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§3.  TICH CUA MOT VECTO VOI MOT SO

I. Tém tat Ii thuyét
DPinh nghia

~ £ N = " e A 11 ms PN ,
Dinh nghia 1. Cho s0 k # 0 va a # 0. Tich cta véc-tg d v6isb kla mot véc-td, ki hiéu la kﬁ, dudc xac
dinh nhu sau:

o kd cung phuong a.
o kd cung hudng d khik > 0.
e k'd ngudc hudéng o khi k < 0.

o [kd|=|k|.Id|

) - o =
Quywdc:07: 0;k0=0.
Phép 14y tich cia mot véc-to véi mot sé goi 1a phép nhan vée-te véi mot so (hoidc phép nhan mot sb véi
mot véc-to).

Tinh chét
Tinh chét 1. Cho @, b bitki v k;h € R, khi do:
« @+D)=kd +kb:
o (kthyd=kd +hb;
o k(hd) = (kh)d;
el d=7d;(-1)d=-4.
Tinh chéit 2 (Tinh chét trung diém). Cho 7 13 trung diém ctia doan AB, v6i moi M ta c6:
MA + MB = 2M1.

Tinh chét 3 (Tinh chét trong tam tam giac). Cho G la trong tim AABC, v6i moi M ta c6:

MA +MB +MC = 3MG.

Piéu kién d€ hai véc-te cung phuong

V?,? ta c6: @ cung phuong ?(? + 6>) o JkeR:d = Kb

Phén tich (biéu dién) mot véc-te theo hai véc-to khong cung phueng

— 2 2
Cho hai Véc-tg> 7, b khong cung phuong. Khi do6 VX ta ludn tim dudc duy nhat cdp sO m,n sao cho
X =md+nb.
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II. Cac dang toan

Dang 1. Céc bai toan sit dung dinh nghia va tinh chét ctia phép nhan véc-te véi mot sb.

Phuong phap gidi: Ap dung dinh nghia va céc tinh chit ctia phép nhan véc-to véi mot s6 dé giai cac
bai tap.

2z _> ~ A 2
Vidu 1. Cho W =—27d +5b . Tim véc-to dbi ctia o/ .

T S Ao o IR -
Loi giai. Véc-to dbi ctia vée-to W = —2d +5b 1a: V = —(—2d +5b)=2d —5b.

Vidu 2. Cho AABC ¢6 trong tAm G. Goi I 1a trung di€ém cua BC. Hay tinh:

a) IQ theo I%
b) BC theo IC.

c) E theo IK

Loi giai.

a) Do %? ngugc hudng va c6 do dai gip doi I% nén IQ =
—2IB.

b) Do B?' ciing hudng va c6 do dai gip doi I?' nén R‘ = 21% .

v 2 —
c) Do Iﬁ ngugc hudng va c6 do dai bang 3 véc-td IA nén B 1

-2

[ Vi du 3. Ching minh ring 7 12 trung diém ctia AB khi va chi khi IZ + 6= 6> ]

Loi giai.
(=) I 1a trung di€ém _)cﬁa AB ngl TAvaTb ngugc hudng va co clng
do dai. Do d6 A + 1B = 0. H H

- D . 4. L s
(<) I_/i —|—I$ = 0 suy ra hai véc-to I_/i va I% doi nhau. Do d6 I 1a
trung diém cta AB.

BAI TAP TU LUYEN
Bai 1. Cho hai véc-to 7, 7 Tim céc véc-to dbi cla cac véc-td sau:
Q) W=7d-5b.
b) V=(3+1)7+45b.
Q) T =(-2v2) (37 -2D).
Loi giai.
a) Véc-to dbi cia i 1a: @' = —Td +5b.

b) Véc-to ddicia ¥V 1a: 7' = —(v3+1)7 —45.
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¢) Véc-to dbi clia ¥ 1a: ¥ = (6v/2)3F —4v2 D .

