CHUONG 2. TICH VO HUONG CUA HAI VEC-TO VA UNG DUNG o )
3. HE THUC LUQONG TRONG TAM GIAC VA GIAI TAM GIAC

HE THU'C LUGNG TRONG TAM GIAC VA GIAI
TAM GIAC

@) TOM TAT LY THUYET

Cho tam giac ABC, ta quy udc cac ki hiéu sau.

e BC =a,CA=0b, BC =a.
. _atb+tc
b=

e my, my, m, 1a do dai duong trung tuyén tuong ting ké tir dinh A, B, C clia tam giac ABC.
ha, by, he 1a do dai duong cao tuong ting ké tit dinh A, B, C' ciia tam giac ABC.

goi la nita chu vi ctua tam giac ABC.

la, lp, I 1& dO dai duong phan gidc trong tuong ung ké tit dinh A, B, C' cua tam giac ABC.
e R 1a ban kinh duong tron ngoai tiép tam giac ABC.
e 7 13 ban kinh dudng tron ngoai tiép tam giac ABC.

o HE THUC LUQONG TRONG TAM GIAC VUONG

Cho tam gidc ABC' vuong tai A, duong cao AH.
A

B b
H

Dinh 1i Pitago:

BC? = AB? + AC?

Néu biét 2 canh géc vuong thi cé thé tinh duge duong cao AH béi cong thic:
1 1 1
AH? ~ AB: T ACE
Tich 2 canh géc vuong biang tich canh huyén véi dudng cao tuong dng:

|AB.AC = BC.AH |

Néu biét 1 canh goéc vuong va canh huyen thi c6 thé tinh duge hinh chiéu ctia canh géc vudng

d6 len canh huyén nho cong thiic:
AB? = BH.BC; AC?=CH.BC

é PINH LY HAM SO COSIN, CONG THUC TRUNG TUYEN.

Dinh 1y ham s6 cosin duge phat minh bdi nha todn hoc Al Kashi (1380 - 1429). Day 1a mot md rong
ctia dinh 1y Pythagore. Dinh 1y ham s6 cosin dua ra mot phuong phap gitp ta tim duge mot canh clia
tam gidc bat ki khi biét do dai hai canh con lai va s6 do clia géc xen gitta hai canh d6, tit d6 ciing cho

chiing ta tinh dugc sé do clia cac géc con lai clia tam gidc. Dinh 1y duge phat biéu nhu sau:
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Dinh 1i 1. Trong mot tam gidc bat ky, binh phuong mot canh bang tong binh phuong cia hai canh con

lai tru di hai lan tich cia ching vdi cosin clia goc xen gidta hai canh dé.

Néu ky hieu a, b, ¢ 1an luot 1a do dai cac canh BC, C A, AB ctia tam gidc ABC thi ta c6:
a>=b*+c* — 2bccos A
b’ =c* +a® — 2cacos B

A =a’+b> —2abcos C

Tt dinh 1§ ham s6 cosin ta ciing suy ra cong thiic tinh cosin cac goc ciia tam giac theo do dai cac canh
cua tam giac nhu sau:

( b? + ¢ — a?

coSA = ———
2bc

2 2 _p2
2ca

a® 4+ b? — 2

cosC = ———
\ 2ab

Mat khéc, stt dung dinh 1y ham s6 cosin c¢6 thé gitp ta tim dude do dai cac dudng trung tuyén theo

ba canh ctia mot tam giac. Cu thé, néu ky hieu my, my, m. 1a do dai cac duong trung tuyén xuat phat
tit cac dinh A, B, C' thi:

( 2 2\{ AP)
m621:2(b +cf)—a
4
2 (% +a?) — b?
s m2 =
mj 1
2 12y _ 2
mz:2(a +b°) —c
\ 4

o PINH LY SIN

Dinh 1li 2. Cho tam gidc ABC, goi R la ban kinh duong tron ngoai tiép tam gidgc ABC. Dt AB = c,
BC =a, CA=b. Ta c6

a b \Ve/L

sinA sinB  sinC

2R.

o CAC CONG THUC DIEN TiCH TAM GIAC

Dién tich S ctia tam giac ABC dugce tinh béi mot trong cac cong thic

1 1 1
S :§a.ha = §bhb — EC.hc
1

=—becsin A = —casin B = —absinC
2 2 2

B abe
4R
:p?”

=\/p(p —a)(p — b)(p — ¢)
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¢) CAC DANG TOAN

& Dang 1. Mot so bai tap giup nam virng 1y thuyét
Muc nay dua ra mot so bai tap ma viée gidi quyét chi dung dén cdc kién thic vé tich vo hudng

ctia hai véc-to & bai trude, chua ding dén cdc cong thiic vé hé thiic ligng & bai 3. Két qud cia

cdc bai tap nay sé dung vao viéc gidi thiéu cdc cong thic mdi vé hé thite lugng trong tam gidc.

$0696> BAI TAP DANG 1 $06969

Vi du 1. Cho tam giac ABC
a) Tinh BC theo AB va AC.

b) Tinh BC.BC tit d6 tinh tich vo huéng AB.AC theo do dai cac canh cta tam giac.
AB? + AC? — BC?

c¢) Chitng minh ring cos A =

2.AB.AC
Loi giai.
a) BC = AC — AB.
b) BC.BC = (AC — E)z — AB? + AC? — 2AB.AC. Tit d6 suy ra
N 2 gh Yo 4
AB.AC’:AB —|—A20 BC.
¢) Theo cau trén ta c6
2 2 _ pr
AB.AC.cos A = AB + AS Be
AB? + AC? — BC?
& cos A=

2.AB.AC

Vi du 2. Cho tam giac ABC c¢6 AM la trung tuyén.
a) Tinh BC theo AB va AC.
b) Tinh tich vo huéng AB.AC theo do dai cac canh cua tam giac.
¢) Tinh AM theo AB va AC.
d) Chiing minh AM? = gl 211C2 — BCZ.

\

Lo giai.
) Nhu bai trén.
) Nhu bai trén.

— 1 ,— —>
) AM = 5(AB+AC)
)

Ta c6

a
b

o o

_ AB?+ AC* 4+ 2AB.AC

N 4

_ AB?+ AC? 4 AB? 4+ AC? — BC?
B 4

_ 2AB*+2AC? — BC?

B 4
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0

Vi du 3. Cho tam gidc ABC, diat AB = ¢, CA = b, BC = a. Goi hg, hy, he 1an luot 1a do dai
cac duong cao ké tit A, B, C' cia tam giac ABC.

a) Chiing minh rang h, = bsin C' = c¢sin B; hy, = ¢sin A = asin C; h, = asin B = bsin A.

b) Goi S la dién tich tam giac ABC, chiing minh ring

S = 1absinC = %bcsinA = %ca sin B

2
A A A
b =

B S 7 ¢ H B C

Lai giai.

-~ N . ha .
a) Trong ca ba trudng hgp C' nhon, vudng, tu, ta déu cé sin B = 15 Suy ra h, = csin B. Tuong

tu ta ciing c6 h, = bsin C. Thay doi vai tro A, B, C ta dugc
he =bsinC =c¢sinB; hy =csin A =asinC; h, =asin B = bsin A

1 1
b) Tacé S = éa.ha = §a.bsin C, con lai tuong tuy.

O
. b
Vi du 4. Chiing minh rang dién tich tam gidc ABC' dugc tinh béi cong thic S = Z—RC.
Loi giai.
Theo dinh ly sin, ta c6 — < _ 2R. Suy ra sinC' = £ Tuds
sin C' 2R
1 - 1 G abc
S = iabsmC = iab'ﬁ 7k
OJ

Vi du 5. Cho duong tron tam I ban kinh r noi tiép tam giac ABC va tiép xtic v6i cac canh
AB,BC,CA cia tam giac tai K, L, M. Goi p la ntta chu vi tam gidc ABC. Chiing minh rang
S =np.r.

L&i giai.
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Tacor=IK=IM=1L.

