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VECTir 

• Vectd 
*** tong va hieu cua hai vectd 
*X* Tich cua vectd vdi mot so 
*t* Toa do cua vectd va toa do cua diem 

Trong vqt If ta thuong gap cac dqi lupng co hu6ng 
nhu luc, vqn toe, ,,. Nguoi ta dung vecto de bieu 
diin cdc dqi luong do. 
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§1. CAC DINH NGHIA 

1. Khai nl§m vecto 

Hinh 1.1 

Cac miii ten trong hinh 1.1 bi^u dien hudmg chuydn ddng cua 6t6 va may bay. 

Cho doan thang AB. Ne'u ta chon di^m A lam diem ddu, diim B lam diem 
cud'i thi doan thdng AB co hudng tit A de'n B. Khi dd ta noi AB la mdt doqn 
thdng CO hudng. 

Djnh nghia 

Vectcx Id mot doqn thdng cd hu&ng. 

Vector cd diim 6i\x A, diim cud'i B dugc kf 

hieu la Ai va doc la "vecto AB". Dl ve 

vecto AB ta ve doan thang AB va danh 6ia 
mui ten b 6i\x mut B (h. 1.2a). 

Vecto con dugc ki hieu \i a, b, x, y, ... 
khi khdng cin chi ro diim dSu va diim cud'i 
cua nd (h. 1.2b). 

b) 

Hinh 1.2 

^ 1 Vdi hai didm A, B phdn bl^t ta co duoc bao nhi§u vecto c6 diim dau vd diim cu6i 1̂  
A hoac 6. 



2. Vecto cung ptiaong, vecto cung tiudng 

Ducmg thang di qua diim 6iu va diim cudi ciia mgt vecto dugc ggi la gid 
cixa vecto dd. 

» 2 Hay nhan xet v6 vi trf tifong d6i cQa cac gia cua cac cap vecto sau : AB va CD, 

PQy^RS, EF vd PQ (h.1.3). 

A 

F 

B C 

E 

: nT: • ~ ~ 1 1 T i 

L/ ll 1 T'dZ \AA 1 
i!xi::..k^.i.j^i-.: 

1 _LJ 

1 

y< 1 t /i 1 : i 
1 I / ! i i '' 

\ s/\ \ \ \ \ 1 1 ! i i 
' 1 i i i i 

Hinh 1.3 

Djnh nghia 

Hai vecto duoc gpi la cUng phuong ne'u gid ciia chiing song 
song hodc triing nhau. 

Tren hinh 1.3, hai vecto AB va CD cimg phuong va cd ciing hudng di tit 

trai sang phai. Ta ndi AB va CD la hai vecto ciing hu&ng. Hai vecto PQ va 

RS ciing phuong nhung cd hudng ngugc nhau. Ta ndi hai vecto PQ va RS 
la hai vecto nguoc hudng. 

Nhu vay, neu hai vecto ciing phuong thi chung chi cd thi cung hudng hoac 
ngugc hudng. 

Nhqn xet. Ba diim phan biet A,B,C thang hang khi va chr khi hai vecto AB 

va AC ciing phuong. 

That vay, ne'u hai vecto AB va AC cung phuong thi hai dudng thang AB va 
AC song song hoac triing nhau. Vi chiing cd chung diim A nen chiing phai 
trung nhau. Vay ba diim A, B, C thang hang. 

2 Hinh hpc 10-A 



Ngugc lai, neu ba diim A, B, C thing hang thi hai vecto AB va AC cd gia 
triing nhau nen chiing ciing phuong. 

«^3 Khang djnh sau dung hay sai; 

Neu ba diim phdn bi6t A, 8, C thang hang thi hai vecto ^ va BC cung hirdng. 

3. Hai vecto bang nhau 

Mdi vecto cd mdt do ddi, 66 la khoang each giiia diim 6iu va diim cud'i cua 

vecto dd. Do dai ciia AB dugc ki hieu la IAS|, nhu vay \AB\ = AB. 

Vecto cd dd dai bang 1 ggi la vecto don vi. 

Hai vecto a \i b dugc ggi la bang nhau niu chiing ciing hudng va cd cung 
—» - • 

dd dai, ki hieu a = b . 

Cha y. Khi cho trudc vecto a va diim O, thi ta ludn tim dugc mdt diim A 

duy nha't sao cho OA = a . 

A 4 Gpi 0 la tdm hinh luc giac deu ABCDEF. Hay chi ra cac vecto bang vecto OA. 

4. Vecto - Ichong 

Ta bie't rang mdi vecto cd mdt diim dau va mdt diim cud'i va hoan toan dugc 
xac dinh khi biet diim dau va diim cud'i cua nd. 

Bay gid vdi mdt diim A hit ki ta quy udc cd mdt vecto ddc biet ma diim 6iu 

va diim cudi deu la A. Vecto nay dugc ki hieu la AA va ggi la vecto - khdng. 

Vecto AA nam tren mgi dudng thang di qua A, vi vay ta quy udc 
vecto - khdng ciing phuong, ciing hudng vdi mgi vecto. Ta cung quy udc 

rang |A4| = 0. Do dd cd thi coi mgi vecto - khdng diu bang nhau. Ta ki 

hieu vecto - khdng la 0. Nhu vay 0 = AA = BB - ... vdi mgi diim A, B... 

2 Hinh hoc 10-B 



Cau hoi vd bdi tdp 

Cho ba vecto a, b, c diu khdc vecto 0. Cac khang dinh sau diing hay sai ? 

a) Ne'u hai vecto a, b cting phuong vod c thi a \i b cung phuong. 

b) Niu a, b ciing ngugc hudng vdi c thi a \i b ciing hudng. 

Trong hinh 1.4, hay chi ra cac vecto ciing phuong, cung hudng, ngugc hudng 
va cac vecto bang nhau. 
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Hinti 1.4 

3. Cho tti giac ABCD. Chiing minh rang tu: giac dd la hinh binh hanh khi va chi 

khi AB=DC. 

4. Cho luc gidc diu ABCDEF cd tam O. 

a) Tim cac vecto khac 0 va cung phuong vdi OA ; 

b) Tim cac vecto bang vecto AB. 



§2. TONG v A HIEU CUA HAI VECTOf 

1. Tong cua hoi vecto 

Hinh 1.5 

Tren hinh 1.5, hai ngudi di dgc hai ben bd kenh va ciing keo mdt con thuyin 

vdi hai luc Fj va F2 . Hai luc F^ va F2 tao nen hgp luc F la tdng ciia hai 

luc f"i va F2 , lam thuyin chuyin ddng. 

