y 2. CUC TR CUA HAM & 16 Todn - THPT Phi Hoa

§2. CUCTRI CUA HAM SO

A. LY THUYET CAN NHSO

a) Ham s6 dat cyc tri tai xp thi xo 1a nghiém ctia phuong trinh v = 0 hodc xg 1a diém ma
tai d6 dao ham khong xéac dinh (chi c6 mot chiéu nhé, ding suy nguoc lai).

b) Bang tong két tén goi:

(x1;y1) 1a diém cyc dai cia do6 thi ham s6
e x1 1a diém cuc dai ctia ham sb
e y1 1a gid tri cuc dai ciia ham s6

—— (x2;2) 1a diém cyc tiéu cta do thi ham s6
e X, 1a diém cuc tiéu ctia ham s6
x ey lagia tri cuc tiéu cia ham s6

B. CAC DANG TOAN THUONG GAP

2 Dang 1. 'ng dung dao ham (quy téc 1) dé tim cuc tri cwc ham sé

a) Giai phuong trinh y’ = 0 tim cdc nghiém x; va nhing diém x; ma dao ham khong
xac dinh;
b) Pua cac nghiém x; va x; lén bang xét dau va xét dau y’;

c) Lap bang bién thién va nhin "diém dung'™:
e "Ding" trén cao tai diém (x1;y1) thi x; la diém cuc dai ctia ham s6; y; 1a gia tri
cuc dai (cuc dai) ctia ham s6; (x1; 1) 1a toa d6 diém cuc dai cta do thi.

e "Dung" dudi thap tai diém (x; y2) thi xo 1a diém cuc tiéu ctia ham s6; y2 la gia
tri cuc tiéu (cyc ti€u) cua ham so; (x2;12) 1a toa dd diém cuc tiéu caa do thi.

& Vidu 1. Diém cyc tiéu cta dd thihamséy = x® — x% +21a

2 50> ' (50' 2> '
A. (3’ =) B. (0;2). ¢ (%3) D. (2;0).
® Loi gidi.
x=0=y=2
Tacéy’:3x2—2x:O(:> 2 50
~3 jy 27 -
Coy' =6x—2=1y"(0)= -2y’ 5) = 2. Vay diém cyc tiéu ctia do thi ham s6 la (3 27)
Chon dap én@ ]
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S Vidu2. Himsby = §x4 — 3x2 — 3 dat cuc dai tai

A. x=0. B. x = —/3. C. x=1/3. D. x = +/3.

® Loi gidi.
Tacoy' =2x° — 6.

Phuong trinh iy = 0 < 2x(x?> — 3) = 0 &

x = +V3.
Bang bién thién
X —00 —/3 0 V3 +o0
y -0 4+ 0 - 0 +
~+oco -3 +o00
2 2

. 1
Ham s6 y = —x* — 3x% — 3 dat cuc dai tai x = 0.

2
Chon dap an @ O
& Vidu 3. Diém cuc tiéu ctia d6 thi hams6y = x* — 11a
A. (—1;,-1). B. (0; —1). C. (—1,0). D. (1, -1).
® Loi gidi.

Tacdy =423,y =0& x = 0.

X —o0 0 —+o00

f(x) - 0 +

fo | T

Dua vao bang bién thién ta c6 diém cyc tiéu ctia d6 thi ham sé 1a (0; —1).
Chon dap an g

& Vidu 4. Tim cyc tri ctia ham sé y = x% — 3x% — 9x + 5.

® Loi gidi.
Tap xac dinh: 7 = R.
2o 2 ' 2 x=-1
Tacoy =3x"—6x—9=y =0&3x"-6x—9=0« =3

Bang bién thién

3/12" B Tai liéu hoc tap mon Todn — Khdi 12 ﬂ



y 2. CUC TR CUA HAM & 16 Todn - THPT Phi Hoa

/’ J
X | —o0 -1 3 400
y + 0 - 0 +
10 +o0
o —2
Ham s6 dat cyc dai tai x = —1,ycp = 10.
Ham s6 dat cyc tiéu tai x = 3, ycr = —22. O
. i ) x?+4
& Vidu 5. Tim cyc tri cia ham s6 y = —
® Loi gidi.
Tap xac dinh: 2 = R\ {0}.
Ta co: —x+il:> ’—1—i—ﬁ
=-2=y=-4
Gidiy' =0« r /
x=2=y=4
Bang bién thién
X | —o -2 0 2 +00
y + 0 - - 0 +
—4 +o00 +o0
—o0 —00 4
Ham s6 dat cuc dai tai x = —2,ycp = —4.