Bai 2. Cho hinh binh hanh ABCD ¢6 tim O. Goi M, N 1an luot 1a trung diém ctia AD, BC.
a) Timx;y biét AL :xO—A}I, BD :y51_>9.

b) Tim tht ci céc véc-to o thda man o/ = 20—1>\/ .

Loi giai.

— — ) —
a) - Do AB cung huéng v6i OM va c6 do dai gap do6i OM nén suy ra
x=2
- Do Iﬁ nguoc huéng véi 5§ va c6 do dai gap doi 5§ nén suy ra
y=-2

A 0 . > ~ N X N . N —
b) Tat ca cac véc-to U thda man yéu cau bai toan la: @,MN ,If A D

Bai 3. Cho AABC vuodng, AB = AC = 2. Hay dung cac véc-td sau ddy va tinh dd dai cta ching.
a) U = E +R.

b) V = 3AB+24C.

Lui giai.

a) Dung hinh chtt nhat ABCD nhu hinh vé.
Khi d6 ta c6 @ = AB +AC = AD.
Suy ra || = |AD| = 2v/2.

b) - Trén dudng thang AB liy M sao cho AM = 3AB, va m ,E cung
hudng.
N 2 A e ey
- Trén duong thang AC lay diém N sao cho AN = 2AD va AN ,R
cung hudng.
- Dung hinh chtt nhat AMNP nhu hinh vé.
Khi d6 3AB — AM, 2AC — AN.
= V =3B+ 2AC = AM + AN = AP.
= |V| = |AP| = 2V/13. A v

C

Bai 4. Cho AABC déu canh 4 cm. Goi M 1a trung diém ctia BC. Hay dung va tinh do dai véc-to u = ZW .

Loi giai.

-Lay N d_f))i xuiing v6i A qua M_> N , y

Khi d6 AN clng huéng véi AM va c6 do dai gip doi AM
— =

= AN =2AM = .

- Miit khac AABC 1a tam gidc déu canh 4 cm nén trung

tuyén AM dong thai 1a dudng cao.

=AM =2V/3,

= |U| =2|AM| = 4//3.

Bai 5. Cho dudng tron tim O va hai diy cung AB,CD vudng géc véi nhau va cat nhau tai E. Goi I,J lan
luot 12 trung diém ctia ctia AD va BC. Chitng minh ring OIEJ 13 hinh binh hanh.
Loi giai.
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Goi P,Q lan ludt 12 trung diém ctia CD,AB

b OD+0C o 0A+0B

2 2
Do 7,J lan lugt 1a trung diém cta AD, BC

%
éﬁz@;ﬁ]:w.@id(x

i OCL08  Fe D

2
:(0—C>+0?)+(5Z+0?)+ﬁ

2
_ob+00+E0
_>
=0.
LG -T2

Suy ra ti giac OIEJ 1a hinh binh hanh. (dpcm)

Dang 2. Phan tich mot véc-to theo hai véc-t¢ khong cung phuong

Diing céc quy tic vé véc-td dé phan tich mdt véc-to theo hai véc-to khong cuing phuong.
Ly thuyét can nhé

— N p o
- Cho 2 véc-to z va b khong cung phuong. Khi dd, véi moi ¥, ton tai duy nhat cap so A, k sao cho
X =hd+kb.

2 _>
- biém M thudc doan AB sao cho xAM = yBM (x,y > 0) thi AM = %1@
XTy

- Quy thc 3 diém: AB+AC = BC.

- Quy tac hinh binh hanh
Néu ABCD 12 hinh binh hanh thi AB + AD = AC.

- Hiéu cua hai véc-to: R —zﬁ = ﬁ
- Trung diém ctia doan thang
N .o g — 1 ?
I 1a trung diém cua doan thang AB < Al = ZA
%
& I7§ +IB= 0
o MA + MB = 2MI,YM bit ky

- Trong tam cua tam giac . R
G la trong tam cua tam giac ABC < G_A) + (ﬁ + (? =0
o MA + MB +MC = 3MG, VM bit ky

Vi du 4. Cho tam giac ABC c6 G la trong tdm. Phén tich véc-to Xé theo 2 véc-to zﬁ va IR‘ .