Djnh nghTa 

Cho hai vecto a vd b . Lay mdt diem A tuy y, ve AB = a va 
BC = b. Vecto AC dupc gpi la tdng dua hai vecto a vd b. 
Ta ki hieu tong cua hai vecto a vd b la a + b. Vdy 
AC = a-\-b (h.1.6). 

Phep todn tim tdng ciia hai vecto cdn duoc gpi Id phep_ cong vectff. 

Hinh 1.6 



Quy tac hinh binh hanh 

Ne'u ABCD la hinh binh hdnh thi AB-\-AD-AC . 

Hinh 1.7 

Tren hinh 1.5, hgp luc ciia hai luc Fj va F2 la luc F dugc xac dinh bang 
quy tac hinh binh hanh. 

3. Tinh chdt cua phep cong cdc vecto 

Vdi ba vecto a, 
- • - • — • — • 

a -i- b = b -h a 

(a + b)+ c = 

a+0-0+a=a 

b, c tiiy y ta cd 

(tinh chat giao hoan) ; 

a + (b + c) (tinh chit ket hgp); 

(tfnh cha't cua vecto - khdng). 

Hinh 1.8 minh hoa cho cac tinh chat tren. 
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Hinh 1.8 

4i Hay kiem tra cac tinh chat cua phep cong tren hinh 1.8. 



4. Hieu cua hai vecto 

4 
a) Vectff ddi 

2 Ve hinh binh hanh ABCD. Hay nhan xet v l d6 dai va hudng cCia hai vecto AB 

va CD. 

Cho vecto a. Vecto cd ciing dd dai va ngugc hudng vdi a dugc ggi la vecto 

dd'i cm vecto a, ki hieu la - a . 

Mdi vecto diu cd vecto dd'i, chang han vecto dd'i cua AB la BA, nghia la 

-AB = M. 

Dac biet, vecto dd'i cua vecto 0 la vecto 0. 

Vi du 1. Neu D, E, F l&i lugt la trung diim ciia cac canh BC, CA, AB cm 
tam giac ABC (h.1.9), khi dd ta cd 

IF---DC, 

1BD = -EF, 

EA = -EC. 
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Hinh 1.9 

A 3 Cho /\S+SC = 0 . Hay chijrng to BC la vecto ddi cDa AB. 

b) Dinh nghia hieu cua hai vectff 

II Cho hai vecto a vd b .Ta gpi hieu ciia hai vecto a vd b Id 
II vecto a + (-b), ki hieu a - b. 

Nhu vay 

a-b--a + i-b). 

10 
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Tit dinh nghia hieu cua hai vecto, suy ra 

Voi ba diem O, A, B tuy y ta cd AB = 0B-OA (h.1.10) 

4 Hay giai thfch vl sao hieu cua hai vecto OB va OA la vecto AB. 

Hinh 1.10 

Chii y.l) Hiep toan tim hieu cua hai vecto cdn dugc ggi la phep trie vecto. 

2) Vdi ba diim tiiy y A,B,C ta ludn cd : 

AB->rBC = AC (quy tac ba diim); 

^-7^ = ^ (quy tac trtr). 

Thuc chat hai quy tac tren dugc suy ra tii phep cdng vecto. 

Vi du 2. Vdi bdn diim bat ki A, B, C, D ta ludn cd 'AB+ ^ = 73+ 'CB. 

That vay, la'y mdt diim O tiiy y ta cd 

^ + CD = 0 f i - a 4 + 0 D - 0 C = 0 D - a 4 + 0 B - 0 C = AD + C5. 

5. Ap dung 

a) Diem I la trung diem cua doqn thing AB khi vd chi khi IA-\-IB = 0. 

b) Diem G Id trpng tdm cda tam gidc ABC khi vd chi khi GA + GB + GC = 0 , 

CHtyNG MINH , ^ _, -^ 

b) Trgng tam G ciia tam giac ABC nam 
tren trung tuyin AI. Liy D la diim dd'i 
xiing vdi G qua /. Khi dd BGCD la 
hinh binh hanh va G la trung diim ciia 

doan thang AD. Suy ra Gfi + GC = GD 

va G4 + GD = 0.Tacd 

G4 + GB + GC = G4 + GD = 0. 
Hinh 1.11 



Ngugc lai, giksix GA + GB-\-GC = 0. Ve hinh binh hanh BGCD cd / la giao 
diim ciia hai dudng cheo. Khi dd Gfi + GC = GD, suy ra GA + GD = 0 nen 
G la trung diim cua doan thang AD. Do dd ba diim A, G, I thang hang, 
GA = 2GI, diim G nam giira A va /. Vay G la trgng tam ciia tam giac ABC. 

Cdu ho\ vd bdi tdp 

1. Cho doan thang AB va dil^i M nam giiia A va fl sao cho AM > MB. Ve cac 

vecto MA + MB va AM - Mfl. 

2. Cho hinh binh hanh ABCD va mdt diim M tiiy y. Chirng minh rang 

Im-^'MC^Jm-i-'MD. 

3. Chiing minh rang dd'i vdi tii giac ABCD hit ki ta ludn cd 

a) AB + BC + CD + DA = 0 ; h)JB-AD = CB-CD. 

4. Cho tam giac ABC. Ben ngoai ciia tam giac ve cac hinh binh hanh ABU, 

BCPQ, CARS. Chimg minh rang RJ + lQ-{-'PS = d. 

5. Cho tam giac diu ABC canh bang a. Tinh dd dai cua cac vecto AB + BC va 

JB-'BC. 

6. Cho hinh binh hanh ABCD cd tam O. Chiing minh rang 

a)CO-OB = BA; b)AB-BC = D i ; 

c)'DA-'DB = OD-dc ; 6)'DA-DB + DC = 0. 

7. Cho a, b li hai vecto khac 0. Khi nao cd dang thiic 

a) ia + foUld + l̂ l ; b) |a + 6| = |a-fe|. 

8. Cho \a + b\ = O.So sanh dd dai, phuong va hudng cua hai vecto a \& b. 

9. Chiing minh rang AB = CD khi va chi khi trung diim cua hai doan thang AD 
va BC trung nhau. 

10. Cho ba luc Fj = MA , F2 = MB va F3 = MC ciing tac ddng vao mdt vat tai 

diim M va vat diing yen. Cho biet cudng do cua F}, F2 diu la 1(X) N va 

AMB = 60° . Tim cudng dd va hudng ciia luc F3 . 

12 



Thuyen budm chay ngugc chieu gio 

Thong thudng ngudi ta van nghT rang gio 
thdi ve hudng nao thi se day thuyen buom 
ve hudng d6. Trong thi/c te con ngudi da 
nghien cUu tim each lgi dung sufc gid lam 
cho thuyen buom chay ngUdc chieu gid. 
Vay ngudi ta da lam nhU the nao de thuc 
hien dugc dieu tudng chUng nhu vo If dd ? 

