ghi lai ¢ bang sau:

Thoi gian luyén thp (gio) | [0:2) | [24) | [4:6) | [6:8) | [8:10)
SO van dong vién 3 8 12 12 4

’

Hudn luyén vién mudn xac dinh nhom gbm 25% cic van dong vién o sb gior luyén tip
cao nhit. Hoi huin luyén vién nén chon cac vin dong vién co thoi gian luyén tip tir bao nhiéu
210 trdr 1én viao nhom nay?

Trong &, s6 viin dong vién dugc khao sat lan =3+ 8+ 12+ 12 + 4 = 39,

Goi x,; X, ...; X, 12 thon gian luyén tép cuia 39 vin dong vién duoe xép theo thir ty khong giam.,

Ta co x,, %, X6 [UalE X ot & ELy R Kl ey Kox S0ld; GhX, .. ... X € [0 8);

Xy +o0s Xyo € |8: 10). Do d6 dbi vai day 50 liu x,; x,: ...} X, thi

* Tt phin vi thir nhat la x,, thuée nhém [2; 4);

* T phin vi thir hai la x,, thuge nhom [4; 6),

* T phén vy thie ba 1 x,, thude nhom | 6; 8).

Ta ndi nhém [2; 4) 1a nhom chira tr phin vy thir nhit: nhom [4; 6) la nhdm chita tir phén v)

thar hai; nhom [6; 8) 1a nhdm chira tir phan vy thir ba.

Céng thiic xdc dinh t& phén vi ctia mdu sé liéu ghép nhém

Tir phin vi thir hai coa miu s6 liéu ghép nhom, ki hiéu Q,, ciing chinh 1 trung vi ctia méiu
s licu ghép nhom,

Dé tim tir phin vi thir nhit cia méu s6 lidu ghép nhom, ki hidu ©,, ta thyue hién nhwr sau;
» Gia sir nhom [, u,,, ) chira t phin vi thir nhit;

» i, 14 tin s6 cia nhom chira tir phén vi thir nhat;

G~ & T

Tuong ty, dé tim t&r phén vi thir ba ciia mau s6 liéu ghép nhom, ki hiéu Q,, ta thyuc hién
nhur sau:

* Gia st nhém [u; w, ) chita o phin vi thir ba;

* n, 1 tén s6 ciia nhom chira tir phan vi thir ba;

vC=mtmt oy




Vi du 3. Hay xéac dinh cc tir phan vi ciia mau s6 lidu trong 8.

Giai
Nhic lai: X, £X, = ... =X, la thoi gian luyén tip cua 39 vin dong vién.
Tt phén vi thir hai cia day s6 liéu x,; x,; ... Xy 1a x,, € [4: 6). Do d6 tir phin vi thir hai
clia mau so liéu ghép nhom la
4 o 4)=22 25,417
=4+ (6-4) = =5,417.
0. 2 ©=9=1"

Tir phén vi thir nhét cua day s litu x; x,; ... % ld x,, € [2: 4). Do do tir phiin vi thir nhat
ctia mau s6 liéu ghép nhom la
1.39

2RSS
= 4 . — :ﬂ: o
Q=2+ 2 (4-2) e 3,6875.

Tir phén vi thir ba cua day so liéu x,; x,; ...; %, la x,, € [6; 8). Do d6 tir phén vi thir ba cua
miu 50 liéu ghép nhom la
39 G
=6+ (8—6)=—r=7,042.
0 12 ( ) 24

+x, ), trong d6 x, va x, , , thude hai nhom lién tiép,

o |

Chui y: Néu tir phin vi thir k 1a % (x

vidunhux, € [u,_;w)vix, € |u;u, )thila liy Q, = u,.

Vi du 4. Mot haing xc 6 t6 thong ké lai s6 lan gip s cd vé dong co cia 100 chiée xe cling
loai sau 2 nam st dung ddu tién ¢ bing sau:

17: 8]
20

SH xe 17 33 25

a) Hay ude lugng cdc tir phén vi ctia mau s6 li¢u ghép nhom trén,

5

S6 lingapswcd | [1;2] } 3:41 | [5:6]

19: 10] |

b) Mot nguai cho rdng 6 trén 25% xe ctia hiing gép khong it hon 4 sy ¢6 vé dong co trong
2 nim str dung déu tién. Nhan dinh trén ¢6 hop li khong?