Loi giai.
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Goi M 1a trung di€ém ctia BC. A
— 1 1
Suy ra: AM = Eﬁ-l— ER

Malézgm

Do dé:ﬁz EE—FER
3 3 B | IY; % C

Vidu 5. Cho hinh binh hanh ABCD. Goi M 1a trung diém cta canh CD. Phan tich véc-to m theo 2
véc-to ﬁ va R

Loi giai.
. — 1 1
Vi M la trung diém cta CD nén AM = ER + EE B C

1— 1
- EA—C> n Eﬁ (Vi ABCD 12 hinh binh hanh)

= JAC 43 (AC—AB) = AC — 1B,

<

A D

Vi du 6. Cho tam gidc ABC. Goi H, K 1an lugt thudc 2 canh AB va AC_&?.O cho 3AH = 2AB, 3AK =
AC. Trén canh BC lay di€ém M sao cho 4BM = 3MC. Phan tich véc-to BM theo 2 véc-to IFI va R .

Losi gidi.
Ta c6 3AH = 24B = AR — SAH, A
2
3AK:AC:>R:3X§. K
ABM = 3MC => BM = 51@
Ma BC = AC —3@. . . . H
— — —

Vidu 7. Cho ti giac ABCD (AD va BC khong song song). Trén canh A_B) va CD lan lugt lay 2 diém
M, N sao cho AM = kAB v DN = kDC (0 < k < 1). Phan tich véc-to MN theo 2 véc-to AD va BC.

Loi giai. / . -

Vi moi diém O bt ky, ta c6: OM = OA +AM

— OA+kAB = OA + k(0B OA) = (1 k)OA + kOB
Tuong tu:_?_]>\7 il — k_> O?jtko—c>

Suy ra: MN = ON — OM

— (1-k)OD+kOC — [(1~k)OA + kOB

— (1-k) (0D — O4) +k (OC — OB) = (1 — k)AD + kBC.

BAI TAP TU LUYEN

— 0 x
Bai _6> Cho hinh binh binh hanh ABCD. Détﬁ = 7@ = b . Hay biéu dién cic vec-td sao day theo vec-to
a,b.

— e
a) DI v6i I 1a trung diém BC.

b) Kg v6i G la trong tim cta tam giac CDI.
Li gidi.
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K B
_>
DI =DC+Cl . 4
a) Taco: — 1 1 —s 1— b 1
DC = @:Cl = 5CB =~ AD =~
11—
Dodo DI =@ b - c
b) Taco ﬁ v6i G la trong tdm cua tam giac CDI.
Theo t1nh chét cua trong tam tam giac CDI, ta c6:
AG = R +AD 1Al
Bén canh do, R 1@ +B q+ b (qui tac hinh binh hanh)
vaAl = AB+ Bl = 7+§ b
2 5—
S A=+,
3 6
Bai 7. Cho tam gidc ABC c6 trong tAm G. H 1a diém dbi xting cta B qua G.
a) Tinh ﬁ va C_>H theo z@ va ﬁ
b) Goi M la trung diém ctia BC.
Chiing minh rang = —R — —AB
Loi giai.
. C
a) Tinh AH va CH theo AB va AC.
Ta c6: AH + AB = Zﬁ(qui tac trung diém) o
2 2—
- g(ﬁﬂﬁ) (Vi AG = SAM) M
2 1
= AH = SAC — ZAB.
1 A B

3
Tuong tu: CH — §CA Y (CA +AB)

g lm @

3

UJ

— — 1 —
b) Tacé:MN:R+CH:§ﬁ+CH:—BA+—R L AB +ac)
(do cau a).

Vay MH = %EJF éﬁ.