Ham s6 dat cyc tiéu tai x = 2, ycr = 4.
O

& Vidu 6. Cho ham s6 y = 3x* — 4x® — 6x2 + 12x + 1. Goi M (x1;y1) 1a diém cuc tiéu
ctia d6 thi ctia ham sb da cho. Tinh tdng x; + y;.

A. 5. B. —11. C.7 D. 6.
® Li gidi.
Tacdy =12x° —12x* —12x +12 =0 = i i 1_ . Ta c6 bang bién thién
x —00 —1 1 +oo
y -0 + 0 +
—+00 —+00
y
6
—10
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Suy ra toa do diém cyc tiéu 1a M(—1; —10).
Vay x1 +y1 = —11.

Chon dap an O

& Vidu 7. Phuong trinh dudng thdng di qua hai diém cuc tri ctia db thi ham s6 y =
3 .0 :
x’ —3x“+11la
A.y=-2x—-1 B.y=-2x+1. Cy=2x—-1 D.y=2x+1

® Loi gidi.
Ta céy’ = 3x% — 6x.

=0 ‘ .
y=0& i Y do d6 ham so da cho ¢o6 hai diém cuc tri la A(0; 1) va B(2; —3).

Duong thang di qua hai diém A, B ¢6 phuong trinh y = —2x + 1.
Chon dap én O

& Dang 2. Xdc dinh cuc tri khi biét béng bién thién hodc db thi

& Loai 1: Cho bang bién thién hodc d6 thi ham y = f(x). Ta nhin "diém dung'™:
® "Dung" trén cao tai diém (x1;y1) thi x; 1a diém cyc dai ctia ham s6; y; 1a gia tri cuc
dai (cuc dai) ctia ham s6; (x1; 1) 1a toa d6 diém cuc dai cta do thi
@ "Dung" dudi thap tai diém (x2; y2) thi x; 1a diém cuc tiéu ctia ham sb; y, 1a gid tri
cuc tiéu (cuc tidu) ctia ham s6; (x2; y2) 1a toa do diém cuc tiéu ctia do thi

& Loai 2: Cho do thi ham f’(x). Ta thyc hién twong tu nhu & phan dong bién, nghich bién.

Cho gém S0y (; f(x)c6 bér}%r biérl:1 thién/nlhu + | —oo T > oo
sau. Cuc tiéu (gid tri cuc tiéu)cua ham so la 7 —
A. 4. B. 2. Y L (-
C. -1 D. 3. 4 Fo0
—00
® Loi gidi.

Duya vao bang bién thién, ham s6 dat cuc tiéu tai x = 2. Gia tri cyc tiéu 1a ycr = 3.

Chon dép an (D) O
& Vidu9. Choham sby = f(x) c6 bang bién thién nhu hinh vé. Khang dinh nao sau day
sai?

A. Ham §6 dat'cit_rc c?ai te:ai x = O;Vé x=1. oo 2 0 1 oo
B. G%a’l tr} cyc t1e}1 C}la }}am io bj\ﬂg —1. Y ~ 0 + T 0 -
C. Gia tri cyc dai cua ham so bang 2. 5 5
D. Ham sb dat cuc tiéu tai x = —2. y teo - PN
-1 —00 —00
® Loi gidi.
Tir bang bién thién ta c6 x = —2 va x = 1 1an lugt la diém cyc tiéu va diém cuc dai ciia ham

sy = f(x).

.
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2)%(x — 3)2017, Kh:fmg dinh nao sau day dung?

B. Ham s ¢6 3 diém cuc tri.
C. Ham s6 nghich bién trén khoang (1; 3).

& Vidu 10. Cho ham s6 y = f(x) lién tuc trén R va c6 dao ham f'(x) = (x — 1)(x —

A. Ham sb dong bién trén cac khoang (1;2) va (3; +c0).

D. Ham sb dat cuc dai tai x = 2, dat cuc tiéu tai x = 1 va x = 3.

® Loi gidi.
Dua vao bang bién thién ctia ham sb y = f(x):
X —00 1 “+o00
y + 0 - 0 - +
2 )
—00 -2
ta thdy ham s6 nghich bién trén (1;3).
Chon dap an (C) O
s PN y
Cho ham s6 y = f(x) xac dinh va c¢6 dao ham f/(x). Biét rang hinh 0| 1 /
vé dudi day la do thi ctia ham s6 f'(x). Khang dinh nao sau day la o
dung vé cuc tri ctia ham sb f(x)?
A. Ham s f(x) dat cyc tiéu tai x = —2.
B. Ham s6 f(x) dat cyc tiéu tai x = 1.
C. Ham s6 f(x) dat cyc dai tai x = —1.
D. Ham sb f(x) dat cuc dai tai x = —2. -
® Loi gidi.
Tix do thi ctia dao ham f’(x), ta c6 bang bién thién nhu sau:
X —0o0 -2 +00
f'(x) — 0 — 0 +
f(x) \ /
CT
Vay ham s6 y = f(x) dat cuc tiéu tai x = 1.
Chon dap an O
P . ) y
Tim so diém cuc tiéu trén doan [—2;4] cia ham so y = f'(x) .
f(x) biét ham s6 y = f'(x) c6 dd thi nhu hinh vé bén. !
A 1. B. 0. I
C. 2 D. 3. | !
2 0 N