Giai
a) Do s6 lan gip sw co 1a s6 nguyén nén ta hiéu chinh lai nhu sau;

S6 lan gap su co [0,5:2,5) | [2.5:4,5) | [4.5;6,5) | [6,5;8,5) |[85;10,5)

SO xe 17 33 25 20 5
Goi x,3 Xy5 .5 X, 18 miu s6 liéu duge xép theo thir ty khong giam.
Ta b x; X € [05; 2.5); 2 woxg 6 [2.5; 458 X i X0 € [4:56,5);

Kigiivoiy Xeg € [0:5,8.0) X o5 X 2 [8.5; 10.5).
: o £1:a . ,
Tir phin vi thir hai cua day so héux; x,; ...;x, 1a E(xf,,, +x,). Do x,y € [2,5; 4,5) va

X., € [4,5; 6,5) nén ti phén vi thir hai cia mau so liéu ghép nhom 1a Q, = 4.5.



Tt phan vi thit nhat cta day 6 lidux; x,; ...; x,,, 12 %i{xzfi +x,,). Do x,, va x,, thuge nhom
[2,5: 4.5) nén tir phén vi thir nhat ctia méu so6 liéu ghép nhom la
1.100

4 ~17 197

=25+ . (4,5-2,5)=——~2,98.
0, ( ) =

Tt phén vi thir ba cua day s6 liéu Xis Xaaovas-Xypg 18 %[‘rﬁ + x,). Do x, € [4,5; 6,5) va
Xy, € 6,5: 8,5) nén tir phin vi thir ba ciia miu s6 liéu ghép nhom la @, = 6.5.

b) Do tit phin vi thit nhit Q, = 2,98 nén nhén dinh trén 14 hop 1.

Y nghia ciia t phan vi cia méau sé liéu ghép nhém

Ba diém tr phéin vi chia mu s6 liéu da sip xép theo thir tw khong giam thanh bin phin déu nhau.
Gidng nhu vai trung vi, n6i chung khéng thé xac dinh chinh xédc céc diém tir phan vi cua
mau s6 liéu ghép nhom.

B0 ba (& phén vi cta miu s6 liéu ghép nhom 14 gid tri xdp xi cho t&r phin vi cua miu s6 lidu
goe va duge sit dung 1am gia tri do xu thé trung tim cua méu s6 licu,

Tir phén vi thir nhilt va thir ba do xu thé trung tam cua nira dudi (cde dir liéu nho hon Q,) v
nura trén (cac dir liéu 6m hon O,) cua miu s6 liéu.

BAI TAP

MOt ngudi thong ké lai théi gian thye hién cae cude goi dién thoai cia ngudi do trong
mol tuin & bang sau:

Thi gian . ; B _. 40 . - ‘ .
(dunvi:g_m;r_]_lu'ﬁm [60: 120) |[120: 180)| [180: 240) | [240: 300) | [300: 360)
S6 cude goi 8 10 7 5 5 |

i ¥ . = . o x L ogem s & =
Hay uace lugng cae 1 phan vi cua mau so ligu ghép nhom trén,

Mot phong khiam thfmg ké s6 bénh nhan dén kham bénh mdi ngay trong thang 4
ndm 2022 & bang sau:

Sébenhnhan | [1:100 | [;200 | 1300 | p1a0) | [ar;s0;
SO ngay 7 8 7 6 2

a) Hay wde lugng cde tir phén vi cia mau so liéu ghép nhom trén,

b) Quan li phong kham cho ring c6 khoang 25% 56 ngay kham co nhiéu hon 35 bénh nhian
dén kham. Nhén dinh trén cé hop 1i khong?

1. Luong thing cua mot s6 nhin vién mot viin phong dwoc ghi lai nhu sau (don vi: triéu dong):

125 | 96 | 11,7 | 127 | 10,0 | 10,0 | 122 | 98 | 109 | 6,7 | 136 | 9.2

13,1 { 6,5 (10,7 | 89 | 11,2 | 132 | 83 [ 11,1 | 119 | 84 | 6,7 | 13,8

a) Tim tir phén v cia day so liéu trén.



b) Téng hop lai day sb lidu trén vao bang tin sé ghép nhém theo miu sau:

Luong thang _ _ _ ‘
(tridu ddng) [6: 8) 8; 10) [10; 12) [12; 14)
S6 nhén vién ? ? ? ?

¢) Haly ude luong t&r phin vi cua s6 liéu & bang tin sé ghép nhom trén,

2, S6 diém mét cau thu bong ré ghi duge trong 20 trin dau duoe cho ¢ bang sau:

25 23 21 13 8 14 15 18 22 11
24 [ 12 | 14 | 14 [ 18 | 6 | 8 |25 | 10| 1
a) Tim tir phin vi cua day s6 liéu trén,

b) Téng hop lai diy sé lidu trén vao bang tin s6 ghép nhdm theo miu sau;

Diém s6 16;10] |  [11;15] | 16; 20 121; 25]
S tran ? ? ? ?