Theo tinh chat hai tiép tuyén ciing xuat phat tai mot diem A
ta c6 AM = AK, BK = BL, CL = CM. Chu vi tam giac
Ia " M

2p = AM+AK +BK+BL+CL+CM = 2(AK+BL+CK)

Suy ra p=AK + BL+ CM. B I C
Dién tich tam giac ABC' la

S =2(Sakr+ Sprr + Scmr)

1 1 1
=2 AK. —BL. — M>
(2 7"4—2 7"+2C r

= (AK + BL+ CM).r

= pT
O
Vi du 6. Cho tam gidac ABC' dién tich S. Chting minh rang
1 —> —\ 2
S = —\/AB2.A02 — (AB.AC)
2
Loi giai.
o= %AB.AC’. sin A
= %AB.AC.\/l —cos? A
— ——>\ 2
1 AB.AC
= 1\/AB2.AC2 - (aB.AC)"
2
O

Vi du 7. Ching minh cong thitc tinh dién tich sau (cong thic Hé-rong)

S =/pp—a)(p - b)p—¢)

v6i p 1a nita chu vi tam giac, a = BC,b = AC,c = AB la do dai cac canh.

Lai giai.
N 2 2 _ 2 2, 2 9
Ta 6 ABAC = AP +ACT - BCT b4 —a”

2 2
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Dimng két qua bai trén, ta co

S = %\/AB?AC? — (AB.AC)"

1 1
= 5\/bzcz i (b2 + 2 — a2)2

1 /1
= —\/—(Zbc—l— b2 + 2 — a?)(2bc — b? — 2 + a?)

2V 4

_1 1 2 2 2 2

=3\ 310+ —alfe? (b~ o)’
_\/b+c+a b+c—aa+b—ca—b+c
| 22 2 2 N4

= /p(p —a)(p — b)(p — ¢)

]
Vi du 8. Trong mit phéng toa do Oxy, cho hai véc-to a = (ar;az), b = (by;by). Chitng minh
rang
Q= VIZRIT = (@.8)2 = |asbs — asb|
Lo gidi.
Q® = (af + a3) (b7 +13) — (arby + ashy)”
— a%b% + Cl%b% — 2a1b2a2b1
= (a1by — ashy)?
Suy ra ) = ‘a1b2_a251‘- O

Vi du 9. Trong mat phang toa do Oxy cho tam giac ABC c6 A(xa;y4), B(xp;ys), C(zc;ye).
Chitng minh rang dién tich tam giac ABC la

(xp —wa) (¢ —Ta)

(Y —ya) (Yo —ya)

S:

% ‘ = %‘(:vB —24)(Yc — ya) — (Tc — 24)(YB — Ya)

trong do6, ngudi ta dat

b 2
| = ad — be (dinh thiic cap 2).
c

Loi giai.
Ta co S
AB = (IL‘B —TAYB — yA)

AC = (xc — Ta;Yc — Ya)

— ————»)2

y |
Ta da biét S = 5\/ABZ.AC2 — (AB.AC

. Két qua tinh toan vé toa do ctia bai trén ta dudc

S = %‘(IB —24)(Ye —ya) — (xc — 1) (Y — Ya)|.
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Vi du 10. Cho tam giac ABC, goi [, la do dai duong phan giac trong ké tit dinh A ctia tam
bcsin A

gléC ABC. Chfﬁlg minh rﬁng la = m

Loi giai.
Goi D la chan duong phan giac trong ké tit dinh A ctia tam
gidc ABC. Ta c6 l, = AD. Ta co A

Sapc = Sapp + Sacp

@%AB.AC. sin A = %AB.AD. sing 4+ %AC.AD. sing

A
&chsin A = [,(¢c+ b) sin 9

besin A B D C
Slo=——7""7"7
(b+c)sin
O
Vi du 11. Cho tam gidc ABC ¢6 AB < AC (hay ¢ < b), goi I/, 1a d6 dai dudng phan ngoai ké
. bcsin A
ti dinh A cta tam giac ABC'. Ching minh rang I = co it
(b—c)cos 5
Loi giai.
A
E B D C
Goi E la chan duong phan giac ngoai ké tir dinh A ctia tam giac ABC. Ta c¢6 I, = AE. Ta ¢6
Sapc = Sace — SABE
1 1 A 1 A
<—-AB.AC.sin A = ~AC.AE. sin (90O + —) — —AB.AF.sin (90° — —)
2 2 2 2 2
: y A
&cbsin A =1 (b — ¢) cos =
ol bcsin A
e T NG A
(b—c)cos g
O

BAI TAP TU LUYEN

Bai 1. Cho tam gidec ABC ¢6 AB =1, AC = /3, A = 60°.

eccco-oss Y4 £2 /7 GIAO VIEN: PHAN TRAN THANH HIEU — &: 0906 087 784 &/ %4, * Trang 7 *



CHUONG 2. TICH VO HUONG CUA HAI VEC-TO VA UNG DUNG o )
3. HE THUC LUQONG TRONG TAM GIAC VA GIAI TAM GIAC

a) Tinh BC theo AB va AC. c) Tinh do dai BC.
b) Tinh AB.AC

Loi gidi.
a) BC = AC — AB.
b) AB.AC = AB.AC.cos A =
¢) BC? = AC? + AB* —2AB.AC = 1+ 3 — /3. Suy ra BC = /4 — /3.

|5

0
Bai 2. Cho hinh binh hanh ABCD ¢6 AB = a, AD = 2a va DAB = 60°.
a) Tinh AB.AD c) Tinh AC
b) Tinh AC theo hai vects AB va AD. d) Tinh BD
Loi giai.
B C
A L D
a) AB.AD = AB.AD. cos DAB = a.2aé = a’.
b) AC = AB + AD.
c) AC? = AB*+ AD? + 2AB.AD = a? + 4a® + 2a® = Ta?. Suy ra AC = a/7.
d) BD = AD — AB. Suy ra BD? = AD? + AB? — 2AD.AB = 3a2. Suy ra BD = a\/3.
0

Bai 3. Ching minh ring tong binh phuong cac dudng chéo ctia hinh binh hanh bing tong binh phuong
cac canh.

Lai giai.

A D

Ta c6 AC = AB + AD. Suy ra AC? = AB? + AD? + 2AB.AD.
Tuong tu BD = AD — AB. Suy ra BD?* = AB? + AD? — 9AB.AD.
T d6 suy ra AC* + BD? =2 (AB? + AD?) = AB*> + BC? + CD? + DA% O

Bai 4. Cho tam giac ABC ¢6 AB = 2, AC = 5, BC' = 4. Tinh cac tich vo huéng A_B>A_C’), m’B—C’),
CA.CB.
Loi giai.

— AB*+ AC?—-BC* 4+25-16 13

AB.AC = 13
* ¢ 2 2 2
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. é}i.éﬁ:_g

« CACH = %
O
Bai 5. Cho tam gidc ABC c6 trong tam G, M la diém bat ki. Chiing minh ring
MA?> + MB* + MC? =3MG? + GA® + GB* + GC*.
Loi giai.
Vi G la trong tam tam giac ABC nén GA+GB+GC=0T.
MA%? + MB? + MC?
Ly — 5\ 2 —_— —\ 2 — —>\ 2
= (MG +GA) + (MG +GB) + (MG +GC)
=3MG® + GA? + GB? + GC? + 2MG. (GA + GB + GC)
=3MG? + GA?’ + GB*> + GC?
O

Bai 6. Cho tam giac déu ABC noi tiép duong tron tam O, M 1a mot diém thay doi trén duong tron.
Chting minh rang M A% + M B? + MC? khong doi.

Loi giai.

Goi R 1a ban kinh ctia dudng tron. Ap dung bai trén ta c6 C

MA? + MB? + M(C?

=3MO? + OA? + OB? + 0OC?
O M
=3R?> + R* 4+ R? + R?
=6R? A B
O

5 Dang 2. Xac dinh cac yéu t6 con lai cia mét tam giac khi biét mét
s6 yéu t6 vé canh va géc ciia tam giac dé
O dang todn nay, ching ta &p dung truc tiép dinh Iy ham s6 cosin hodic he qué ctia dinh 1y ham

£ . 2N z £ PR : 2 sz ~
so cosin de tim cac yéu to con lai cua tam giac da cho.

$5696> BAI TAP DANG 2 $96960

3
Vi du 1. Cho tam giac ABC' ¢c6b=5,c=T7vacosA= £ Tinh canh a va cosin cac goc con lai

cua tam giac do.
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Lai giai.