D Loi gidi.
D0 thi ta thdy f’(x) = 0 tai ba diém theo thit tu x1, x2, x3.

Ta c6 bang bién thién nhu sau:
6/



X -2 X1 X2 X3 4

f'(x) + 0 + 0 - 0 +

f(0) / -~ \ . /

Dua vao bang bién thién, ham s6 y = f(x) c6 mot cyc tiéu.
Chon dap an (A) O

& Dang 3. 'ng dung dao ham (quy téc 2) dé fim cuc tri cuc ham sé

Chi dung khi ham s6 c6 dao ham cép 2 tai xg. Ta thuc hién cac budc:
a) Tinh y'. Gidi phuong trinh i/ = 0, tim nghiém xj.
b) Tinh y”.

e Néu y"(xp) < 0 thi x( 1a diém cyc dai ctia ham sb.

o Néu y"(xp) > 0 thi x( 1a diém cyc tiéu ctia ham sé.

A Ghinhé: "am” 16i, "duong” lom

& Vidu 13. Ham s6 y = x* — 4x? + 1 dat cuc tiéu tai diém c6 hoanh do
A. x=+2. B. x = +1. C. x=1. D. x = £2.

® Loi gidi.
x=0

Tacdy =x*—4x>+1=4x(x*-2);y =0 & LC—:l:\/i

Bang bién thién

X |—o -2 0 V2 +co
F/(x) - 0 + 0 - 0 +

£ +°o\_3/1\_3/+oo

Vay ham s6 y = x* — 4x? + 1 dat cyc tiéu tai diém c6 hoanh do x = ++/2.

Chon dap an (A) O
& Vidu 14. Tim cac diém cyc tiéu ctia ham s6 y = sin2x — x.
A x=2 1k B.x=—_+kt. C.x=—+km D. x = — 2 + k2.
6 6 3 3
® Loi gidi.
Chon dap an O

s Dang 4. Tim m dé ham s dat cuc tri tai diém x, cho truéc

a) Giai diéu kién v/(xp) = 0, tim m.
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b) Thi lai v6i m vira im dugc bang mot trong hai cach sau:

e Cach 1: Lap bang bién thién voi m vira tim duge. Xem gia tri m nao thoéa yéu
cau.

e Céch 2. Tinh y". Thit y"(x¢) < 0 = x( 1a diém CD; y”'(xo) > 0 = x la diém CT.

& Vidu 15. Tim tt ca cac gid tri cia tham s6 m dé ham sb y = x3 — 2mx? + m?x + 2 dat
cuc tiéu tai x = 1.

A.m=1. B. m=3.
C. m =1hoacm = 3. D. m=—-1.
® Loi gidi.
Tacéy' = 3x% — dmx + m?, y" = 6x — 4m. Ham sb dat cyc tiéu tai x = 1 khi
/ 2 m = 1
y(1)=0 3—4m+m-=0
>0 l—4m>0 Ty em=t
4 6—4m >0
Chon dép an (A) O
) 2 1 . .
& Vidu 16. Chohamsdy = % v6i m la tham so. Véi gid tri nao ctia tham so m
thi ham s6 dat cuc dai tai x = 2?
A. m=-3. B. m = 3. C. m=—1. D. m=0.
o Loi gidi.
Tap xac dinh: 2 = R\ {—m}.
Ta o1/ — x2 4+ 2mx +m? — 1
= (x + m)?
) 444 21 m=—1
Hamso datcucdaitaix =2=1y'(2) =0 < + (;n+—|—mn;2 =0& I
2
Tacoy' = ————.
1O T i my
e Voim=—1,tac6y’(2) =2 > 0= x = 21adiém cuc tiéu ctia ham sb.
o Voim= —3,tacéy”’(2) = —2 < 0 = x = 21a diém cuc dai ciia ham sd.
Vay v6i m = —3 thi ham s6 dat cyc dai tai x = 2.
Chon dép an (A) O

& Dang 5. Bién luén cuc tri ham béc ba y = ax® + bx? +cx +d

a) Bién luan nghiém phuong trinh y’ = 0 (phuong trinh bac hai).