¢) Hay ude lwong tir phan vi cta so liéu tir bang tin s6 ghép nhém trén,

3, Kiém tra dién lugng ciia mot s6 vién pin tiéu do mét hiing san xudt thu duge két qua sau:

Dién lugng _ e | . |
(nghin mAh) 10,9; 0,95) | 10,95; 1,0) | |1,0; 1,05) | [1,05; 1,1) | |1,1; 1,15)
SO vién pin 10 20 35 15 5

Hay woe lugng s trung binh, mdt va tir phin vi cta miu 50 liéu ghép nhom trén.

4. Can ning cia mét s6 lgn con mdi sinh thude hai gidng A va B duge cho & bitu db dudi diy
(don vi: kg).

Cédn ndng clia mot sé
lgn con mdi sinh
(S con)
40
30
20
10
1]

(Lo, (L 02y (L2 1.3 [1,3;1,4)  (kg)

B Gifng 4 M Gidng B

a) Hay so sanh ¢in ning cua lon con mdi sinh giéng A va giéng B theo sb trung binh va trung vi.

b) Hay wéc luong tir phin vi thir nhit va thir ba cia cin nang lon con méi sinh giéng A4 va
cua cdn niang lon con méi sinh gidng 5.

1



Ban c6 biét?

O 1Gp 10 chiing ta da duge lam quen véi phin mém GeoGebra dé vé do thi ham s6 béc hai
v vé ba duomg conic. Phin mém GeoGebra con ¢6 thé duge ding dé tinh cac s6 diic trung
cta méu s6 liéu ghép nhom.

Vi dy, dé tinh cac s6 dic trung ctia miu s6 liéu ghép nhdm, hiy vao dia chi
https://www.geogebra.org/classic/j6jzvb2n

em sé thdy chuong trinh nhur dudi day.

- c m D ﬁ Itp .._-n,._n,mw.u.q.'.u Heiewh
A A DO IR S
Tim céc déc trirng clia mAu sb liéu ghép nhém Két qua
Cive o6 03¢ trumyg | Kbt quid tinh
Bin khodng gi mr:._u]u.m.m. 30, 40, 50, 60, 70, 80 ’:‘ T u‘-: '
546,67
T e LT | T+ T -
Eihtlnsd{F}|ﬁ.2-LlJ.]£.zﬂ.H.I.e..m e ar
Q b8.54
Khading g 4 | 9:10) | [19.20) [ [20.30) | 30,40) | [40,50) | 50.00) | [60.70) | [10.80) —
s | 5 1o | 9l [ @l U L -
Bang thn o6 gla tr el cion TN _ = 1 Ton g
| Gid 1e] a3 dbge w | Tdin #d ny | Khohnggidir| | Thnsb | C | A chor G 1 |20, 300
> > B PN o
4 : (10, 20) TEE N . “-4,[1 - ] R
' % 12 ey | 1| a2 | @ S Sl | L
I P 20 [ i) 1[5
!.__ " | M e | fes0) |2 |Ta|
| ﬁ E | _Iso.00) | 11 |88 N iy Qs trvamg vl ) a (00, )
e T i R iy i c
i ] : |70, o) | 30 ﬂ?; Oy = ..'; i l:‘%_-r—] w [ - ||:':I = H.Th
| Thay  |nwm 27| o
1. Tiesh truang biah i 2. Tiohmdt Ny ehidr i 1 70, 00
L T AL T T PO = 0 e § e i 0 0 = 100 Wb il O3 1 |06, 700
Am L, 4 [ﬂ"M IE"“"IHI"'_ Iu-...] = W, )= -l'r'.'I * [L.'rlﬁ.‘rl . 1"",'I - ﬂ‘fli = NS
n - 12 [r—
wlah [m =13 .n] Mg SR TR
Hudng ddn sir dung:

Nhép cdc dau mit ctia mdi nhém 1an lugt tir nho dén lén vao 6 “Dién khoang gia tri (C.1)"™;
Nhap tin s6 tuong tmg vao 6 “Dién tén s6 (F)".
Sau khi nhap xong dir lidu trén, 4n vao nat [N dé xem céc sd dic trung.

il 14



BAI TAP CUGI CHUGNG V

CAU HOI TRAC NGHIEM
Chon phuong dn ding.