Ta co:

a2:b2—|—c2—21)0008Az25+49—2.5.7.§:32:>a:\/3_2:4\/5

A+a?2—0 32449-25 /2

cos B = —, , Y&
2ca 561/2 2

a?+b*—c2  32+25—-49 8 V2

2ab 0v2  40v2 10

cosC =

Vi du 2. Mot ngudi ding trén ngon hai ding A ¢ bo bién quan sat hai chiée tau 6 hai diem B
va C. Khodng cach tit ngudi do t6i chiée tau ¢ diem B va C lan lugt 1a 5km va 6km. Goc tao
bdi hai huéng nhin AB va AC 1a 60°. Tinh khoang cach d gitta hai chiéc tau.

Loi gii.
Xét tam giac ABC véi AC = 6km, AB = 5km, BAC = 60°. Ap dung dinh i cos ta c6
BC? = AB? + CA? — 2.CA.AB. cos BAC

T d6 suy ra BC? = 52 4+ 62 — 2.5.6. cos 60° = 31 = BC = +/31.
Vay khodng cach gitta hai chiéc tau 1a d = /31 km. ([l

a=12"+z+1
Vi du 3. Cho z 1a s6 thyc 16n hon 1 va { b =2z + 1 . Chitng minh ring a, b, c 1a do dai ba

c=x>—-1

canh clia mot tam giac va tinh s6 do ctia goc ddi dién véi canh a.

Loi giai.
a+b>c
Do x > 1 nén dé dang ching minh dudgec: < b+ ¢ > a, tit d6 suy ra a, b, c 1a do dai ba canh ctia mot

ct+a>b

tam giac.
. N 2 PO . . b2 + 02 — CL2
Goi A la goc doi dién véi canh a, khi d6: cosA = ———

) 2bc

a? =2+ 222+ 322+ 20 + 1

=42 +4x+1
Ta c6

A =xt—222+1

\bc:2x3—|—m2—2x—1

1

Tﬁ’d()suyrab2+02—a2:—bc:>cosA:—§:>A:120°. O

Vi du 4. Cho AABC ¢6 cac canh BC' = a,CA = b, AB = c. Biét rang ton tai s6 tif nhién n > 2

sao cho a® = b" + ¢". Chitng minh rang A 1a géc c6 s6 do 16n nhat clia tam giac, tit d6 suy ra
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AABC c6 3 goc nhon.

L&i giai.

. Vay A 1a goc 16n nhat ctia AABC.

a>b A>B
a > c

T gid thiét suy ra , do do
A>C

b n—2 n—9
Tacc’)a":b”+c”<:>a2252(_> +C2<E> ;
a a

a>b - <1
Do nen ¢ ¢ . Tt d6 suy ra a® < b* + ¢® hay b* + ¢ —a? > 0.
a>c — <1
a
b + % — a?

Ma cos A = T 7 nén suy ra cos A > 0 hay A la géc nhon, do d6 B, C ciing la cac géc nhon.
c

3 .
Vi du 5. Cho tam giac ABC' ¢6 m, = \/T_C. Chiing minh rang:

V3

ma+mb+m(;:7(a+b+c).
Loi giai.
3 3 2(a?+b*)—c2 3
Tacémc—gc:mg—ZCQ: (a +4) < :ZCQ:>CL2+b2:202.

T d6 suy ra

2(c® + a?) — b* = 3a 4m3 = 3a*
V3
Mg = 7[)
=
V3
my = TCL

= Mg + My + M. =

BAI TAP TU LUYEN
Bai 1. Cho tam giac ABC ¢6 AC =10 cm, BC' = 16 cm va C' = 120°, tinh d6 dai canh AB.
Loi giai.
Ap dung dinh 1y ham sb cosin ta c6 AB? = CA2+CB? —2CA.CBcosC ta suy ra AB = /516 cm [
Bai 2. Cho tam gidc ABC c¢6 BC = 3,CA = 4 va AB = 6, Tinh cosin ctia goc c¢6 s6 do 16n nhat clia

tam giac da cho.

Loi giai.
Do AB > AC' > BC nén C > B > A. "
Ap dung dinh Iy ham s6 cosin ta ¢6 cos C = 51 0
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Bai 3. Cho a?,b%, 2 1a do dai cac canh ctia mot tam gidc nao doé va a, b, ¢ 1a do dai cac canh clia tam
gidc ABC. Chitng minh rang tam gidc ABC' c6 ba goc nhon.
Loi giai.
Do a?,b%, % 1a do dai cac canh clia mot tam gidc nén
A+ —c>0
2 +c2—a?>0 = cosA,cos B,cosC > 0.

A+a?—0>0

O
Bai 4. Cho tit giac noi tiép ABCD ¢6 AB = CD = a, AD = b, BC' = ¢. Chiing minh réng cos A =
b—c
2a
Loi giai.
Ap dung dinh 1y ham s6 cosin cho hai tam giac BAD, BC'D va chi ¥ BAD + BCD ta suy ra diéu phai
chiing minh. 0

Bai 5. Cho tam giac ABC ¢6 m, = 15, my = 18, m, = 27.
a) Tinh dién tich cta tam giac ABC.
b) Tinh do dai cac canh cua tam giac ABC.

Lai giai.

a) Goi G latrong tam AABC; A', B, C' 1an lugt 13 trung
diém cac canh BC,C A, AB va D la diém déi xting ctia
A qua G. Khi d6 ta ¢c6 BGC'D la hinh binh hanh.
Saasc = 3SagBc = %SABGCD = SABGD-
Tam giac BGD c6 do dai cac canh lan luot 14 10, 12, 18
nén Sapep = v/20.10.8.2 = 40v/2.
Vay Saapc = 120v/2.

b) Ap dung cong thic tinh do dai dudng trung tuyén ta

tinh dude a = 2v/209,b = 8v/11, ¢ = 2v/41.

Bai 6. Cho AABC ¢6 cac canh BC = a,CA = b, AB = ¢ théa man hé thiic

1 N 1 3
a+b b+c a+b+c

Chiing minh rang B = 60°.
Loi giai.
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Ta co6:
1 1 3 a+b+c a+bitc
+ = = + =3
a+b b+c a+b+c a+b b+c
Sld— 142 =3
a+b b+c
c a

=

@a+b+b+c
< clb+c)+ala+b)=(a+b)(b+c)
& A +be+a®+ab=ab+ b+ ac+be
s+ a0 =ac
c+a® =0 1
2ac 2

1
& cosB = —
COS 5

& B = 60°.

BAI TAP TONG HOP

Bai 7. Cho tam gidc ABC c¢6 BC = 10. I la diém trén canh BC sao cho 2IB = 3IC. Duong tron
tam I ban kinh 3 tiép xtc véi cac canh AB, AC lan luot tai cac diem M, N. Tinh do dai céc canh
AB, AC.

Loi giai.
IM 1
sinB=—=—
Trude hét ta co BI 2
O IN 3
sinC' = =7 = 7
3
COSB:£
T d6 suy ra 2 (Do B, C' la cac géc nhon). A
VT
cosC:T M
bat AB = ¢, AC = b. Do Al la phan gidc goc A nén N
c 6
S =2 = 2 =3
b 4:> c=3b

Mat khac, theo dinh 1y cosin trong tam giac ABC ta c6 B i c
> =b*+ BC* — 2b.BC. cos C
b* =+ BC? — 2¢.BC.cos B
Thay s6 vao ta dude hé phuong trinh
2c = 3b

=0 +100-5V7b <
b2 =2+ 100 — 10V3.c

O
Bai 8. Cho AABC ¢6 BC = a,CA = b, AB = ¢ va c6 dién tich S. Chting minh rang:
) cot A b? + 2 — a?
a) cot A = ———.
45
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b) Néu g _ # 1 thi cot B+ cot C = 2cot A, 6 d6 my, m, 1a do dai cac trung tuyén xuat phat ti
B,C. ‘
Loi giai.
a) Theo dinh Iy ham s6 cosin ta c6: b? 4+ ¢ — a? = 2bccos A.