Ndi mot each chi'nh xac thi ngudi ta cd the lam cho thuyen chuyen dpng theo mpt 

gdc nhpn, gan bang — gdc vuong dd'i vdi chieu gid thdi. Chuyen dpng nay dupc 

thuc hien theo dudng dich dac nham tdi hudng can den cua muc tieu, 

De lam dupc dieu dd ta dat thuyen theo hudng TT' va dat buom theo phUdng BB' 
nhu hinh ve. 

Gio Dich 
4i. 

Khi dd gid thdi tac dpng len mat 

buom mpt lUc, Tdng hpp lUc la luc f 
cd diem dat d chi'nh giOra buom. Luc 

?dupc phan tich thanh hai lUc : luc 

p vuong gdc vdi canh buom 66' va 

luc q theo chieu dpc canh buom. Ta 

cd f = p + q . Luc q nay khdng day 
budm dl dau ca vi luc can cua gid dd'i 
vdi budm Ichdng dang ke. Luc dd chi 

cdn luc pday budm dudi mpt gdc 

vudng. NhU vay khi cd gid thdi, ludn 

ludn cd mdt lUc p vudng gdc vdi mat 

phiing BB' ciia budm. LUc p nay 

dupc phan tich thanh lUc r vudng 

gdc vdi sd'ng thuyen va luc sdpc theo sdng thuyen TT' hudng ve mui thuyen. Khi 

dd ta cd ^ = ̂  + 7. Luc r ra't nho so vdi sUc can rat Idn cCia nudc, do thuyen budm 

cd sdng thuyen ra't sau. Chi cdn lUc s hudng ve phfa trUdc dpc theo sdng thuyen 
day thuyen di mpt gdc nhpn ngupc vdi chieu gid thdi. Bang each ddi hudng thuyen 
theo con dudng dich dac, thuyen cd the di tdi dich theo hudng ngUpc chieu gid ma 
khdng cin luc diy. 

Xudt phdt 

3 Hinh hoc 10-A 13 



§3. TICH CUA VECTO VOl MOT SO 

4 1 Cho vecto a ^ 0. Xac djnh dp dai va hudng cua vecto a + a, 

1. I Djnh nghia 

I Cho sd k # 0 vd vecto a # 0 . Tich ciia vecto a vdn. sd k la 

III mpt vecto, ki hieu Id ka, ciing huong vdi a ne'u k > 0, ngupc 

II huong vdi a neu k < 0 vd cd dp ddi bdng \k\\a\. 

Ta quy udc Oa = 0,kO = 0 . 

Ngudi ta cdn ggi tich cua vecto vdi mdt sd la tich ciia mot sdvdi mpt vecto. 

I S I Vi du 1. Cho G la trgng tam cua tam giac ABC, D va F lan lugt la trung diim 

ciia BC va AC. Khi dd ta cd (h 1.13) 

GA = ( -2 )GD, 

AD = 3GD, 

Tinh chdt 

Vdi hai vecto a va 

k(a + b) 

(h-i-k)a 

h{ka) = [ 

\.a = a 

= ka + kb ; 

= ha + ka 

,hk)a ; 

A-l).a = 

b ba'tki, 

; 

-a. 

vdi mgi so h vik. tacd 

A 2 Tim vecto ddi cua cac vecto /(a va 3 a -Ab 

14 3 Hinh hoc 10-B 



3. Trung diem cua doqn thang vd trong tdm cua tam gidc 

a) Ne'u / la trung diim cua doan thang AB thi vdi mgi diem M ta cd 

MA-h^ = 2Jfl. 

b) Ne'u G la trgng tam ciia tam giac ABC thi vdi mgi diem M ta cd 

lilA-hm-i-'MC = 3'MG. 

^ 3 Hay SLf dung muc 5 cija §2 de chiirng minh cac khang djnh tren. 

4. Oieu l<i§n de hai vecto cung phuong 

Dieu kien cdn vd dii de hai vecto a vd b (b^O) cung phuong la cd mpt sd 

kde a-kb. 

That vay, ne'u a = kb thi hai vecto a vi b ciing phuong. 
I—*] 

Nguoc lai, gia sir a va fo ciing phuong. Ta lay ^ = pn- neu a va b cimg 

hudng va la'y ^ = --pr niu a yi b nguoc hudng. Khi dd ta cd a = kb. 
\b\ 

Nhqn xet. Ba diim phan biet A,B,C thang hang khi va chi khi cd so k khac 0 

dl A5 = kJc. 

Phdn tich mdt vecto theo hai vecto Ichdng cung phuong 

Cho a = OA, b = OB la hai vecto khdng 

ciing phuong va x = OC la mdt vecto tiiy 
y. Ke CA' II OB va CB' II OA (h. 1.14). 

Khi dd A- = OC = a ? + o F ' . Vi OA*' va 

a la hai vecto ciing phuong nen cd sd h 

dl OA' = ha. Vl OB' va b cung phuong 

nen cd sd k 6i OB' = kb. 

vay x = ha + kb. 

15 



Khi dd ta ndi vecto x dugc phan tich (hay cdn dugc ggi la bieu thi) theo hai vecto 
khdng ciing phuong a vib. 

Mdt each tdng quat ngudi ta chiing minh dugc menh dl quan trgng sau day : 

Cho hai vecto a vd b khdng ciing phuong. Khi dd mpi vecto x deu phdn 

tich dupc mdt cdch duy nhd't theo hai vecto a vd b, nghia Id cd duy nhdt 

cap sdh, k sao cho x = ha + kh . 

Bai toan sau cho ta each phan tich trong mdt so trudng hgp cu thi. 

= I Bdi todn. Cho tam giac ABC vdi trgng tam G. Ggi / la trung diim ciia doan 

AG va K la diim tren canh AB sao cho AK = —AB. 

5 

a) Hay phan tich AJ, ~AK, Cl, CK theo a = CA,b = CB; 

b) Chiing minh ba diim C, 1, K thang hang. 

GlAl 

a) Ggi AD la trung tuye'n ciia tam giac ABC (h. 1.15). Ta cd 

JD = 'CD-'CA = -1-'^. 
2 

Dodd 

;47 = -̂ AG = -AD = - ^ - - a ; 
2 3 6 3 

A i = -Afi = -(Cfi-CA) = -(&-^) ; 
5 5 5 

— — . _ ^ l _ j _ 1 - 2 -
CI = CA + AI = a + -b--a = -b + -a ; 

6 3 6 3 

C^ = CA + A? = a + - 6 - - a = - 6 + - a . 
5 5 5 5 

b) Tix tinh toan tren ta c6 CK = -CI. Vay ba diim C, I, K thing hang. 