A>0 __ £ e s aiR .
° { : Ham so ¢6 hai diém cuc tri

a#0

. 0 .
e A < 0hodc suy bien { : Ham s6 khong ¢6 cuc tri.

2b . .
b) Dinh ly Vi-et: x; + xp = ~3; vaxy-xp = 3% (nhin truc tiep tu ham so).
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o xi + x§ = (x1 + x2)% — 2x1x7; o (X1 — x2)% = (xq + x2)* — 4x1x2
o x| +Xx;= (x1 + XZ)3 — 3x1x2(x1 + x2).

c) Cac cong thuc tinh toan thuong gap
° Dé dai MN = \/(XN — XM)2 + (yN — ]/M)z

2 < N % |AxM+ByM+C\
e Khoang cach tu M den A: d(M, A) =
g (M, A) —

e Tam giac ABC vudng tai A < AB-AC =0.
1 —> —
e Dién tich tam giac ABCla S = §|a1b2 — agby|, voi AB = (a1;b1), AC = (ap; by).

,VOiA: Ax+By+C=0.

d) Phuong trinh duong thang qua hai diém cyc trila y = _92_a(b2 —3ac)x +d — g—;.

’ s A 2 <A .z . N 2 A A S A ]-
& Vidu 17. Co tat cd bao nhiéu gia tri nguyén ctia tham s6 m dé hams6 y = §x3 — mx? +
5mx — 1 khong ¢6 cuc tri?

A. 6. B. 3. C. 5. D. 4.
® Li gidi.
Tac6y' = x> — 2mx + 5m, ham s6 khong c6 cuc trikhi A’ <0< 0 < m < 5.
Chon dap an (A) O

& Vidu 18. Tim tat ca cac gia tri thuc ctia m dé ham s6 y = x® — 3x? + (m + 1)x +2 ¢6
hai diém cuec tri.
A. m<2. B. m <2. C. m>2. D. m < —4.

® Li gidi.
y =3x>—6x+m+1, A" = 6—3m. DE ham s6 c6 hai diém cyc tri thi ¥’ = 0 phai c6 hai
nghiém phan biéttacla A > 0 & m < 2.
Chon dap an @ O

& Vidu19. Choy = (m —3)x® +2(m? — m — 1)x? + (m + 4)x — 1. Goi S 1a tap tt ca cac
gia tri nguyén ctia tham s6 m d€ @b thi ham s6 da cho c6 hai diém cuc tri nam vé hai phia
ctia truc tung. Tim s6 phan t cda S.

A. 4 B. 5. C. 6. D. 7.

® LJi gidi.
y' = 3(m — 3)x> + 4(m* — m — 1)x + m + 4. Ham sb c6 hai diém cyc tri ndm vé hai phia ctia truc
tung khi va chi khi phuong trinh i = 0 ¢6 hai nghiém phan biét trai dau < (m — 3)(m + 4) <
0 —4<m<3
Chon dép an (C) O

& Vidu 20. Goi S 1a tap céc gia tri duong ctia tham s6 m sao cho ham s6 y = x® — 3mx? +
9x — m dat cuc tri tai x1, x, thda man |x; — xo| < 2.BiétS = (4;b]. Tinh T = b — a.
A. T=2++/3. B. T=1+3. C.T=2-+3 D. T=3-3.

® Loi gidi.
Ham s6 y = x — 3mx? + 9x — m xéac dinh trén R. Ta c6 v = 3(x? — 2mx + 3).
A LA s a . L X1+ xy=2m
Diéu kién ham sb ¢ cuc tri: m? — 3 > 0. Lic nay theo Viet: { ! 2 3
X1X2 =
= :_2@(7(1—70\2§4<:>(Y1+7(0)2—47(1'X'0§4
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Ma m duongnén 3 < m?> < 4 < /3 <m < 2.
Vaya=+3,b=2=b—a=2-/3.
Chon dép én (C) O

& Vidu 21. Chohamsdy = —x3 — 3mx? + m — 2 v6i m la tham sb. Tong tat ca cac gia tri
ctia m dé do thi ham s6 c6 hai diém cyc trj A, B sao cho AB = 2 bang

A. 2. B. 3. C. 0. D. 1.
D Loi gidi.
Tap xac dinh 7 = R.
Tacoy = —3x%2 —6mx;y =0 & x=0
’ x = —2m.

Ham s6 c6 hai diém cuc tri khi va chi khi m # 0.
Goi hai diém cuc tri ctia do thi ham s6 1a A, B.
Ta c6 A(0;m —2), B (—2m; —4m> +m — 2).