1
Mat khac, S = §bc sin A nén ta co

b’ +c®—a®  2bccos A
45 ~ 2bcsin A
2 2 2 2 _ 12
. coomy c my  2a°+2c°—0b
b) Tacs S=0 21l M _ 20 72¢ 70
) 1O mc7é b2 m?2  2a%42b? — 2
Tt d6 suy ra 2a*c? + 2b%c* — ¢* = 2a%0* + 26*2 — b = 2a*(? = V?) = ¢ = bt = (2 +1%)( = V?).
Do b # cnén ¢ — b? # 0, do d6 b? + ¢ = 2a?.
a?+c?—b?
cotB= ————— 2

=cot A

N 458 _ 2a
Tu tC a2+b2_62:>COtB+COtC—E. (1)
(¢{0) = —=a———F
45

¥+ —a® 20

Mt khac 2cot A = 2 =—. 2
at khac 2 co 15 15 (2)
T (1) va (2) ta suy ra dieu phai chiing minh.
O
%& Dang 3. Dién tich tam giac
Dang nay thuong st dung céc cong thiic vé dién tich sau
1 1 1
S =—a.hy = =b.hy = =c.h,
ptita = Q7 = 5t
1
=—bcsin A = —casin B = —absin C
2 2 2
_abc
4R
=\/p(p—a)(p—~b)(p—0)
$>696> BAI TAP DANG 3 696969
Bai 1. Cho A(1,5); B(4,—1);C(—4,—5). Tinh dién tich ctia tam giac ABC'
Loi giai.
Ta c6 AB = (3,—6); BC = (—8,—4), nén tam giac ABC vudng tai B.
1 1
Do 6, Saapc = 5AB.BC = 5.3\/5.4\/' = 30(dvdt). O
Bai 2. Tinh dién tich tam gidc ABC, biét chu vi tam giac bang 2p, cac goc A= a’, B= B°.
Loi giai.
b
Ta cod Saapc = Z_}; Theo dinh 1f ham sin ta c6 abc = 8 R3sin A.sin B.sin C, suy ra S = 2R%sin A.sin B.sin C.
a b c a+b+c 2p
SR — _ _ _ @ . Vay S =
Ve sinA  sinB  sinC  sinA+sinB+sinC  sina +sinf + sin(r — a — f) W
2p )2 . . .
2 : : : —a— O
(sina +sin B+ sin(m — a — ) (sina.sin B.sin(r —a - f)
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Bai 3. Cho AABC ¢6 A = 90°, ban kinh duong tron ngoai tiép R = 7 v& ban kinh duong tron noi
tiép 1a r = 3. Tinh dién tich S clia tam giéc.
Loi giai.

NI

F

Goi I 1a tam duong tron noi tiép cia AABC.
Goi tiép diém clia duong tron noi tiép (I) véi cac canh BC, CA, AB lan luct 1a D, E, F.
Vi AABC vuodng tai A nén BC = 2R =14 va AE = AF =r = 3.

AB+ A B
Tacop— 2 2C+ O AE+BC=14+3=17
Vay S =pr=17x 3 =51 O
Bai 4. Cho AABC noi tiép duong tron (O, 3). Biét rang A= B =30°. Tinh dién tich S cia AABC

Loi giai.
Ap dung dinh 1y sin trong AABC ta co:
BC =2Rsin A =6sin30° = 3 va AC' = 2Rsin B = 6sin30° = 3
Ta ¢6 C = 180° — B — A = 180° — 30° — 30° = 120°.
1 . 2
Vay S = §BC’.AC. sinC' = 3Esin 120° = %ﬁ O
1 1 1 1

Bai 5. Cho tam gidc ABC. Chiing minh réng — 1t (&F e/
B \&, ity
Loi giai.
1 1 % atbte 1 1 1
Ta ¢6: —— = W/ NAT . | -
O oRr T 5 a_bc S abe abc ab e ac
4s p

£0 42 . 1 1 1 1 1 1
Batdfa,ngthu’cbandau(i)ﬁij—z—kgZE+%+G_C
Ta thay:

1 _1(1 1) 1( ) 1(1 1)
2 pta\a e o\ EEAVERE
\/11 iIF &1,
v—zb— geVae
1
ac

L1y
ab ' be

O
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Bai 6. Cho hinh vuong M N PQ noi tiép trong tam gidc ABC. Chiing minh réng:

Sapc > 2Sunpg-

Lo giai.
Ta thay: A
Sapc > 2S5unpo
1
&3 BC.AH > 2MN.PQ &
1. MN MQ
T > )
4~ BC AH
Ma I
B o
MN MQ _AM BM _ 1 .. . @H P
BC AH AB AB AB27

o1 <AM+BM>2_ 1 AB* 1
— AB2 2  AB?2 4 4

& Dang 4. Chung minh hé thuc lién quan giwa cac yéu t6 trong tam

giac

- Diing cac hé thiic co ban dé bién déi vé nay thanh vé kia hodc chitng minh ca hai vé ciing bing
mot hé thic da biét 1a ding.

- Khi chting minh can khai thac cac gia thiét va két luan dé tim diang cac hé thic thich hop lam

trung gian cho qué trinh bién déi.

$065<¢> BAI TAP DANG 4 $569<¢0

Vidu 1. Cho AABC ¢6 AB = ¢, BC = a, CA = b. p 1a nita chu vi tam giac. Chiing minh réng:

abc. (cos A+ cos B+ cosC) =a*(p—a) +b*(p—b) +2(p—c).

Lo giai.
Ap dung dinh 1y cos trong AABC, ta c6:

b? + 2 — a® WatRo A v ald? b 2
VT = abe. + +

2bc 2ac 2ab

b? + ? — a? ba2—|—c2—b2 a LW Ll
= Q. 5 + 0. 5 + c. 5
a? b? c?
:§(b+c—a)+5(a—|—c—b)+§(a+b—c)

=a*(p—a)+?(p—b)+*(p—c)=VP.
Vay dang thiic duge chitng minh. ([
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Vi du 2. Cho AABC c6 trung tuyén AM, AMB = a, AC =0b, AB = ¢, S la dién tich AABC.

b2 o 02
V6i 0 < a < 90°. Chitng minh: cot a = 1S
Loi giai.
bat BC = a. A

Goi H la chan duong cao ké tit A dén BC.

HM MB-BH BC BH
Co6 AAHM vudng = cota = =

AH AH  2AH AH°
- a BH 1
et = o~ am ) .
Mt khac, ap dung dinh 1y cos va cong thiic tinh dien tich: |- I; N o
v —c*  (a®*+ % —2accos B) — ¢?
48 2AH.a :
a® — 2accos B a c.cos B
2AHa  2AH  AH
- b — 2 a BH )
W 5 ~oag  am %
bZ - 62
Tit (1) va (2 ta =
(1) va (2) suy ra cot « 1S B

/

Vi du 3. Cho AABC ¢6 trong tam G va GAB = a, GBC = B, GOA = ~v. Dat AB = ¢,
BC =a, CA=bva S ladién tich AABC.Chiing minh:

3(a® +b* + )
45 '

cot a4 cot B + cot v =

Loi giai.
Goi M 1a trung diéem BC. Ké MH 1L AB. A

AH

AAMH vubng = = —
VUOIlg COS (¥ AM

BH 2BH
MB v,

ABHM vuong = cos B =

a H N 4
Tac()AB:HA+HB:>C:AM.COSC¥+§.COSB ’5 AN

1 " B M C
= cosa = <c— §COSB> (1)

Mat khac, ap dung dinh 1y ham s6 sin cho AAM B:

MB  MA Lo
sinoz_sinB@Slna_AM’ S 2AM

Tu (1) va (2) ta dugce:

sin B (2)
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a
c— §COSB 2c —acos B R(4c—2acos B) 4c¢* —2accos B 3c¢* + b — a?
cot a = = = — — .
a B b ab abc 45
QSIH a.ﬁ ?
- . ) 3a? + 2 —? ' 30* + a* — 2
uong tir: cot f = 15 ,COV_T
Do d 34+ —a? 3a®+A-0 3+aP—c 3@+ +A) -
5 t t ty = = .
o do, cot a + cot 3 + coty 1S + 1S + 15 15

BAI TAP TU LUYEN

Bai 1. Cho AABC ¢6 AB = ¢, BC = a, CA = b. R 1a do dai ban kinh duong tron ngoai tiécp AABC.
a’ + b + 2
— R

Chitng minh rang: cot A + cot B + cot C' = ;
abc

Loi giai.
Ap dung dinh 1y cos va sin, ta dudc:
cosA V+F—a*> VP+A-d®)R

cot A = = =
sin A a abe
2bc.—
“9R / /
Tuong tu véi cot B va cot C, cong ve theo ve duge dpem. O