16 



Cdu h6\ vd bdi tdp 

1. Cho hinh binh hanh ABCD. Chung minh rang : 

AB + AC + 7D = 2AC . 

2. Cho AK va BM la hai trung tuyin cua tam giac ABC. Hay phan tich cac vecto 

AB, BC, CA theo hai vecto u = AÂ , v = BM. 

3. Tren dudng thang ehda canh BC ciia. tam giac ABC liy mdt diim M sao cho 

MB •= 3MC. Hay phan tich vecto AM theo hai vecto u = AB va v = AC. 

4. Ggi AM la trung tuyen cua tam giac ABC va D la trung diim ciia doan AM. 
Chiing minh rang 

a) 2DA + Dfi + DC = 0 ; 

b) 20A + 0 5 + OC = 4GD,vdi01adilmtuyy. 

5. Ggi M vi N lin lugt la trung diim cac canh AB va CD ciia tit giac ABCD. 
Chiing minh rang: 

2MiV = AC + BD = BC-\-AD. 

6. Cho hai diim phan bidt A va B. Tim diem K sao cho 

3KA-^-2KB = d. 

7. Cho tam giac ABC. Tim diim M sao cho M4 + MB + 2MC = 0. 

8. Cho luc giac ABCDEF. Ggi M, N, P, Q, R, S lin lugt la trung diim cua cac 
canh AB, BC, CD, DE, EF, FA. Chiing minh rang hai tam giac MPR va NQS 
cd ciing trgng tam. 

9. Cho tam giac diu ABC cd O la trgng tam va M la mdt diim tuy y trong tam 
giac. Ggi D, E, F lin lugt la chan dudng vudng gdc ha tit M din BC, AC, AB. 
Chdng minh rang 

'MD-^l^-\-'MF = -'Md. 
2 
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Tl Ic vang 

O-clit (Euclide), nha toan hpc cija mpi thdi dai da tUng ndi den "ti le vang" trong tac 
pham bat hu cua dng mang ten "NhUng nguyen tac cd ban". Theo O-clit, diem / 
tren doan AB dupc gpi la diem chia doan AB theo tile vang ne'u thoa man 

A/ 
IB 

AB 
AI (1) 

A 
h-

B 

Hinh 1.16 

AI AB —• —' —• —• 
Dat X = — = — ta cd AB = xAI va AI = xIB. Sd x do dUdc goi la tl le vang va IB AI . o. . o 

diem / dupc gpi la diem vang cua doan AB. 

De tfnh x, ta cd the dat 76 = 1. TU (1) ta cd 

X x-i-1 , 2 

tUcIa 

1 X 
hay 

= 1,61803 

x - 1 = 0, 

Vdi tl le vang ngUdi ta cd the tao nen mdt hinh chO nhat dep, can ddi va gay hUng 
thii cho nhieu nha hdi hoa kien tnic. Vi du, khi de'n tham quan den Pac-te-ndng d 
A-ten (Hi Lap) ngUdi ta thay kich thudc cac hinh hinh hpc trong den phan Idn chju 
anh hudng cCia ti le vang, Nha tam If hpc ngudi DUc Phi't-ne (FIchner) da quan sat 
va do hang nghin 36 vat thudng dung trong ddi sdng nhU d cCfa sd, trang giay viet, 
bia sach.,. va so sanh kfch thudc giUa chieu dai va chieu ngang cua chiing thi thay 
ti sd gan bang ti le vang. 

Hinh1.17. Den Pac-te-nong va dUdng net kie'n true cua no. 



De dung diem vang / cCia doan Ae = a ta lam nhu sau : 

Ve tam giac ABC vudng tai 6, vdi BC = --. Dudng tron tam C ban kfnh - cat AC 

tai E. Dudng trdn tam A ban kfnh AE cat AB tai /, 

T , . ^ ayf5 , . ^ . , a, r^ .. ^ ^, AB a ^f5 + ^ 
Ta co AC = va AE = AI = -N5 - 1 ) , Do do — = = , 

2 2 > AI a ^ ^ _ ^ ^ 2 

Hinh 1.18 Hinh 1.19 

Suf dung diem vang / ta cd the dung dupc gdc 72°, tU dd dUng dupc ngu giac deu 
cung nhu ngdi sao nam canh nhu sau : 

Ta dung dudng trdn tam / ban kfnh lA cat trung trUc cua IB tai F ta dupc 

M 6 = 36° va A6F = 72° (h.1.16). 

Mpt ngu giac deu ndi tiep dudng trdn tren cd hai dinh lien tiep la F va diem xuyen 
tam ddi A' ciia A. TU dd ta dUng dupc ngay ba dinh cdn lai cua ngu giac deu. 

AI AK 
Can IUu y rang tren ngdi sao nam canh trong hinh 1.19 thi ti sd — = chinh la 

^ IK AI 
tl le vang. Ngdi sao vang nam canh cua Qud'c ki nudc ta dupc dung theo ti sd nay. 

19 



§4. HE TRUC TOA DO 

Bac cite 

90 80 70 60 50 40302010 0 10 203040 50 60 70 80 90 

Nam cUc 

Vdi mdi cSp so chi kinh do va vTdq ngudi ta xac dinh dUdc mot diSm trenTrai Dit 

True vd do ddi dgi so tren true 
a) True tog dp (hay ggi tat la true) la mdt dudng thing tren dd da xac dinh 

mdt diim O ggi la diem gdc va mdt vecto don vi e . 

Ta ki hieu true dd la (O ; e ) (h. 1.20) 

M 

Hinh 1.20 

b) Cho M la mdt diem tuy y tren true (O ; e). Khi dd cd duy nha't mdt sd k 

sao cho OM = ke .Ta gpi sdk dd Id toa dp cda diem M dd'i vdi true dd cho. 
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4i 

c) Cho hai diim A va 5 tren true (O ; e). Khi dd cd duy nhat sd a sao cho 

AB = ae .Ta ggi so a 66 la dp ddi dqi sd ciia vecto AB ddi vdi true dd cho 

va ki hieu a= AB. 

Nhqn xet. Niu AB cimg hudng vdi e thi AB = AB, cdn niu AB ngugc 

hudng vdi e thi AB = -AB. 

Ne'u hai diim A va B tren true (O ; e)c6 toa do lan lugt la a va & thi AB =b-a. 

He true tog dd 
Trong muc nay ta se xay dung khai niem he true toa dd dl xac dinh vi trf ciia 
diim va cua vecto tren mat phang. 