Doanh thu bén hing trong 20 ngay duoc lya chon ngfm nhién cua mot cira hang duge ghi lai o
bang sau (don vi: triéu dong):

Doanh thu [5:7) [7:9) [9:11) [11;13) [13; 15)
S6 ngiy 2 7 7 3 |
1. 86 trung binh cua miu 56 1iéu trén thude khoang nio trong cic khoang dudi diy?
A, [7:9). B. [9; 11). Calidle 1), D. [13; 15).
2. Trung vi cua mau 50 liéu trén thuge kKhoang nao trong cac khoang dudi diy?
A. [7:9). B. [9; 11), C.[11:13). D. [13: 15),
3. Mt ciia miu s6 liéu trén thube khodng ndo trong cdc khoang dudi diy?
A.[7:9). B. [9; 11). C. [11; 13). D. [13;15),
4. Ti phéin vi thir nhit cia mau s6 ligu trén gin nhit voi gid tri ndo trong cdc gia tr sau?
A, B. 7.6. C. 8, D. 8.6.
5. Tir phan vi thir ba cua mu s6 ligu trén gan nhat véi gia trj nao trong cdc gid tr sau?
A 10, B. 1T Bl D. 13.
BAITAP TU LUAN

6. Théng ké diém trung binh mén Todn ciia mét s6 hoe sinh 1dp 11 duge cho & bang sau:

Khoang diém | [6,5;7) | [7:7.5) | [7.5:8) | [8:8.5) | [8,5,9) | [9:9.5) |[9.5;10)
Tén s6 8 10 16 24 13 7 4

Hay wde lugng sé trung binh, 1 phan vi va mét cia mau sd ligu ghép nhém trén,

7. Dé kiém tra thoi gian sir dung pin cia chiée dién thoai mai, chi An thong ké thii gian sir dyng
dién thogi cua minh tir lic sac ddy pin cho dén khi hét pin & bang sau:

Thai gian s dung (gio) [7: 9) [9: 11) [11;13) [13:15) [15:17)

S6 ldn 2 5 7 6 3

a) Hay udce lrgng thii gian st dung trung binh tir lie chi An sac déy pin dién thoai cho t6i
khi hét pin.

b) Chi An cho riing c6 khoang 25% s lin sac dién thoai chi ding dwgc dudi 10 gio. Nhin dinh
cua chi An ¢6 hop li khong?

13



8. Tong lwong mua trong thang § do duoc tai mot tram quan tric dit tai Ving Tau tir ndm 2002

dén nam 2020 duge ghi lai nhr dudi ddy (don vi: mm):

121,8 1583 3349 2009 1656 161,5
1659 1659 134 173 169 189

1943
254

220,7 1898
168 255
(Nguon: Tong cuc Théng ké)
a) Xdc dinh s6 trung binh, tir phén vi va mdt cua mau s6 liéu trén,
b) Hoan thién bang tin s6 ghép nhom theo miu sau:

234.2

Téng luong mua trong thang 8 (mm) | [120; 175) | [175:230) | [230:285) | [285; 340)

S6 nim 9 ? 9 9

¢) Haly ude lugng sd trung binh, & phéin vi vt mt cia miu sd liéu & bang tdn s6 ghép nhom trén,

9. Bing sau théng ké s6 ca nhiém mdi SARS-CoV-2 mdi ngiy trong thang 12/2021 tai Viét Nam.

Ngdy | S6ca | Ngdy | Sbca | Ngdy | Soca | Ngiy | Sbca

1| 15139 | 9 | 15965 | 17 | 15685 | 25 | 16046
2 14 295 10 15474 18 16363 26 15 667
3 14 254 11 16 830 19 16 586 27 15310
4 14 598 12 15264 20 15420 28 14 866
5 14 927 13 16 035 21 16 806 29 14 299
6 15 215 14 15 871 22 17 044 30 20 454
7 14 433 15 16192 23 16 860 31 17 004
8 | 15223 | 16 | 15720 | 24 | 16633

(Neudn: worldometers.info)
a) Xac dinh s6 trung binh va t&r phan vi ctia mau s6 lidu trén. Mau s6 lidu c6 bao nhiéu gia tri
ngoai 1¢7
b) Hoan thién bang tin sé ghép nhom theo miu sau;

86 ca (nghin) |14; 15,5) | 13,5; 17) [17; 18.,5) | 18,5; 20) [20; 21,5)

SO ngay ? ? ? ? i

¢) Hay ude lugng sé trung binh va tir phan vi ciia méu s6 liéu & bang tan s6 ghép nhom trén,



HOAT DONG THUC HANH VA TRAI NGHIEM

Bai 1. Tim hiéu ham sé lugng giac
bang phan mém GeoGebra

MUC TIEU
— Thye hanh sir dung phin mém GeoGebra dé v& do thi cua ham sé lwgng gidc.