Bai 2. Cho AABC c6 trong tam G, R 1a do dai ban kinh duong tron ngoai tiép tam giac. Chiing
minh rang:
3
2 2 2 2 2 2
3£ (cos A+ cos® B + cos C’) = 4—R2(GA +GB+ GC )
Loi giai.
. . 3
Ap dung cong thiic trung tuyén, ta duge m2 + mi +m? = 1 (a® + V% + 2).
Ap dung dinh 1y sin: @ = 2Rsin A; b = 2Rsin B; ¢ = 2Rsin C.
Suy ra m2 +mj + m? = 3R* (sin® A +sin” B +sin* C') = 3R? (3 — cos® A — cos® B — cos® C) (1)
3 3 3
Theo tinh chat trong tam, c6 m, = §GA, my = §GB, me = §GC’ (2)
Tit (1) va (2) thu duge dang thitc can ching minh. O

Bai 3. Cho AABC ¢6 hg, hy, h. lan lugt 1a do dai duong cao xuat phat tit A, B, C; p 1a ntta chu vi.
R, r lan lugt 13 ban kinh dudng tron ngoai tiép va noi tiép tam gidc. Chiing minh réng:

4 R
p = 2—rzhahbhc

Loi giai.
25
Ta ¢6 ah, = bhy = ch, = 25 = h,hyh, = —.
abc
20%r?  abe
Laico S =pr= —— R. 0

hohhe 45
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1
Bai 4. Cho AABC c6 sin? B + sin? C' = 2sin? A. Chitng minh cos A > 5
Loi giai.
Ap dung dinh 1y sin, c6:
b c? s

in? B +sin® C' = 2sin® A =2 b + 2 = 2a’.
sin® B + sin“ C sin <:>4R2+4R2 4R2<:> +c a
Ap dung dinh 1y cos, cé:

b+ 2
b+ 2 =2+ c*—2bccos A) & cos A = e

c

4 Z 2 1
Ap dung bat dang thitc Co-si: b* + ¢ > 2be. Suy ra cos A > ) OJ

Bai 5. Cho AABC ¢6 AB = ¢, BC = a, CA = b; l,, Iy, I, 1an lugt 1a do dai duong phan giac xuat

1 1 1 1 1 1
phat tut A, B, C. Ching minh: —+ -+ - < —+ —+ —.
a pesbgy SN I, .

Loi giai.
Goi D la chan duong phan giac ké tut A. Ta c6:
A
A 2bc cos —
SAABC = SAABD + SAACD =4 §bCSiIlA = §b.la sin 5"’ §C.la sin 5 =4 la = Tf
~ A
Vi0° < A< 180°nén 0 < COS§< 1.
S ; 2bc 1 1 1
< —— S — > — —.
wWrste < T ST e
Tuong tu véi I, va l.. Cong vé theo vé ta dude dpem. O

Bai 6. Cho AABC dién tich S ¢6 AB = ¢, BC = a, CA = b. Chiing minh a® + b* + ¢ > 4+/38.
Loi giai.
Theo cong thitc He-rong: S = /p(p — a)(p — b)(p — ¢).

p—a+p—->b ¢ a b
Taco o alp D < T Tuong twes /BB < 5 /-0 < 5
abc (a4 b+ c)abe
Lai ¢6 (a* + b + ¢?) > 3 (a®b* + b*c* + a?) > 3abc (a + b+ ¢) > 3.16.52.
Suy ra dpcm. O

BAI TAP TONG HOP

Bai 7. Cho AABC ¢6 AB = ¢, BC = a, CA = b; trong tam G va tam dudng tron noi tiép 1. Biét G
a+b+c  2ab
3 a+b

vuong goéc véi duong phan giac trong cua BCA. Chiing minh:
Loi giai.

Ve GH1AC, GK1BC, ID1AC.

Goi L va N lan luct la giao diém ctia IG véi AC va BC.

Ta ¢6: Sacrn = 2Sar1c = ID.IC =r.LC (1)

1
Lai c6: Sacy = Sacrc + Sagen = §(GHLC + GKCN) (2)
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Do ACLN can nén LC' = CN (3)

1
Tu (1), (2), (3) suy ra r.LC' = §.LC’(GH +GK) < 2r=GH+ GK.

Goi hg, hy 1lan lugt 13 do dai duong cao cia AABC xuat phat tit A va B.
GK MG 1GH 1

1

Ta co: = = — =—Dodé2r=—=(h,+ hy).
B0 = AT 3, 5 D040 2r =3 (hat )

1 1 2pr 2pr
Ma SAABC =pr = —aha = —bhb = ha ==, hb = —,

2 2 a b
g ) 2 1 1 . 1 [fa+b 2ab a+b+c -
wraar=rlety) TP N T T3

Bai 8. Cho ABCD la ti giac noi tiép v6i AB = a, BC = b, CD = ¢,DA = d va p 1a ntta chu vi, S 1
dién tich ti gidc. Chiing minh rang:

B+D

N \/(p —a)(p —b)(p — ¢)(p — d) — abed cos?

Lai giai.
Ap dung dinh Iy ham sb cos trong cac tam gidc ABD,CBD ta co:
BD?* = a* 4+ d* — 2ad cos A = b* + ¢* — 2bccos C.
a’ + d* — 2adcos A = b* + ¢ — 2bccos C.
a?+d* —b? — * = 2adcos A — 2bccos C' (1)
Binh phuong hai vé ctia (1) ta co:
(a® +d® — b2 — )? = 4 (ad cos A — 2bccos C)2.(2)
Ta co:
1 1
S=5S4BD + SgCD = EadsinA + §bcsinC’.
1652 = 4(adsin A + besin C)2.(3)
Cong ting vé (2),(3) ta dugc:
(a® +d* —b* — 02)2 +165% =4 [a*d* + b°¢® — 2abed(cos A cos C' — sin Asin C)]
=4 [a’d® + b’ — 2abed (cos(A + O))]

cos?(A + C) / 1)]

=4 [a®d? + b*c® — 2abed (2

2
[ ) cos?(A+ C)
=4 | (ad + bc)” — 4abcd# (4)
Tt (4) suy ra )
cos?(A+C
16S? =4(ad + be)? — (a® + d* — b* — ¢*)* — 16abcd¥
cos?(A+C
=(2ad + 2bc + a® + d* — V* — *)(2ad + 2bc — a® — d* + b* + ¢ — 16abcd¥
cos?(A+C
=[(a+d)?*—(b—2c)?] [(b+c)* - (a—d)? —16abcd¥
o+ a :
cos?(A+C
=(2p —2¢)(2p — 2b)(2p — 2d)(2p — 2a) — 16@60(1%.(5)
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A+C B+D A+C
Vi i + P 180° = cos? = cos? ra
2 2 2
nén ti (5) suy ra
B+D
S? = (p—a)(p—b)(p —c)(p — d) — abed cos® —g :
B+ D
:S:\/(p—a)(P—l))(19—c)(10—cl)—ozbcalcos2 e O
& Dang 5. Nhan dang tam giac vuong
St dung céc phép bién doi tuong duong hodc hé qua dé bién doi “Diéu kién cho truéc” dén mot
ding thiic ma tit d6 ta dé dang két luan dugc tinh chat ctia tam giéc.
$069<$> BAI TAP DANG 5 $969<¢0
Vi du 1. Cho tam gidc ABC théa méan diéu kién
sin 2A sin 2B
in2A in2B=———.
sad s cos Acos B
Chtng minh tam giac ABC vudng.
Loi giai.
Ta c6: 9 Ao
sin 2A sin
in2A4 +sin2B= ————
RS RN cos Acos B
2sin A cos A.2sin B cos B
<2sin Acos A+ 2sin Becos B = S 7 C08 P Co8
cos Acos B
& sin Acos A + sin Beos B = 2sin Asin B
< sin2A 4+ sin2B = 4sin Asin B
<2sin(A + B) cos(A — B) = 2[cos(A — B) — cos(A + B)]
& sinC. cos(A — B) = cos(A — B) + cos C
& cos(A— B).cosC(1 —sinC) + cos* C =0
& cos(A— B).cosC(1 —sinC) + 1 —sin®C =0
<(1 —sinC)(cos(A — B)cosC +1+sinC) =0
<1 —sinC =0
s
<C Z&
2
< AABC vuong tai C.
0

Vi du 2. Cho AABC ¢6 sin2Acos2A + sin 2B cos 2B + sin 2C cos 2C' = 0. Chitng minh rang
ANABC vuong.