Bai 8. Cho tam gidc ABC c6 trong tim G. Cho cic diém D,E,F lan ludt 1a trung dlem cuia cac canh

BC,CA,AB vallagiao diém ciaAD va EF. Dit U = ﬁ V= ﬁ Hay phén tich céc vec-to Al, ﬁ ﬁ IY'
theo hai vec-to 7, V.
Loi giai.

Vit glac AEDF lahinh binh hanh nén ﬁ ﬁ —i—ﬁ U+ C

1
va AI = —AZ%. V\
2 D
1 1 E

Tacé: Al = ~ (7+7?) —7+—7 %

2 2 G -
AG=2AD= 2w+ 7) =27 437, A F 5
DE = FA_ _AF 1.7+0.7

DC—FE—AE-—AP =7 - 7.
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\ e ., - A A ~ A ’ —> .
Bai 9. Cho tam giac ABC. Biém M trén canh BC sao cho MB = 2MC. Hay phan tich vec-tc AM theo hai
vec-td 7 :E,V :R.

Loi giai.
Tacé:ﬁzﬁ#—m:z@%—%ﬁ C
:E+§(ﬁ—ﬁ):§@+§ﬁ M
Vay: AM = %7+§7. v,
0
A B

Bai 10. Cho tam gidc ABC c¢6 M, D lan lugt la trung diém cta AB, BC va N 1a diém trén canh AC sao cho
ﬁ\/ = %1@ Goi K 1a trung diém ctia MN. Hay phan tich céc véc-to zﬁ( , ﬁ theo hai véc-to zﬁ va ﬁ

Loi gidi.

+) Phan tich AK hai véc-t6 AB, AC.

Ta co: R:ZKZ_)V@FV: lﬁvém: 1@

2
1 — — 1/1 1 1 1
Suy raR: 3 <AM—}-AN> =5 (EE—F?@) = ZE—FER

+) Phan tich I@ theo hai véc-to E,R A
KD =AD - AK N
M
= % (ﬁwﬁ) _ AR
1 1 1
- L apae) - (Lab 20
1 1

Bai 11. Cho tam gidc ABC. Goi M trung diém ctia AB va N thudc canh A£>sao ch_(;: AN =2NC.
a) Goi K 1a trung di€m ctia BC. Hay phan tich véc-to zﬁ_}heo hai véc-to AM va AN.
b) Goi H la trung diém ctia MN. Hay phan tich véc-td AH theo hai véc-to zﬁ va R .

e *?% e N .2 <A 7 _> B 3 _>
Loi giai. a) Tu gia thiét ta co: zﬁ =2AM va R = EAN .

— 1 /= 1/, — 3— — 33—
Suy ra AK = - (AB +R) =5 <2AM+ 5sz> =AM + JAN.
— 33—
Vayﬁ:AM+ZAN.
— 1= = 2
b) Tacé:AM:EABVéANzngé.

Suy ra
AH = 1 (4% +AN)
(3 9)
= JAb 4 A

Vay AH — %EJF %R.
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— 3 —
Bai 12. Cho tam glac ABC Goi cac diém M,N, P théa man M ? = 3m,NA =3CN,PA +1@ = 0. Hay
phan tich cac véc-to PM PN theo hai véc-to 1@ va 1@ .

Loi gidi. Tir gia thiét ta co: }ﬁ ?

MB =3MC < MB _3(_3@1%) Zc_é.
Suy ra: A
PM = PB— MB
RN ;
:gﬁ_ﬁ.

NA =30 =3 (AN~ 4C) & AN = 24C

- — 3 1

Bai 13. Cho tam gidc ABC. Piém I thudc tia ddi ctia tia CB kéo dai sao cho IB = 3IC, diém J thudc tia dbi
cua tia CA sao cho JA = 2JC diém K thudc tia d6i ctia tia AB sao cho KB = 3KA.

a) Phan tich cac véc-to Al, J? theo hai Vec -to E va R

b) Phan tich véc-to IQ theo hai véc-to AI va J?