— Duing db thi giai thich tap xéac dinh; tip gid tri; tinh chat chin 1&; tinh tudn hoan; chu ki;
khoang dong bién, nghich bién cuia cac ham s6 lugng gidc.

~On tdp va minh hoa cdc tinh chiit da hoc vé ham sé lugng gidc.

CHUAN BI
— May tinh xdch tay ¢6 cai diit phin mém GeoGebra hodc ¢6 két ndi Internet,
— Méy chiéu hode man hinh ti vi 1.
— Thye hanh trong phong may néu ¢ic truomg ¢6 diéu kién,
— Sdch gido khoa Todn 11, tip m@l — b sich Chiin tréi sang (ao.

HUGNG DAN CHU'C NANG CUA GEOGEBRA
Dé v d6 thi trén GeoGiebra ta thyre hién cde thao tic trén bon viing sau:
1. Ving chira cide thanh cong cy:
2. Vimg hién thi danh sdch cic déi twong;
3. Ving lam vige: chira d6 thi v& duge cta cae ham s6 lugng gidc;
4, Ving nhap lénh; dé nhip cong thire cde him s6 va biéu thire,

Viing chira cic { “’“m""“‘"“ﬂmﬂrwwmwnmdmw &
= =G -
thanh cong cuy -"‘ ' .,-"'"||,3,-||__-||_ O« __[\i a2y q. = [ ‘
- iHﬂl‘lﬂ‘l.l‘lﬂhllﬂi m‘ bmm““u ﬂJI
@ Y= llll{l] III“ !
® g y= coux) |
3
Viing hién thj |
danh sach 1 /"' /./i{
ciac doi twong Yo - l N4
=
Vﬁng :Ilh{'ip Iénh [ “_llb H;r;lhlzi - - —p—— i ;';"@—'!

Hinh 1. Cdc vang lam viéc cua GeoGebra Classic 5




TO CHUC HOAT PONG
Chia 1¢p thanh cac nhom, mdi nhom tir 4 dén 8 hoc sinh.

Nhom truong phin cong cic thanh vién trong nhém thye hién cée hoat ddng sau:

HOAT PONG 1. V& db thj ham s6 y = sin x

1. Khai dong phiin mém da cai dat trén mdy tinh hofic truy cép vao trang web:

https://www.geogebra.org/ dé sir dung phién ban online.

2. Cac budce thao tac trén GeoGebra:

Nhip phuong trinh theo ¢ phap y = sin(x) vao viing \

nhdp 1énh (Hinh 2).

; i 4 N
?_ﬂnap Ignhiy=sin(x) ** © \/_1

Hinh 2

Ta co ngay dd thy him 50 y=siny trén ving lam vige
nhu Hinh 3.

-2

Hinh 3

@1 V& d6 thi ham sb lwong gide v — cosx trén clng hé truc toa dd vdi ham sb y = sin.x.

LT Dslaiea Clasis |
Hé s Crlnh sdra Hign thi Cae tuy thon Cac cong cu Clra ld Trigt glup

B 2 e BlOl 4N =] 4.
* Hidn thi danh n:i" Wing lam vige
N~

® Viy=sinix) |
® gy = cosfx)

Nhap lgnh:

Hinh 4

% Ve do thi cac ham s6 lugng gide v = tanx va y = cotx trén cung mot hé tryc toa do.

Y Nsacinten L lnmir §

Hi 8o Ghinh sra Hién th Cac ty chen Cac céng cu Cira sd Tro giup

| P BRSO (s )P AN T S

’ I-I-Hn thj danh i * Vang lam vige
ACT

@ f:y=tan(x) .
® 5:iy=corfs) g

n X

Hinh 5

125\\1



HOAT DONG 2. Diing db thi dé gidi thich tinh chit ciia cic ham s6 lwgng gidc

Vi du

Ham sb

y=sinx

yY=COs8 X

y=tanx

Tap xéc dinh

R

ﬁ%{—;-+kn|ke§£}

Tap gid tri

|=1: 1]

Tinh chin l¢

Chan

Chu ki tuan hoan

T'=2n

Khoang ddng bién trong

mdt chu ki

(r: 2m)

Khodng nghich bién

trong mot chu ki

53
22

(0; m)

Ding dé thi giai thich tap xéc dinh; tap gid tri; tinh chit chin I¢; tinh tuéin hoan; chu ki;
khoang ddng bién, nghich bién cia ham sb y = cot x.