L&i giai.
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Ta co6:
sin 24 cos 2A + sin 2B cos 2B + 2 sin 2C cos 2C

=sin4A +sin4B + 2sin 2C cos 2C
=2sin2(A + B)cos2(A — B) + 2sin 2C cos 2C'
= —2sin2C cos2(A — B) 4+ 2sin2C cos 2(A + B)
= — 2sin2C[cos2(A — B) — cos(A + B)]
= —4sin2C'sin 2A sin 2B.
Do d6 sin2A cos 2A + sin2B cos 2B + sin 2C cos 2C' = 0 < —4sin 2Asin 2B sin 2C = 0

s
sin24=0 [24=n |A=3
& |sin2B=0<% |2B=7 & BZ%#AABCvuéng. O
sin2C =0 20 =1 C:E
2
Vi du 3. Cho AABC c¢6 sin? A + sin? B = *’V/sin C' va cac géc A, B nhon. Chitng minh ring
tam giac ABC' vuong.
Lai giai.
Ta c6: sinC € [0,1] = *VsinC = sin®*?*" C' > sin® C' = sin? A + sin® B > sin* C
S 4R%[sin® A +sin? B] > 4R?sin’C & a®> +* > 2 < a®> + b2 — 2 > 0.
2 2 2
Theo dinh 1i ham s6 cosin ta c6: cos C' = a+2—bc > 0.
a
Ta thay:
T _
sin2 A + sin? B — C2()S 2A n 1 c;)s 2B
_ . cos2A+cos2B
Y 2
=1—cos(A+ B)cos(A — B)
=1+ cosCcos(A— B) > 1.
Mat khac: *VsinC < *V/1=1.
cos Ccos(A— B) =0 T
& C = 5 = AABC vuong. O

Do do: sin? A + sin? B = *°V/sin C khi
sinC =1

BAI TAP TU LUYEN
Bai 1. Cho A,B 1a hai géc nhon ctia tam giac ABC théa man:
sin® A + sin® B = 1.
Chitng minh rang tam giac ABC vuong tai C.

Lai giai.
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sinA+sin’B =1
1—cos2A 1 —cos2B B

2 % 2 L
< cos(A+ B)cos(A—B)=0
< cosC cos(A— B) =0.
Ma A, B la hai géc nhon nén cos(A — B) # 0.
Do d6 cosC.cos(A— B) =0« cosC=0=C = T & AABC vuong tai C. O

2
Bai 2. Cho tam giac ABC ¢6 cac goc théa man déng thic :

sinC' = sin A cos B.
Chiing minh rang tam gidc ABC vuong tai A.
Loi giai.
1
sin C' =sin Acos B = §[sin(A + B) +sin(A — B)]
=2sinC = sin C + sin(A — B)
=sin C' = sin(A — B)
= sin(A + B) = sin(A — B)
= sin A cos B + sin B cos A = sin A cos B — sin B cos A
=sin Bcos A =0

=cosA=0= A=

SIS

=/AABC vuong tai

OJ

Bai 3. Cho tam giac ABC ¢6 C' < B va b,c la cac canh clia tam giac. Chitng minh rang tam giac

ABC vudng néu co:
sin(B—-C) b —c?

sm(B+C) 02+

Lo giai.
Ta co:
sin(B—C) sin BcosC —sinC cos B

sin(B+C)  sinBsinC +sin BsinC

c
ﬁCOSC—ﬁCOSB

b c
ﬁcosC'—i- ﬁcosB

_ 2abcos C' — 2accos B

~ 2abcosC + 2accos B

(@ + =) = (a®+ D)

a2+ 02— )+ (a2 + 2 - B?)
b2 — 2

— —.

a
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_sin(B—C) V¥ —¢?
SO s
b —c b —c
Do dé: pra s o
Bai 4. Cho tam gidc ABC c6: 5(sin A + 3 cos B) + 9(sin B + 3 cos A) = 20. Chitng minh rang tam giac
ABC' vuong.
Loi giai.

= a® =b>+c? = AABC vuong tai A. O

Ta co:
4(sin A + 3 cos B) + 3(cos A + 3sin B)
=(3cos A+ 4sin A) + (9sin B + 12 cos B)
§\/(42 + 32)(sin® A + cos? A) + \/(92 + 122)(sin? B + cos? B)

=54+15=20
sinA_3
PRI 2 cosA 4 i 5.3
Dau bang xay ra < cosB 9 <:>taIlA—cotB—4
- sin B ;12 - B
:>tanA:tan<§—B><:>A:§—B<:>A—|—B:§<:>C:§:>AABCvu6ngtaiC. O

/

%& Dang 6. Nhan dang tam giac can
Stt dung cac phép bién déi tuong duong hoic hé qua dé bién doi “Diéu kien cho trudée” dén mot
déng thitc ma tit dé ta dé dang két luan duge tinh chat ctia tam giac.

$5696> BAI TAP DANG 6 $5$969

< p B+ C
Vi du 1. Chiing t6 rang tam giac ABC' can neu tan B + tan C' = 2 tan i
Loi giai.
Ta co:
B+ C
tan B + tan C' = 2 tan +
B+C B+C
& tan B — tan +tan C — tan ;— =0
. B-C . C—-B
sin 5 sin 5
= + B+C:0
cos B cos cos O cos 5
. B-C ] 1 _0
< sin 5 B+C_ B C =
cos B cos cos C cos 5
B-C B-C
& sin =0« 5 =0

B =0C= AABC can tai A.
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O
3 ) e . . B C . C .B . ) .
Vi du 2. Cho AABC thoéa méan hé thic: sin 5 €0s” 5 = sin o cos” o Chiing minh tam giac
ABC can.
Loi giai.
Ta co:
sin E cos® g = sin g cos® E
2 2 2 2
St 2 t ¢ 1
an — = tan —
2, B 3 ,C
cos? — cos? —
2 2
B B C C
& tan 5(1 + tan? 5) = tan 5(1 + tan® 5)
B
Dat x = tan 5= tan% khi dé ta co:
(14 2%) = y(1 +?)
s -y +r—y=0
s@—y)(®+ry+y*+1)=0
sSr—y=0&2=1y.
B C gy C
Dod(’)tacc’):tanE:taHE:>§:§<:)B:C’:>AABC’CantaiA. O
BAI TAP TU LUYEN
Bai 1. Cho AABC thoéa man: = 2tan A. Chitng minh rdng AABC' can.
sin
Loi giai.
Ta c6:
a
=2tan A
bsin A "
sin C'
=2cos A
sin B xR
< sinC = 2sin Beos A
&sinC =sin(B + A) +sin(B — A)
&sinC =sinC +sin(B — A)
&sin(B-A)=0=B-A=0& B=A= AABC can tai C.
OJ

A .
Bai 2. Cho AABC ¢6 duong cao AH = h, théa man hée thiic : h? = bccos? 3 Chitng minh réng
AABC can.
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Loi giai.
Ta c6: h, = csin B = bsinC' = h2 = besin Bsin C.
Twu do ta co:

A

sin Bsin C' = cos® —

2
<cos(B—C)—cos(B+C)=14cosA

& cos(B—C)+cosA=1+cosA
scos(B-C)=1

=B-C=0

&B=C = AABC can.

O
Bai 3. Cho AABC théa man hé thiic:
4 —2sin? B — 2sin? C )
sin? B + sin? ¢ = (cot B + cot C')* — 2 cot B.cot C.
Loi giai.
4 — 2sin® B — 2sin*C )
sin? B + sin® C' = (cot B + cot C')* — 2 cot B.cot C'
4
A —2=cot? B 4 cot’C
sin? B + sin? C o +co
~ r_ 9 A _9
Sinz B+ Sin2 4 sjn2 B + Sin2 C
1 1
s 2 )
& B C ( ) .y
(sin + sin® C') S + —
) . 9
sin“ B sin“C
= —92=0
sin? C' * sin’ B
N (sinB sinC’>2 0
sinC sinB/
<sin B =sinC
&B=0= AABC can.
O

B b .
Bai 4. Cho tam gidc ABC' thoa man hé thtc: sin 5 = . Chiing minh rang tam giac ABC' can.

2 /ac

Loi giai.
a’+c2 - b’
sinQE:l_COSB:l_ Qe _P—(a=¢)
2 2 2 dac '
B b?
Ma: sin? = — .
a: sin® o =
b2_ )2 bQ
Dodé:M:—@bz—(a—c)2:bQ(:)a—c:O(@a:céAABCcan.