Loi giai.
a) Ta 6 K
Al = Bi - BA
:537?—54}
:g(f&—ﬁ) +AB
— S AB AL !
JK =AK —AJ

:—%E—zﬁ.
Vay Al — —%/ﬁJr%@ vaJk = —%@—2@.

b) Tt cau a) ta co:

Al_——ﬁ+—ﬁ AB— fl—éﬁ
JK = ——ﬁ 2R AC — %X}—%J
— BC— R AB = l—oﬁﬁ—‘?

Vaytaco]% —OX} 4]?
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Dang 3. Chiing minh déing thirc véc-to ¢ chia tich ctiia véc-to voi mot sb

Phuong phdp gidi:
e Huong 1. Bién d6i mot vé thanh vé con lai. Khi dé:

- Néu xuit phat tir vé phc tap ta can thuc hién viéc don gian biéu thiic.

- Néu xuét phat tir vé don gian ta can thuc hién viéc phan tich véc-to.

e Hudng 2. Bién ddi dang thiic can chitng minh vé mot dang thic da biét 1a luon diing.

e Hudng 3. Bién ddi mot dang thiic véc-td da biét ludn diing thanh ding thiic can chitng minh.
Khi thuc hién cdc phép bién doi can luu y:
. Quy tdic ba dié: Véi ba diém A, B,C bt ki ta lubn c6: AB = AC+CB.
- Quy téc hink bink hanh: Véi hinh binh hanh ABCD ta luén c6: AC = AR+ AD.
- Quy tdc triz: V6i ba didm A, B, 0 bit ki ta ludn c6: OF — OA = AB.
- Tinh chdt trung diém ciia doan thing: V6i diém M tuy y va I 1a trung diém ctia AB ta c6:

A+1B=T1.

1

- Tinh chdt trong tam tam gidc: V6i di€m M tuy y va G 1a trong tAm cla tam gidc ABC ta c6:

GA+GB+GC=0.

MA + MB + MC = 3MC.

- Cdc tinh chdt ciia phép cong, tric véc-to va phép nhdn mot sé véi mot véc-to.

Vi du 8. Cho hinh binh hanh ABCD. Chiing minh ring:
AB+24C +AD = 3AC.

Lo gidi. Vi ABCD 13 hinh binh hanh nén ta ¢6: AB + AD = 2AC.
Suy ra

,@+2A?+ﬁ=(ﬁ+ﬁ)+2ﬁ
— AC+24C = 3AC.

, 0 o8 n 3 . 3 Y=
Vidu 9. Cho tam giac ABC vdi trong tam G. Chung minh rang: BA +CA = —31@.

Loi giai. Vi G la trong tdm cuia tam gidc ABC nén ta co:

AB+AC+AA = 3AG < BA+CA = —34C.



44 CHUONG 1. VECTO

Vi du 10. Cho td giac AB_CI>). Goi M va N lan lugt 1a trung di€ém cac doan thang AB va CD. Chiing
minh rang: R+ Iﬁ =2MN.

Loi giai.
Cdch 1. Ta co:

M
AC = AM +MN +NC, 5
BD = BM + MN + ND.

Cong hai dang thiic trén theo vé ta dugc:

R+ﬁ:2]\7\/+<m+m)+<[@+ﬁ> 5 H "

— 2MN.

(ViAM+BM = 0 va NC+ND = 0).
Cdch 2. Ta co:

Cong hai dang thiic trén theo vé ta dudc:

OMN = (AM + BM) + (NC + ND) +AC + BD

— AC + BD.

(ViAM+BM = 0 vaNC+ND = 0).

Vi du 11. Cho tam gidc ABC. Goi M 1a diém trén canh BC sao cho MB = 2MC. Chiing minh ring:
— ? 2?
AM = -AB+ §A .