Bai 2. DUng céng thic cap s6 nhan
dé du bao dan sé

oy’ l;i_o n.ln SOVIET m;u_ntr: ;Aun_-u_




MUC TIEU
— Vin dung céng thire tim s6 hang tdng quat cua cip s6 nhin dé dur béo dén sb.
— Tim kiém va sir dung théng tin tir cdc ngudn ¢6 san dé lam du bao.
— Vin dung cac ki nang thong ké dé té chire, xir 1i va biéu dién dir liéu.

CHUAN B|
— Miy tinh ¢im tay hoiic mdy tinh dé ban, méy tinh béng, mdy tinh xach tay ¢6 cai phﬁn mém
Microsoft Excel.
— Sach gido khoa Toan 11, tdp mdt — bg sach Chén trdi sang tao.

TO CHUC HOAT DONG

Chia 16p thanh cdc nhém, mdi nhom tir 4 dén 8 hoe sinh.

Nhom truong phin cong cac thanh vién trong nhom thyee hién cong viée theo cic bude sau:

1. Tra ctru dén sb Viét Nam ¢ thod diém hién tai, Vi du: Nam 2020, déin ) Viét Nam 1a
A= P(1) = 97.34 triéu ngudi.

2. Tra ctru ti 1¢ phin trim ting dén 56 trung binh hang nam. Vi du: a% = 1,14%.
(Gia sur ti 1¢ nay khong déi qua cde nim.)

3, Chon nam thir 7 sau ndm hién tai mudn dy bio dan s6. Vi du: n = 5.

4. Vin dung cong thire P(m) = A(1 + a%)" ' dé tinh s6 hang thir n cua mét ¢ip s6 nhin co
50 hang dau 1a A va cong boi la g = (1 + a%).

Vidy: P(5)=9734(1 + 1,14%)" = 101,86.
5. Lap bang thang ké dy bao dén s6 tirng nam tir 2020 dén 2030 theo méu sau:

DU BAO DAN SO VIET NAM DEN NAM 2030

NAM (borge)
2020 97,34
2021 98,45
2022 99,57
2023 100,71
2024 101,86
2025 103,02
2026 104,19
2027 105,38
2028 106,58
2029 107,79
2030 109,02




6. V& biéu d6 doan thing biéu dién dir liéu du bao dan sb theo cdc nam.

DU BAO DAN SO VIET NAM
TU NAM 2020 DEN NAM 2030

(Eridu ngudi]
Y

110
108
106
104
102
100
o8
o6
a4
92
90

2000 2021 2022 2003 2024 2025 2026 2037 2028 2009 2030 (M4

7. Céac nhém béo cdo, thuyét trinh, gidi thi¢u san phdm cua nhém trude 1op.
Chi y:

— C6 thé dy bdo din s6 cia dja phuong, tinh, thinh phd noi dang sinh song dé ting tinh
thési s va két noi,

— C6 thé yéu ciu hoe sinh di bdo ddng thai mot vai qudce gia dé hoe sinh so sanh,
— Hoc sinh ¢6 thé trinh bay trén gidy A, hogc trinh chiéu,




s

BANG GIAI THICH THUAT NGU

Cﬁp 50 eing

Mr;ut s.omatmngcln ké nrsnhmgthtrhal
moi s0 hang deu hing tong cua so hang
dimg ngay trede no va mot s6 khong doi.

Cip s6 nhin

M-.,ﬂ dJ}f 50 mi trong do, keé tir ) h.mg thit hai,
moi s0 hang déu bang tu:h clia 80 hang cIng
ngay trirde nd va mot so khong doi.

Cép s nhin lii vé han
Cip s6 nhan c6 cong bdi ¢ thoa mén |g| < 1.

Diiy 50

La ham s6 ¢o tdp xdc dinh I ﬁn hep cie
56 nguyen duong [N* [dﬁy 56 vo hgm} hofic
tp hop {1:2: 3: mi pom m s0 nguyén
durong dau tlén (dﬁy 50 hitu han).

Puirng thiing song song vii mit phiing
Duéng thang khong cd diém chung véi
miit phing do.

Dinh li Thalés trong Khing gian

Ba mat plu'-mg déi :111,'1! song song chin trén
hai ¢dit tuyén bit ki cice dogn thing trong (mg
ti 1¢.

Duing tron lugng Liin

Buimg trom o tim tai gm (2 cua miut phang
Oxy vé ¢6 ban kinh bang [, clm phép moi
goc hugmg gide duge biéu dién bing mjt
diém trén dudmg trdn nay,

Giao tuyén cia hai mit phing

Budmg thing 1po bai it ca cde diém chung
cua hai miit phing phén hiét.