Hay tim c^ch x^c dinh vi trf quSn xe va qu§n ma trgn ban cd vua (h.1.21) 

8 

7 

6 

5 

4 

3 

2 

1 

r ^ 
% 

n j H ^ ^ 

• • 
MB • • 

^m 
wQ 

e d e 

Hinh 1.21 

a) Dinh nghia 

He tnic toq dp (O ; /, ; ) gom hai true (O ; i) vd (O ; j) 

vudng gdc vdi nhau. Diem gdc O chung ciia hai true gpi la gdc 

toq dp. True (O ; /) dupc gpi Id true hodnh vd ki hieu Id Ox, 

true (O ; j) dupc gpi Id true tung vd ki hieu la Oy. Cdc vecto 

i vd j Id cdc vecto don vi tren OxvdOyvd\i\ = \j\ = 1. He 

true toq dp (O ; /, j) cdn dupc ki hieu Id Oxy (h.1.22) 
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yn 

a) b) 

Hinh 1.22 

Mat phang ma tren dd da cho mdt he true toa do Oxy dugc ggi la mat phdng 
toq dp Oxy hay ggi tat la mat phang Oxy. 

b) Toq dp eua vectff 

^ 2 Hay phan tich cSc vecto a, b theo hai vecto / va / trong hinh (h.1.23) 

L t 
[̂  
i , 
L 

t 

' ' 

J 
O 

I 

i 1 i J 

i "a 

n 1 1 

i i 
! I 

. , t t 

1 J 
1 1 j 

i i 

^ ; i : 1 ! ! ! 

i i 1 1 
1 1 ^ 

1 1 
1 i 

. 1 J 

\.LL.i in 
Hinh 1.23 

Trong mat phang Oxy cho mdt vecto u tuy y. Ve OA = u vi ggi Aj, A2 

lan lugt la hinh chilu vudng gdc ciia A len Ox va Oy (h.1.24). Ta cd 

OA = OAi + OA2 va cap sd duy nha't (x ; y) 6i OA^ = xi , OA2 = yj . Nhu 

vay u = xi + yj . 
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Cap sd (x ; y) duy nha't dd dugc ggi la toq 

dp ciia vecto u ddi vdi he toa do Oxy va 

vie't u =(x;y) hoac u (x ; y). So thii nha't x 
ggi la hodnh dp, sd thd hai y ggi la tung dp 

cua vecto u. 

Nhu vay 

••{x;y) <^u^xi + yj 

. ^ 2 , — —.-i-. -

<'-tn" "y^ 

' J 
o i ' 

' "/f 

/ u 

A 

-1 
1 
\ 

1,1 ^ 
':A, \ ' 

Hinh 1.24 

Nhdn xet. Tit dinh nghia toa do cua vecto, ta thay hai vecto bang nhau khi 
vd chi khi chdng cd hodnh dp bdng nhau vd tung dp bdng nhau. 

Niu u = (x;y), u' =(x' ;y') thi 

_̂  
u = 

^ 
= M <=̂  f ' = u / 

A' 

/ 

Nhu vay, mdi vecto dugc hoan toan xac dinh khi biet toa do ciia nd. 

c) Toq dp cua mpt diem 

Trong mat phang toa dd Oxy cho mdt diim M tuy y. Toa do ciia vecto OM 
dd'i vdi he true Oxy dugc ggi la toq dp ciia diem M ddi vdi he true dd 
(h.1.25). 

Nhu vay, cap sd (x ; y) la toa do ciia diim M 

khi va chi khi OM = (x ; y). Khi dd ta viit 
M(x ; y) hoac M = (x ; y). S6 x dugc ggi la 
hodnh dp, cdn sd' 3; dugc ggi la tung dp ciia 
diim M. Hoanh do ciia diim M cdn dugc ki 
hieu la x ^ , tung dd ciia diim M cdn dugc ki 

hieu la yi^. 

\ \ M2 

1 1 ' 

\ ) J 
] 0 

M(x\y) 

—+ ;. ! i 

i ; 
M, 

M = (jc; j ) <=̂  OM - xi + j j Hinh 1.25 

Chu y rang, ndu MM^ 1 Ox, MM2 1 Oy thi x = OM^ , y = OM2 
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^ 3 Tim toa dp cua cac diim A, B, C trong hinh 1.26. Cho ba diem D(-2 ; 3), £(0 ; -4), 
F(3 ; 0). Hay ve cac dî 'm D, £, Ftren mat phang Oxy. 

Hinh 1.26 

d) Lien he giita toq dp cua diem vd toq dp cua vectff trong mat phdng 

Cho hai diim A{x^ ; >'̂ ) va B(Xg; Vg). Ta cd 

AB = (XB-XA ; yB-yA)-

A 4 Hay chdng minh cdng thirc tren. 

3. Toq dp cua cdc vecto u + v̂ , u - v , ^u 

Ta cd cac cdng thiic sau : 

Cho M = ( 

M + V 

u-v 

ku = 

M | ; M 

= («, 

= (M, 

{ku^ 

2 ) ' V 

+ '̂l 

-^ '1 

;ku2] 

= (v 

"2 

"2 

),k 

1; '̂2) 

+ V 2 ) ; 

- v,) ; 

e R . 

Khi dd : 
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Vi du 1. Cho a = {] ; -2), b = (3 ; 4), c = (5 ; -1). Tim toa dd vecto 

u = 2a-{-h-c . 

Tacd 2a = (2 ; -4 ) , 2fl + 6 = (5 ; 0), 2a + 6 - c = ( 0 ; 1). 

V a y M = ( 0 ; l ) . 

Vi du 2. Cho a = (1 ; -1), fe = (2 ; 1). Hay phan tich vecto c = (4 ; -1) theo 

a vi b. 

Gia sir c = ka + hb -{k + 2h •,-k + h) 

\k + 2h = 4 ik = 2 

^ \ h = l. 
Tacd 

[-it + /2 = - l 
- * —• —* 

Vay c = 2a-\-h. 

Nhdn xet. Hai vecto u - (u^; U2 ) , v = (Vji v^ ) vdi v^O cungphuong khi 

vd chi khi cd mdt sdk sao cho Uj = kvj vd Uj = kvj. 

4. Toq do trung diem cua doqn ttiang. Toq dp cua trpng tdm tam gidc 

a) Cho doan thang AB cd A( x^ ; yji^), B{ xg; yg). Ta dl dang chiing minh 

dugc toa dd trung diim / (x / ; yj) cua doan thang AB la : 

_ x ^ + x g _yA + yB 

^ 5 . Goi G la trpng t^m cOa tam giac ABC. Hay phan tfch vecto OG theo ba vecto OA , 

OB va OC. TCr do hay tinh toa dp cua G theo toa dp cija A, B va C. 

b) Cho tam giac ABC cd A( x^j; y^), i5( xg; yg), C( X(- ; j^ - ) . Khi dd toa do 

ciia trgng tam G( x^; yQ) ciia tam giac ABC dugc tinh theo cdng thdc : 

_ x ^ + x g + x c J/^+>'fi+Jc 
^G - ^ , JG 
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Vi du. Cho A(2 ; 0), B(0 ; 4), C(l ; 3). Tim toa do trung diim / ciia doan 
thang AB va toa do cua trgng tam G ciia tam giac ABC. 