4ac 4ac
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1+ cosA 2b + ¢
Bai 5. Cho AABC cé: = i
A © " TsnAd  ViR-&

Loi giai.
Ta co:

1+COSA_ 2b + ¢

sinA 4b2 — 2
(1+cosA)?  (2b+¢)?
sin?A 4?2 —¢2

{i)l—l—cosA _2b+c
1—cosA 2b—c¢
<:>1—i—cosA y 2sin B +sinC'
1—cosA 2sinB—sinC
&2sin B +2cosAsin B —sinC —cos AsinC =2sin B — 2sin Bcos A +sin C — sin C cos A
“dsin Acos B —2sinC =0
< sin(A+ B) +sin(A — C) =sinC
<sinC +sin(A — B) =sinC
<sin(A—B)=0
SA-B=0
<A =B= AABC can.

£ Dang 7. Nhan dang tam giic déu

St dung céc phép bién doi tuong duong hodc hé qua dé bién doi “Diéu kién cho truée” dén mot
ding thic ma tit d6 ta dé dang két luan dugce tinh chat clia tam gidc. Ngoai ra dbi véi cac bat
déng thic déi xing véi ba goc A, B, C hoiic ba canh a,b, ¢ déu xay ra dau bang tai trang thai
A =B =C =60° hoiac a = b = ¢ dé chiing minh tam giac ABC' déu.

56965 BAI TAP DANG 7 96969

Vi du 1. Cho tam giac ABC' c6:

3
sinBsinC:zl
3 3 3 -
2 —b° —
“ = a—b—rc

Chitng minh rang tam gidc ABC' deéu.

L

Lai giai.

eccco-oss Y4 £2 /7 GIAO VIEN: PHAN TRAN THANH HIEU — &: 0906 087 784 &/ %4, s Trang 27 *



CHUONG 2. TICH VO HUONG CUA HAI VEC-TO VA UNG DUNG o )
3. HE THUC LUQONG TRONG TAM GIAC VA GIAI TAM GIAC

Ta co:
a3 _ 8
s SR
4 @ b3 \c
sd’la—b-—c)=ad* -t -¢
&a’(b+c) = (b+c)(b* — be+ )
sa® =0 —bc+c?
b+ —a*=bc
<:>bQ+c2—a2_1
2bc 2
1 us
A=- A=—. 1
= cos 5 3 (1)
Ta lai co:
3
) Bsin( — 5
sin B sin C' 1
&cos(B—C)—cos(B+C) = ;
<:>cos(B—C')+cosA:g
&cos(B-C)=1
=B-C=0& B=C= AABC can. (2)
Tu (1) va (2) suy ra AABC deu. O

A B C . X
Vi du 2. Cho AABC c6: cot? 3 + cot? Bl + cot? 5 = 9. Chiing minh rang AABC' deu.

Lai giai.

Theo dinh If ham s6 cos:

A 1 4b A 4b
a? =b% 4 2 — 2bc.cos A > 2bc — 2bccos A = 4be. sin® = = 2 2y otz 2 > 2.
2 ) A CL2 2 (l2
sin? =
B 4 C 4b
Chitng minh tuong ti ta c6: cot? — > i 1;cot? — > 2Ny
U b2 2 2
A B C _ 4be  4ac 4ab 4bc 4ac 4ab
L2 2 2 3/ _
Do d6: cot §+C0t §+COt 52?4‘[)—24‘?—323 ???—3—9
Dau “=" xdy ra & AABC déu. U

BAI TAP TU LUYEN
Bai 1. Cho AABC cé:
sin B+ sinC =2sin A
cos B+ cosC =2cos A .

Chiing minh tam giac ABC deu.
Lo giai.
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Ta c6: (sin B + sin C')? 4 (cos B + cos C')? = (2sin A)? + (2 cos A)?
& 2(sinBsinC 4+ cos BeosC)+2=4<cos(B-C)=1<B-C=0&B=C

B=C B=C R
Khi doé: & = A=B=C= AABC deu. O
2cos B =2cos A B=A
Bai 2. Cho tam giac ABC cé:
B-C C—-A A—-B
a? cos 5 b? cos 5 2 cos 5
A + B + C = a2 _|_ b2 _|_ CQ.
QSmE 251115 2sin§
Chitng minh rang AABC' deéu.
Loi giai.
Ta co:
a? cos ; a(2Rsin A) cos —
A ey
281115 2sin§
A B L6
= 2aR cos 3 CoSs 5
B B —
= 2aR sin 4 cos J
2 2
b
=aR (sin B +sinC) = ol ;C)
Tuong tu va suy ra ta co:
9 B-C 2 C—-A 5 A—B
acos 9 . 9 CrE 9 alb+c) blc+a) cla+b)
+ + = + + =ab+ bc+ ca
A . B ¥ 16, 2 2 2
2sin — 2sin — 2sin —
2 2 2
2 2 2 2 2 2
% S A S S I
2 2 2
Dau “=" x4y ra khi a = b = ¢ & AABC déu. 0

& Dang 8. Ung dung giai tam giac vao do dac

St dung dinh 1y sin va dinh 1y cos dé giai.

$069><$> BAI TAP DANG 8 56940

Vi du 1. Tinh khodng cach tit mot diém trén bo song dén mot gbc cay trén mot cii lao giita song.

L&i giai.
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Dé do khoang céach tit mot diém A trén bs song dén goc cay C trén C
ci lao gitta song, ngudi ta chon mot diém B ciing & trén bs véi A sao
cho tit A v& B ¢6 thé nhin thay diém C. Ta do khoang cach AB = d,
gécC/’E:avaC/’B\Azﬁ.

Khi do, khoang cach AC duge tinh nhu sau:

Ap dung dinh 1y sin vao tam gidec ABC, ta c6

AC AB

sin B sinC ABsin 8
o : - sin

Vi sinC' = sin(a + () nén AC = Sn(at )

Vi du 2. Trong mot budi gip nhau cudi tuan ngheé si hai Xuan Bic dat ra mot tinh hudng déi
véi gido su Cu Trong Xoay nhu sau: “Mot ngudi c6 chiéu cao tit chan dén mat 1a Im. V6i hai
dung cu do 1a thudce day va giac ké, nguoi dé6 mudn do chiéu cao clia mot cai cay cao. Vay lam
thé nao dé do dugc chiéu cao ciia cay”.

Néu duge 6 vi tri ciia gido su Cit Trong Xoay em lam cach nao dé do duge chicéu cao ciia cay?

Hay minh hoa bing mot két qua cu theé.

Loi giai.
Chon vi trf ding 1a diém C, goi A la vi tri mit ngudi dé ding tai C, B
O 1a vi tri gbc cay, B 1a vi tri dinh cay.
Cac yéu t6 c6 thé do dugc bing thuéc day va gisc ké la
CAB, AOB, CO.
Diung thuée day do do dai CO = d, ap dung vao tam giac AOC dé
tinh AO va goc AOC, A
Diung giac ké do duge goc BAO, tit d6 ap dung dinh 1y sin dé tinh o o
BO.
Ta ¢6: AO = VAC?2 +CO?2 = 12 +d2 va COS@ = %, suy ra
dugce goc A0C.
Dé thay 8 = 90° — A0C. Ap dung dinh 1y sin cho tam gidec ABO ta
CB'B B OA N B OAsin B VI2 + @2sina
sina gin ABO ~ sin(180° —a — ) sin(a + fB)
Gia st ngusi do6 cao 1,6m, ding cach cay 10m va nhin ngon cay va
gbc cay mot goc 30°.

) 2641 —+== /6. 50
ES).OA:\/WZ = VacosAOC:m:%/@é
AOC =~ 9,1°.
Suy ra f§=90—9,1=80,9°.
Khi d6 chiéu cao ciia cay la: OB = ~ 1’ 6 + 10° sin (Y ~~ 5,42m

sin(30° + 80, 9°) -
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Vi du 3.