Gidi han cua day sb

SO @ la giti han cua diy s6 (u,) néu u, gdn
@ tuy ¥ khi n du ldn, nghta 1 [u, — a] nho

hem mot s6 duong bé tuy v, ké tr 6 hang
nao do tra di.

Gidi han ciia ham si

SO L li gidi han cia ham sd y =/ (x) tai
diém x, néu /' (x) gin L tuy y khi x (x # Xo)
da gin x,, nghm la |f (x) — L| nho hon s0
dwong iy ¥ khi |x — x| nhé hon s6 duong
nao do (x # x,).

Goe lwong gide

Goc quét boi tia Ox khi né quay quanh
diém O tir vi tri tia Oa nao do, theo chicu
nguoc chiéu kim dnng hé {chreu duong)
hoac cing chiéu kim dn::ng ho (chiéu am)
vt dirng lai o vi tri tia Ob nio do.

H Haiduong thﬁng chéo nhau

Hai duomg Ithéug khéng cing nam trong

mdt miit phing.

Hai dudng thﬁng ﬂi’ing phﬂng

Hai duong thing cting nam trong mot

miit phiing.

Hai durong thﬁng song song

Hai dudong thang niam trong cung mot

mit phiing vi khong ¢6 diém chung,

Hai mit phiing song song

Hai mat phang khang c6 diém chung.

Ham s6 chin

Him hU = f (x) vai l.;'lp xic dinh D 1a

ham 6 ¢han néu voi moix e D taco—r e D
v f (=x) = f(x).

Ham s6 1é

Ham sb p = £ (x) voi tip xac dinh D la

himso lénéuvoimoix e Daco—x e D

va [(=x) ==f(¥).

Hiim s6 lién tye

MOL ham sd lién e i diém x, néu no ¢
LH..‘!'I h;;m tai c‘hcm X, va gidi han do hmlg
wid tr cia him so tai diém x,,

Ham sb hrgng gific
Cdc ham s6 y = sin.x; v = cos x; v = tan x;

¥y =colx.

Ham 56 tuiin hoin

Ham su »=f(x) vai tip xic d!nh D la
him s6 twédn hoan néu 10n i motsé6 7> 0
sao chovaimoix e Dtacdx + T'e Dva

Sx+T)=f(x)

Phép chiéu song song

C h-:& duomg lhﬁng ] ¢iit mit phhn g (P). Phép
chiéu song song_ [én mat phing (P) theo
phuong / bién mdi diém M thanh diém M’
trén mt phing (P) theo quy tic: ve dm&ng
thﬂng qua M, song song hofic trung voi /,
il (P) tai diém M. Duimg lhang { duoe
goi 1a phuong chn.u_ mdt phang (P) duge
goi la mit phing chiéu.

Radian

La mot don vi do goc. Mot radian la 5o do
cua goc ¢ tim dudng tron chin mot cung
¢6 dd dai bang ban kinh ciia dudmg tron.

(i [ISH]

a



BANG TRA CUU THUAT NGU'

C Hai dudmg thing song song 101
Cép 6 cong 52 Hai mat phing song song 113
Cip sb nhan 57 Hamso chan 26
Ciip s6 nhan Lui vo han 67 ~ Himsole | 26
Céng boi 57 Ham S{:i lién tue tai mot diém 80
Céng sai 57 Ham s0 lién tye trén mot doan 81
Céng thire bién dbi tich thanh tong 22 Ham ‘ifl lién tuc trén mdt khoang 81
Cong thirc bién doi tng thanh tich 23 Ham s0 luong gidc 25
Céng thire cong 21 Héam s0 tudn hodn 27
Cong thite goc nhin doi 21 HE thire Chasles 9
Hinh chop 96
D Hinh hop 119
Day 6 45 Hinh lang try 117
Day s6 bj chiin 49 Hinh tir dién 97
Day s6 giam 48 M
Day 6 ting 48 etphiog o
D Miit phiing chiéu 121
&
Dinh 1i Thalés trong khdng gian 7 Mot 133
Pudmg thing song song véi mét phiang 107 P
Pudng tron lugng giidc I Phép chitu song song 121
Phuong chiéu 121
G
Gia tri lugng gidc 13 R
Giao tuyén cua hai mat phing 92 Radian 10
Gidi han bén phai 74 S
Gidi han bén tréi 74 SO hang tong quat ctia cdp sO cong 54
Gidi han hiru han cua day s 65 S6 hang tong quat cua cap s6 nhin 59
Gidi han hiru han cua ham s6 72 S liéu ghép nhom 130
Gidi han vé cye 68 Sé trung binh 132
Goc luong giac 8 T
H Trung vi 136
Hai dudng thiing chéo nhau 101 Tir phén vi 138
Hai dwéng thing dong phing 100
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Nhé xuiit bian Gido due Viét Nam xin tran trong cdm on
cie tic gid co tdac phiam, te ligu diwge siv dung, trich din
frong cuin sdach ny.