T ' 2+0 , 
Ta CO xs = —^ = 1, yi = 

2+0+1 , 
^G=—I— = 1' yG = 

0 + 4 ^ 
2 '^•-

0 + 4 + 3 
3 

7 
3 

Cau hoi vd bai tap 

1. Tren true (O ; e) cho cac diim A, B, M, N cd toa dd Mn lugt la - 1 , 2, 3, -2. 

a) Hay ve true va bilu diln cac diim da cho tren true ; 

b) Tinh do dai dai sd ciia AB va MN. Tir dd suy ra hai vecto AB va MN 
ngugc hudng. 

2. Trong mat phang toa do cac menh dl sau diing hay sai ? 

a) (3 = (-3 ; 0) va / = (1 ; 0) la hai vecto ngugc hudng ; 

h) a - (3 •,4)vi b = (-3 ; - 4) la hai vecto dd'i nhau ; 

c) a = (5 ; 3) va fe = (3 ; 5) la hai vecto dd'i nhau ; 

d) Hai vecto bang nhau khi va chi khi chiing cd hoanh do bang nhau va tung 
do bang nhau. 

3. Tim toa dd ciia cac vecto sau : 

a) a = 2/ ; b) fe = -3y ; 

c)r = 37-4]; d) 5 = 0,27+V3]. 

4. Trong mat phang Oxy. Cic khang dinh sau diing hay sai ? 

a) Toa do cua diim A la toa do cua vecto OA ; 
b) Diim A nam tren true hoanh thi cd tung do bang 0 ; 
c) Diim A nam tren true tung thi cd hoanh do bang 0 ; 
d) Hoanh do va tung do ciia diim A bang nhau khi va chi khi A nam tren 

dudng phan giac ciia gdc phan tu thd nhat. 
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5. Trong mat phang toa do Oxy cho diim M(xo ; JQ)-
a) Tim toa do cua diim A dd'i xdng vdi M qua true Ox ; 
b) Tim toa do ciia diim B dd'i xiing vdi M qua true Oy ; 
c) Tim toa do diim C dd'i xiing vdi M qua gdc O. 

6. Cho hinh binh hanh ABCD cd A(-l ; -2), 5(3 ; 2), C(4 ; -1). Tim toa do dinh D. 

1. Cac diim A'(- 4 ; 1), 5'(2 ; 4) va C'(2 ; -2) Mn lugt la trung diim cac canh 
BC, CA va AB ciia tam giac ABC. Tinh toa dd cac dinh ciia tam giac ABC. 
Chdng minh rang trgng tam cua cac tam giac ABC va /^BC triing nhau. 

8. Cho a = (2 ; - 2 ) , fe = (1 ; 4). Hay phan tich vecto c = (5 ; 0) theo hai vecto 

a va fe. 

ON TAP CHl/ONG I 

I. CAU HOI VA BAI TAP 

1. Cho luc giac diu ABCDEF cd tam O. Hay chi ra cac vecto bang AB cd diim 
dau va diim cudi la O hoac cac dinh ciia luc giac. 

2. Cho hai vecto a yi b diu khac 0 . Cac khang dinh sau dung hay sai ? 

a) Hai vecto a vi b cdng hudng thi ciing phuong ; 
—• —* 

b) Hai vecto b vikb ciing phuong ; 

c) Hai vecto a va (-2) a cdng hudng ; 

d) Hai vecto a va fe ngugc hudng vdi vecto thd ba khac 0 thi ciing phuong. 

3. Td giac ABCD la hinh gi ne'u A^ = DC va I Afil = \BC\ . 

4. Chiing minh rang la + fe| < \a\ + lfe|. 

5. Cho tam giac diu ABC ndi tilp trong dudng trdn tam O. Hay xac dinh cac 
diim M, Â , P sao cho 

a) OM = a 4 + o i ; b)C>yV = Ofi + OC; c )OF-OC + OA. , 

6. Cho tam giac deu ABC cd canh bang a. Tinh 

a) |A5 + AC| ; b) |Afi-Ac|. . 
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7. Cho sau diim M, N, P, Q, R, S ba't ki. Chdng minh rang 

MP + iv5 + ̂  = M5 + /V? + ^ . 

8. Cho tam giac OAB. Ggi M \i N lin lugt la trung diim cua OA va OB. Tim 
cac sd m, n sao cho 

a) OM = wOA + «Ofi ; b) AiV = wOA + «Ofi ; 

c) MN^mOA + nOB ; 6) MB = mOA + nOB. 

9. Chdng minh rang neu G va G' lin lugt la trgng tam cua cac tam gidc ABC va 

A'B'C thi 3GG*' = JA' + 'BB' + CC''. 

10. Trong mat phang toa do Oxy, cic khang dinh sau dung hay sai ? 
a) Hai vecto ddi nhau thi chung cd hoanh dd dd'i nhau ; 

b) Vecto a^O ciing phuong vdi vecto / neu a ed hoanh dd bang 0 ; 
—• - * 

c) Vecto a cd hoanh do bang 0 thi cdng phuong vdi vecto j . 

11. Cho a = (2 ; 1.), fe = (3 ; - 4), c = (-7 ; 2). 

a) Tim toa do ciia vecto u-3a + 2b-4c ; 

b) Tim toa do vecto x sao cho x-\-a = b-c ; 

c) Tim cac sd k\ih sao cho c = ka + hb. 

12. Cho u = —i-5j, v = mi-4] . 

Tim ffi dl M va V cung phuong. 

13. Trong cac khang dinh sau khang dinh nao la dung ? 
a) Diim A nam tren true hoanh thi cd hoanh dd bang 0 ; 

b) P la trung diim ciia doan thang AB khi va chi khi hoanh do cua P bang 
trung binh cdng cac hoanh dd ciia A va B ; 

c) Neu td giac ABCD la hinh binh hanh thi trung binh cdng cac toa dd tuong 
dng ciia A va C bang trung binh cdng cac toa dd tuong dng ciia B va D. 

II. CAU HOI TRAC NGHIEM 

1. Cho td giac ABCD. Sd cac vecto khac 0 cd diim 6iu va diim cud'i la dinh 
ciia td giac bang : 

(A) 4 ; (B) 6; (C) 8; (D) 12. 
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2. Cho luc giac deu ABCDEF c6 tam O. Sd cac vecto khac 0 ciing phuong vdi 

OC cd diim dau va diim cudi la dinh cua luc giac bang : 

(A) 4 ; (B)6; (C) 7 ; (D) 8. 