Muén do chiéu cao ciia thap Cham Por Klong Garai 6
Ninh Thuan ngusi ta lay hai diém A, B trén mit dat c6
khodng cach AB = 12m cling thang hang v6i chan C ciia

thap dé dat hai gidc ké. Chan clia giac ké c6 chiéu cao

h = 1,3m. Goi D la dinh thap va hai diem A’, B’ ciing

2 2 N . 49
thang hang véi diem %GC chiéu cao C’Bc\fla thap. C'[ T 30 B
Nguoi ta do duge goc DA'C' = 49° va goc DB'C" = 35°. o
Hay tinh chiéu cao CD = C'D + C'C cta thap do. A B
Lo giai.
Ta c6 CC' =1, 3m.
. B'D A'B’ B'D
Ap dung dinh 1y sin trong A A’ B’ D ta dugc — = — & — - =
sin(180° — C"A’D)  sin(180° — C'A’D — 35°)  sinl3l
12 12.sin 131°
BD ="
sin 14° < sin 14° vl 55
Xét AB'C'D ¢6 C'D = B'Dcos35° = — " "% 30 7, O

sin 14°

BAI TAP TU LUYEN (Cho méi dang)

Bai 1. Ban Teo chi ¢6 dung cu la thuée thing dai va ban 4y mudn do ban kinh ciia dudng tron lén
clia tugng dai ¢ cong vien Song Ray (tam ciia dudng tron 16n nay bi che khuét béi tugng cay dude).
Ban Teo dang loay hoay khong biét lam céch nao dé do duge ban kinh ctia dudng tron nay. Hay tim
cach gitup ban Teo hoan thanh cong viéc.

Loi giai.

Lay ba diém A, B, C' khac nhau thudc dudng tron.

Do do dai cac doan thang BC = a, AC = b, AB = c.

Ap dung cong thitc He-rong tinh dien tich tam gidc ABC:
= Vil —alp Do viip=""2"C

2
Suy ra ban kinh ctia duong tron la: R = —

abe
48"

Bai 2. Mot 6 to di tit A dén C nhung 6 gitta A va C' 1a mot ngon nti cao nén 6 to phai chay thanh hai
doan duong tit A dén B va tit B dén C, cic doan duong nay tao thanh tam gidac ABC c¢6 AB = 14km,
BC = 18km va goc B = 100°, biét riing cit 1km dudng 6 t6 phai tén 0, 1 lit xing,
a) Tinh s6 xang ma xe tiéu thu khi chay doan duong tit A dén C' ma phai qua B.
b) Gid stt khong c6 ngon nti va c¢6 con dudng thang tit A dén C thi 6 t6 chay hét con duong nay
ton bao nhiéu lit xang?

L&i giai.
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A
a) Tinh s6 xang ma xe tieu thu khi chay doan duong tit A dén C' ma
phai qua B. 14 .
Tong doan dudng xe di tit A dén C' 1a AB + BC = 14 + 18 = 32km. B C

18
Do d6 s6 xang ma xe tiéu thu 1a 32.0,1 = 3, 2lit.

b) Ap dung dinh 1y cosin ta co:
AC? = AB? + BC? — 2AB.BC.cos(ABC) = 14% + 182 —

2.14.18. cos 100° =
cos 8

Bai 3. Ngudi ta du dinh xay mot cay cau biac qua mot con song tuong doéi rong va chdy xiét. Trong
mot dgt khdo sat ngusi ta muén do khoang cach gitta hai diéem A va B & hai bén bd song. Kho khan 1a
ngudi ta khong thé qua song bang bat ki phuong tien gi. Em hay dat minh vao vi tri clia ngusi khao
sat dé giai quyét tinh hudng nay. Biét rang em c6 dung cu ngdm do goc va thude day.

Lai giai.

Dé tinh dugc chiéu dai doan AB ta sé tao mot tam gidc ma c6 AB la B
mot canh. Ta chon mot diém C nam trén bd (c6 thé ciing phia véi A

hosic v6i B) va ta xem trong tam gidc nay ba yéu t6 nao ta do dugc

bang cac dung cu da co. A<

Gia stt diém C nidm ciing bs v6i diém A nhu hinh vé. Céc yéu t6 do

dugc la canh AC' va hai géc B/E' = o va A/C’E = p. C

Ap dung dinh 1y sin trong tam gidgc ABC, ta co:
AB AC AC'sin

sin (3 - sin(a + B) S ARG sin(a + )

O

Bai 4. Mot cay cot dien cao 20m duge dong trén mot trién doéc thing nghieng hop véi phuong nim
ngang mot géc 17°. Ngudi ta ndéi mot day cap tir dinh cot dién dén cudi doc. Tim chiéu dai ctia day
cap biét rang doan dudng tit day coc dén cudi déc bang 72m.
Loi giai.

Ta c6 ACD = 180° — (90° — 17°) = 107°.

D
AB
Trong tam giac ABC vudng tai B ¢6 AC' = ~ 75, 3m.
cos 17° 20
Ap dung dinh 1y cos trong tam giac AC'D, ta c6:
AD?* = AC? + CD? — 2. AC.CD.cosACD = 75,32 + 20? — C
2.75,3.20. cos 107° =~ 6950, 7 = AD = 83, 4m. 170
A ™ B

Bai 5. Hai chiéc tau thity P va Q céch nhau 300m. TU P va @ thing hang véi chan A ctia thap hai
ding AB & trén bo bién ngudi ta nhin chiéu cao AB ctia thap dudi cac goc BPA = 35°, BQA = 48°.

Tinh chiéu cao cta thép.

O

Loi giai.
Ta c6: AQ = AB cot 48°.
AP = AB cot 35°.
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PQ = AP — AQ = AB (cot 35° — cot 48°)

PQ
= AB = ~ ]
cot 35° — cot 48° 563, 48

B

487\, 35
() 300 P

O

Bai 6. Mot cudc dua thuyén xut phat tit diém A nhu hinh vé bén va di chuyén theo huéng tay nam
mot goc 52° t6i diem B, sau dé di chuyén theo huéng dong nam 40° téi diem C, cudi ciing quay tré
lai diem A. Diém C cach diém A mot khoang 8km. Tinh gan ding tong khoang cach ctia dusng dua.

N
e
S

Loi gidi.
Vi dudng thing BD va AC song song, suy ra BCA = CBD = 40°. Do d6, ABC' = 180° — (52° +40°) =
88°.

. b
Ap dung dinh 1y sin trong tam giac ABC, ta duge: — ¢ _ - = — €
S sin 52° sm852f’ 40§1n 88°  sin40°
Vi b = 8 theo d, nén: @ = Som22 ~ 6, 308km v ¢ = w5 145km.
, sin 88° sin 88°
Tong khoang cach ctia duogf dua la: 8 + 6,308 + 5, 145 = 19, 453km. U

Bai 7. Hai lyc ]71) va ]7; cho trude cung tac dung lén mot vat va tao thanh géc nhon <171), g) = «. Hay
lap cong thiic tinh cuong do ctia hop luc 5.
Loi giai.
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Dit AB = f,, AD = f, vi v& hinh binh hanh ABCD. B c
Khi d6 AC = AB+AD = f + fo = 5. R .
VaYI?\Z‘fl_Cf‘:‘ﬁJrE‘- h

Theo dinh 1i cosin déi véi tam giac ABC, ta co: A D

AC? = AB?+ BC2—2.AB.BC. cos B, hay | Z|? = ‘E)Z )E‘Q = f2

2 ‘E‘ . ‘E‘ .cos(180° — av).

|2
Do dé6: | S| = \/‘fl‘

—|2 — —
+ )fg‘ —|—2’f1‘ . ’fg).COS@.

O
Bai 8.
Mot hanh khach ngoi trong mot may bay, bay ¢ do cao 10km nhin sy /.
xuong hai thi tran duéi mat dat. Goc hop béi phuong ngang va hai 5%5?728 O
thi tran 1an lugt 1a 28° va 55° (hinh vé). Tinh khoang cach gifta hai wkmi
thi tran. ! N N
O C D

Loi giai.
Ta ¢c6 CAD = 55° — 28° = 27°.
Xet tam gidc ACO 06 OAC = 90° — 55° = 35° va cos OAC = 22 e AC = —2_ ~ 12, 2km.

(AN . A TAC cos 35°
Trong tam giac AC'D c¢6 ACD = 180° — OCA = 125° va ADC' = 180° — (125° + 27°) = 28°.
Ag gung dir}&hcly sin trong tfgn2gijéx(;2éloCD, ta co

,2sin

e sme O CP T g LTk
Vay khoang céach gitta hai thi tran khoang 11, 9km. O

* Trang 34 ° 44 £2 /7 GIAO VIEN: PHAN TRAN THANH HIEU — ®: 0906 087 784 &/ 57 %%  eecee cececece
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