Chiju trach nhiém xuat ban
Chu tich H6i ddng Thanh vien NGUYEN BU'C THAI
Téng Giam déc HOANG LE BACH

Chiju trach nhiém néi dung
Téng bién tap PHAM VINH THAI

Bién tép ndi dung: TRAN THANH HA — DANG THI THUY = NGUYEN TH| PHUOC THO
Bién tap mi thuat: BUI XUAN DUONG

Thiét ké sach: BUI XUAN DUONG = HOANG CAO HIEN

Trinh bay bia: TONG THANH THAO

Minh hoa: XUAN DUONG — TRONG SON

Stra ban in: TRAN THANH HA — DANG TH| THUY — NGUYEN TH| PHU'OC THO

Ché ban: CONG TY CP D|CH VU XUAT BAN GIAO DUC GIA BINH

Ban quyén thudc Nha xuét ban Gido duc Viét Nam.

Xuét ban phdm da dang ki quyén tac gia. TAt ca cac phan clia ndi dung cudn séch nay ddu
khéng dugc sao chép, luu trr, chuyén thé dudi bat ki hinh thire nao khi chuwa eo sy cho phép bang
vén ban cla Nha xuét ban Giao duc Viét Nam,

Toan 11 — Tap mét (Chan troi sang tao)
Ma sb:
[, g ban, (QD in s6....) Khd 19 x 26,5 cm.
eV In: o
ol In i
S6 BKXB:
So QBbXB.......... ngay.... thang.... nam 20....
In xong va ndp lwu chiéu thang.... nam 20....
Ma sb ISBN: Tap 1:

Tap 2:



HUAN CHUONG HO CHI MINH

BO SACH GIAO KHOA LOP 11 - CHAN TROI SANG TAO

1. Todn 11, Tap mét 4.
2. Todn 11, Tap hai 15.
3. Chuyén dé hoc tap Toan 11 16.
4. Nglivan 11, Tdp mot 17,
5. Nglrvan 11, Tap hal 18.
6. Chuyén da hoc tap Ngi van 11 19,
7. Tiéng Anh 11 20,
Friends Global - Student Book 21
8 Lichsir1 22,
9. Chuyén dé hoc tp Lich s0r 1 23,
10. Biali 1 M,
11, Chuyén dé hoc tap Biali 11 25.
12. Gido duc kinh té va phdp ludt 11 26.
13, Chuyén dé hoc tap Gido duc kinh té 27,
va phap ludt 1 28,

Vatlin

Chuyén dé hoc tap Vatli 1

Hoa hoc 11

Chuyén dé hoc tip Hod hoc 11

Sinh hoc 11

Chuyén dé hoc tap Sinh hoc 11

Tin hoc 11 = Binh huang Tin hoc Ung dung

Chuyén dé hoc 1ap Tin hoc 11 - Binh hudng Tin hoc (ng dung
Tin hoc 11 = Binh hudng Khoa hoc mdy tinh

Chuyén dé hoe tap Tin hoc 11 - Binh hudng Khoa hac may tinh
Am nhac 11

Chuyén dé hoc tdp Am nhac 11

Hoat dang trdi nghiém, huéng nghiép 11 (1)

Hoat dong trdi nghiém, hudng nghiép 11 (2)

Gldo duc qude phing va an ninh 11

Cac don vi dau mai phat hanh

* MiénBac:  CTCP Déu tu va Phat trién Gido duc Ha Noi
CTCP Séch va Thiét bi Gido duc mién Bac

o Mién Trung: CTCP Bdu tuva Phat trién Gido duc Da Nang
CTCP Sach va Thiét bi Gido duc mién Trung

e Mién Nam: CTCP Dau tuva Phat trién Gido duc Phuang Nam
CTCP Séach va Thiét bi Gldo duc mién Nam
CTCP Sach va Thiét bi Gido duc Clru Long

Sach dién tl: httpy//hanhtrangso.nxbgd.vn

Kich haat 8 md hoe ligu Sién b: Cho 4 nhil tén tem

4 pitdinoma s, Truy cap http/hanhiang sonabgdvn ==

wit nhdp mia s Tl bidu tugng chia khoa,