3. Cho luc giac deu ABCDEF cd tam O. Sd cac vecto bang vecto OC cd diim 
ddu va diim cudi la dinh ciia luc giac bang : 

(A) 2 : (B)3 ; (C) 4 ; (D) 6. 

4. Cho hinh chu nhat ABCD c6AB = 3,BC = 4. Do dai cua vecto Jc la : 

(A) 5 ; (B)6; (C) 7 ; (D) 9., 

5. Cho ba diem phan biet A, B, C. Dang thuc nao sau day la dung ? 

(A)CA-fiA = fiC; {B)JB + JC = ~BC; 

(C)Afi + CA = Cf i ; ( D ) A i - S C = CA. 

6. Cho hai diem phan biet A vi B. Dieu kien dl diim / la trung diim cua doan 
thang AB ]i: 

(A) IA=IB- • {B)7A = JB ; 

(C) /A = - /B ; (D) A/ = fi/. 

7. Cho tam giac ABC cd G la trgng tam, / la trung diem ciia doan thing BC. 
Dang thdc nao sau day la diing ? 

(A)GA = 2 G / ; (B)/G = - - M ; 

(C)'GB + GC = 2GI ; (D)Gfi + GC = GA. 

8. Cho hinh binh hanh ABCD. Dang thdc nao sau day la dung ? 

(A) AC + SD = 2fiC ; (B) AC + BC = Afi ; 

(C) AC-fiD = 2CD ; (D) Jc-JD = 00. 

9. Trong mat phang toa do Oxy cho hinh binh hanh OABC, C nam tren Ox. 
Khang dinh nao sau day la dung ? 

(A) AB cd tung do khac 0 ; (B) A va fi cd tung do khac nhau ; 

(C) C cd hoanh dd bang 0 ; (D) v^ +XC-XQ =0. 
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10. Cho M = (3 ; - 2), V = (1 ; 6). Khang dinh nao sau day la dung ? 

(A) u + v va a = (- 4 ; 4) ngugc hudng ; 

(B) u va v cung phuong ; 

(C) M-V va fe = (6 ; - 24) cung hudng ; 

(D) 2 M + V va y ciing phuong. 

11. Cho tam giac ABC cd A(3 ; 5), 5(1 ; 2), C(5 ; 2). Trgng tam ciia tam giac ABC 
la: 
(A)G,(-3;4); (B) G2(4 ; 0); 

(C)G,(yl2 •,3): iD)G^i3;3). 

12. Cho bdn diim A(l ; 1), B(2 : -1), C(4 ; 3), D(3 ; 5). Chgn menh dl dung : 
(A) Td giac ABCD la hinh binh hanh ; 

(B) Diim G(2 ; —) la trgng tam ciia tam giac BCD ; 

(C)JB=CD: 

(D) AC . AD cung phuong. 

13. Trong mat phang OAT cho bdn diim A(- 5 ; - 2), B(- 5 ; 3), C(3 ; 3), D(3 ; -2). 
Khang dinh nao sau day la diing ? 

(A) Afi* va CD cung hudng ; (B) Td giac ABCD la hinh chQ nhat; 

(C) Diim / ( - 1 ; 1) la trung diim AC; (D) OA+0B =0C . 

14. Cho tam giac ABC. Dat o = BC, fe = AC . 

Cac cap vecto nao sau day ciing phuong ? 

(A) 2a + fe va o + 2fe ; (B) a - 2h vi 2a-h ; 

(C) 5a-\-b vi-l0a-2b ; (D)a + bvia-h. 

15. Trong mat phang toa do Oxy cho hinh vudng ABCD cd gdc O la tam ciia hinh 
vudng va cac canh cua nd song song vdi cac true toa do. Khang dinh nao sau 
day la dung ? 

(A) \0A + 0B\ =AB; (B) OA - 0 5 va DC cung hudng ; 

(C) x^ = -xc va yA=yc '^ (D) XB = -xc va yc = -yg • 
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16. Cho M(3 ; - 4). Ke MM^ vudng gdc vdi Ox, MM., vudng gdc vdi Oy. Khang 

dinh nao sau day la dung ? 

(A) Iml = -3 ; (B) OM7 = 4 ; 

(C) OM^ - OMj cd toa do (- 3 : - 4); (D) OM, + OM2 cd toa do (3 ; - 4). 

17. Trong mat phang toa do O.vv cho A(2 : -3) , 5(4 ; 7). Toa do trung diem / cua 
doan thang AB la 

(A) (6; 4 ) ; ( B ) ( 2 : ] 0 ) : 

( C ) ( 3 ; 2 ) ; (D)(8 ; -21) . 

18. Trong mat phang toa do Oxy cho A(5 ; 2). 5(10 ; 8). Toa do cua vecto AB la 

(A) (15: 10); (B) (2 : 4 ) : 

(C) (5 ; 6 ) ; (D) (50 ; 16). 

19. Cho tam giac ABC cd 5(9 : 7), C(l 1 ; -1), M va A' lan lugt la trung diem ciia AB 

va AC. Toa do cua vecto MN la 

(A) ( 2 ; - 8 ) ; ( B ) ( l ; - 4 ) ; 

(C) (10 ; 6 ) ; (D) (5 ; 3). 

20. Trong mat phang toa dd Oxy cho bdn diem A(3 ; - 2), 6(7 ; 1), C(0 ; 1), 

D ( - 8 ; - 5). 

Khang dinh nao sau day la dung ? 

(A) AB viCD dd'i nhau ; 

(B) AB va CD cimg phuong nhung ngugc hudng ; 

(C) AB va CD cung phuong va cung hudng ; 

(D) A, 5, C D thang hang. 

21. Cho ba diim A(-l ; 5), 5(5 ; 5), C(-l ; 11). Khang dinh nao sau day la dung ? 

(A) A, 5. C thang hang ; 

(B) AB va AC cimg phuong ; 

(C) AB va AC khdng cung phuong ; 

(D) AC va BC cung phuong. 
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22. Cho a = (3 : - 4), fe = (-1 ; 2). Toa do ciia vecto a + fe la 

(A) ( - 4 : 6 ) : (B) (2 : - 2 ) ; (C) (4 ; - 6 ) : (D) ( - 3 : - 8). 

23. Cho a = (-1 ; 2), fe = (5 ; -7). Toa do ciia vecto a - fe la 

(A) ( 6 ; - 9 ) ; (B) (4 : - 5 ) ; (C) ( - 6 ; 9 ) ; (D) ( - 5 ;-14). 

24. Cho <3 = (- 5 : 0), fe = (4 ; .v). Hai vecto a va fe cung phuong neu sdx la 

( A ) - 5 ; (B)4; (C) 0 ; ( D ) - l . 