K
Loi giai.
Ta co: A
AM — AB+BM
i 2
2
=E+§(ﬁ—ﬁ) K v c

Vi du 12. Cho tit gidc ABCD. Goi M, N lan ludt thudc cac doan thang AB,CD sao cho MB = 2MA

va NC = 2ND. Chiing minh rang:
2 1

Li gidi.
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Ap dung quy tic ba diém, ta c6: A M
B
MN = MA + AD + DN,
— —
MN = MB + BC +CN.
— — — =
— 3MN = (2MA + MB) +24D + BC + (2DN +CN).
D N C
Vi M, N lan ludt thudc cic doan thang AB,CD sao cho MB = 2MA va NC = 2ND nén ta co:
2MA+ME =0,

2)DN+CN = 0.

Vay 3MN = 2AD + BC < MN = §E+%ﬁ.

Vi du 13. Cho tam gidc ABC. Lan ludt iy céc diém M, N, P trén cic doan thang AB, BC va CA sao

1 1 1 N
cho AM = §AB,BN = §BC, CP = §CA. Chiing minh rang:

AN+BP+CM=0.

Loi gii.

Ta co: A
ﬁv:%ﬁ@ﬁ—ﬁzélf (1.1) M
C?:%C_X@ﬁ—%:%a (1.2) p
AV — SAB o OV — CA = 128 (1.3)

3 3 N -

Tu (1),(2),(3) ta suy ra:

AN + BB+ CM — (ﬁ+ﬁ+a4>) - % (EHQJFC-K)
& AN +BP+CM = g (ﬁ+l¥+€7§) = 2.5}:3.

Vi du 14. Cho hinh binh hanh ABCD c6 tdim O. Goi M 1a mot diém bét ki. Chiing minh rang:

a) OA+0B+0C+0D=0.

b) MA +MB + MC + MD = 4MO.

Loi giai.
a) Vi O la trung di€ém cta AC va BD nén ta c6:

OA+0C=T10

OB+0D=0

Dodé(—)Z%-O?%—O?—FO?:B).
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b) Theo quy tic ba diém ta cé:

MA = MO+ OA
MB = MO+ OB
MC = MO+ 0C
MD = MO+ 0D

Suyram—i-?—i-?—i—m 4M +(0—1>4+5§+(%+0?>

Theoya)taco a+0?+0?‘+0?— 0.
VayMA—i—?—l—?—F? 7

Vi du 15. Cho tam gidc déu ABC tim O. M 1a mot diém bét ki trong tam giac. Goi D, E, F 1an luct
R P A . nh ine: MD - ME + ME 3 7o
1a hinh chiéu cua M trén BC,CA,AB. Chung minh rang: MD + ME +MF = EM .

Li gidi.
Qua diém M dung: A

e duding thang song song véi BC, cat cic cip duong thang AB,AC
tai V,Z. U

e dudng thang song song véi AB, cit cac cip dudng thang AC, BC F T
tai 7, X. E

e dudng thang song song véi BC, cat cic cip duong thang AB,AC
taiV,Z.

™
NS
-

Ta dé dang chitng minh dugc MTAU,MV BX ,MY CZ la cé4c hinh binh
hanh va céc diém D, E, F tuong ng la trung diém cua XY, ZT,UV.
Tu do suy ra:

MD + ME + MF = (7+MY) %(7+7)+%(M_>U+W)
(7+MU) ;(W+W()+%(W+ATZ>)

1
2
1
T

:g( MA + MB +MC)
2

— 2MO.

BAI TAP TU LUYEN
Bai 14. Cho hinh binh hanh ABCD c6 tim O. Ching minh ring:

BA -+ BC+ BD = 40D.

N, o *?2 e Ve %
Loi giai. Ta co: BA +ﬁ+ﬁ) = 2@ = 40?.
Bai 15. Goi G va G’ 1an ludt 1a trong tim ctia tam gidc ABC va A’B'C’. Chiing minh rang:

— =
AA'+ BB +CC' = 3GG’