Do do
AB* = 4m* +16m® =4 = 4m® +m> —1 =0
1 1
2
em’=om==+—.

2 V2
Suy ra t6ng bang 0.
Chon dép an (C) O

& Vidu 22. Tim m dé d6 thi ham s6 y = —x> + 3mx + 1 c6 hai diém cuc tri A, B sao cho
tam gidc OAB vudng tai gbc toa do O.

A.m=1. B. m=—1. C.m=1 D. m=0.

& Dang 6. Bién luén cuc tri ham tring phuong y = ax* + bx? + ¢

a) Tinh y’ = 4ax® + 2bx = 2x(2ax* + b); ¥y’ = 0 < x = 0 hodc 2ax*> +b = 0 (1).
b) Nhan xét:

e Ham s6 c6 ba diém cuc tri khi (1) c6 hai nghiém khéc 0. Suy ra

e Ham sb c6 diing mét diém cuc tri va a,b khong dong thoi bang 0.
¢) Céc cong thiic tinh nhanh: Y

- e LA
L VARVE

ABC — _32513' C B

& Vidu 23. Cho ham s6 y = (m + 1)x* — mx? + 3. Tim tAt ca cac gia tri thuc cia tham sd
m dé ham s6 c6 ba diém cuc tri.

A. m € (—oo0; —1) U [0; +00). B. m € (—1,0).
C. m € (—o0; —1]U|[0; +00). D. m € (—o0; —1) U (0; +0o0).
o Loi gidi.

Y = 4(m + 1)x® — 2mx = 2x[2(m + 1)x* — m]
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A A

x=0

y=0& )
2(m+1)x" —m =0 (x)

Ham s6 c6 ba diém cyc tri < phuong trinh () c6 hai nghiém phan biét khac 0

m m< —1
s — >0
m—+1 m > 0.

Chon dap an (D) O

& Vidu 24. Tim tt ca gid tri thuc ctia tham s6 m dé ham sdy = (m — 2)x* + (m? — 4)x% +
2m — 3 ¢6 duing 1 diém cuyc tri.

A.me[-2;2) B. m € [-2; +00)\{2}.

C. me[-22]. D. m € [-2; +00).

& Vidu 25. Tim tit ca cac gid tri cia tham s6 m dé ba diém cuc tri ctia d6 thi ham sd
y = x* 4+ (6m — 4)x> + 1 — m la ba dinh ctia mdt tam giac vudng.

A.m:% B.m:%. C.m=-1. D. m = v/3.
® Loi gidi.
i x=0
Tacoy' =4x° +4@m—2)x.Gidiy' =0« | :
x°=2-3m

Ham s6 c6 ba cyc tri khi va chi khi y’ = 0 c6 ba nghiém phan biét < 2 —3m > 0 & m < %
Khi d6, toa do ba diém cyc tri 1a A(0;10m), B (v/2 = 3m; —(2 — 3m)? + 1 — m)
vaC(—v2=3m;—(2—3my>+1—m).

Tac6 AB = (V2 —3m; —(2 — 3m)*) va AC = (—v/2— 3m; —(2 — 3m)?)

Nhan xét: AABC ludn can tai A.

Do do6, ABC tao thanh tam giac vuéng < ABAC =0« —2-3m)+@2-3m*=0

1
@(2—3171)3:1(:)111:5.

Chon dap an g
& Vidu 26. Goi m la gia tri ctia tham s6 m dé d6 thi ham sd y = x* + 2mx? — 1 c6 3 diém

cuc tri 1ap thanh mot tam giac c6 dién tich bang 41/2. Ménh dé nao sau day la ding?
A. my e (—1;1]. B. my € (—2;—1]. C. my € (—o0; —=2]. D. my € (—1,0).

® Loi gidi.
Tacéy’ = 4x3 + 4mx = 4x(x> + m).
Ham s6 c6 ba diém cyc tri < y’ = 0 c6 ba nghiém phan biét < m < 0.
Khi d6 d6 thi ham s6 6 ba diém cye tri la A(0; —1), B (—+/—m; —m? — 1), B(y/—m; —m? — 1).
Goi H 1a trung diém cta BC, ta c6 H(0; —m? — 1).
Ta c6 BC = v/ (2y/=m)” = 2v/=m, AH = \/(=m?)* = m?.
Tam gidc ABC can tai A nén Sppc = %BC -AH = % 2/ —m - m? = \/—m - m?.
Theo gia thiét, ta c6 Sapc = 4V2 & /—m-m?> = 4y/2 = m = —2.
Chon dap n (C) O
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