25. Cho a = (x ; 2), fe = (- 5 ; 1), c = (x : 7). Vecto c = 2a + 3fe neu 

( A ) x - - 1 5 ; (B)x = 3 ; ( C ) x = 1 5 ; (D)x = 5. 

26. Cho A(l : 1). 5(-2 ; -2), C(7 ; 7). Khang dinh nao dung ? 

(A) G(2 ; 2) la trong tam cua tam giac ABC : 

(B) Diim 5 d giua hai diim A va C ; 

(C) Diim A d giua hai diim 5 va C ; 

(D) Hai vecto AB va AC cung hudng. 

27. Cac diem M(2 ; 3), A (̂0 ; - 4), 5 ( - l ; 6) lan lugt la trung diem cac canh BC, 
CA, AB ciia tam giac ABC. Toa do dinh A cua tam giac la : 

( A ) ( l ; 5 ) ; ( B ) ( - 3 ; - l ) ; ( C ) ( - 2 : - 7 ) : (D)( l ; -10) . 

28. Cho tam giac ABC cd trgng tam la gdc toa do O, hai dinh A va 5 cd toa do la 
A(- 2 ; 2), 5(3 ; 5). Toa do cua dinh C la : 

( A ) ( - l ; - 7 ) ; (B)(2 ; - 2 ) ; (C) ( - 3 ; - 5) ; (D) (1 ; 7). 

29. Khang dinh nao trong cac khang dinh sau la dung ? 

(A) Hai vecto a = (- 5 ; 0) va fe = (- 4 ; 0) ciing hudng ; 

(B) Vecto c = (7 ; 3) la vecto ddi ciia 5 = (- 7 ; 3) ; 

(C) Hai vecto u = (4 ; 2) va v = (8 ; 3) ciing phuong ; 

(D) Hai vecto a = (6 ; 3) va fe = (2 ; 1) ngugc hudng. 

30. Trong he true (O ; / , ,/), toa do ciia vecto / + j \i: 

( A ) ( 0 ; 1 ) ; ( B ) ( - l ; l ) ; (C) (1 ; 0 ) ; ( D ) ( l ; l ) . 
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'^Mp^StJffz;/ 

3 
Tim hieu ve veeta 

Viec nghien cdu vectd va cac phep toan tren cac vecto bat nguon tU nhu cau cua 

CO hoc va vat If. Tru6c the kl XIX ngUdi ta diing tea do de xac dinh vectd va quy 

cac phep toan tren cac vectd ve cac phep toan tren toa do cua chiing, Chi vao 

giUa the ki XIX, ngUdi ta m6i xay dUng dUdc cac phep loan trUc tiep tren cac 

vectd nhu chung ta da nghien cdu trong chUdng I. Cac nha toan hoc Ha-min-tdn 

(l/V. Hamilton), Grat-sman (H. Grassmann) va Gip (J. Gibbs) la nhdng ngudi dau 

tien nghien cdu mot each c6 he thdng ve vectd, Thuat ngd 'Vectd" cung dUdc dUa 

ra tu cac cong trinh ay. Vector theo tieng La-tinh co nghTa la Vat mang. Den dau 

the kl XX vectd dUdc hieu la phan td cua mot tap hdp nao do ma tren do da cho 

cac phep toan thfch hdp de trd thanh mot cau true goi la khong gian vectd, Nha 

toan hpc Vay (Weyl) da xay dUng hinh hoc O-clit dUa vao khong gian vectd theo he 

tien de va dUdc nhieu ngudi tiep nhan mpt each thfch thii. Ooi tUdng cd ban dUdc 

dUa ra trong he tien de nay la diem va vecta. Viec xay dUng nay cho phep ta c6 the 

md rong sd chieu ciia khong gian mot each d i dang va co the sddung cac cdng cu 

cua If thuyet tap hdp va anh xa, Dong thdi hinh hpc c6 the sd dung nhdng cau true 

dai so' de phat trien theo cac phUdng hudng mdi, 

Vao nhdng nam giOa the ki XX, trong xu hudng hien dai hoa chUdng trinh pho 
thong, nhieu nha toan hpc tren the gidi da van dpng dUa viec giang day vectd vao 
trudng phd thong, 6 nudc ta, vectd va toa dp cung dupc dua vao giang day d 
trudng phd' thong cung vdi mpt chuong trinh toan hien dai nham ddi mdi de nang 
cao chat lUdng giao due cho phu hdp vdi xu the chung cua the gidi. 
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CHLONG 

TiCH vo HirOiNG CUA HAI VECTII 
VA 0NG DUNG 

*> Gia trj lifdng giac cua mot goc bait ki tCrO°de'n 180° 

'̂ * Ticli vo hirdng cua hai vecto va ufng dung 

*!' Cac he thurc lUdng trong tam giac va giai tam giac 

Trong chaong nay chung ta se nghien cuu them nnot 
phep toan moi ve vecto, do la phep nhdn vo huong 
cua hai vecto, Phep nhdn ndy cho ket qud Id mpt 
sd, so do goi Id tich vo huong cua hai vecto. Oe co 
the xdc dinh tich vd hudng cua hai vecto ta cdn den 
khdi niem gia tri lugng giac cua nnot goc a bdt ki vai 

0° < a < 180° Id md rdng ciia khdi niem ti so lugng 
gidc cua mpt gdc nhon a d d bie't d Idp 9. 



§1. GlA TRI Ll/dNG GlAC CUA MOT GOC BAT KI 

Tl/ 0° DEN 180° 

^ 1 Tam giac ABC vuong tai A co goc nhon ABC = a. Hay nhac lai dinh nghTa cac ti sd 

lugng giac ciJa goc nhpn orda hpc d Idp 9, 

Hinh 2.1 

^ 2 Trong mat phang toa dp Oxy, nda dudng tron tam 0 nam phia tren true hoanh ban 
kinh R = 1 dugc gpi la nij'a duang tron dan vj (h.2.2), Neu cho trudc mpt goc nhpn a 
thi ta CO the xac djnh mpt diem M duy nhat tren nda dudng trdn dan vi sao cho 

xOM = a. Gia sd diem M cd toa dp (XQ ; y^). 

^0 y^ 

Hay chdng to rang sin cc =yQ, cosa= Xg, tan(2r= - ^ , cotflr= — , 

M(Xo; yo) 

Hinh 2.2 

Md rdng khai niem ti sd lugng giac ddi vdi gdc nhgn cho nhung gdc or ba't ki 

vdi 0° < a < 180°, ta cd dinh nghia sau day : 
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1. Ojnii nghia 

Vdi mdi gdc ^ ( 0 ° < a< 180°) ta xac 
dinh mdt die'm M tren nua dudng trdn don 

vi (h.2,3) sao cho xOM = a vi gia su 
diem M cd toa dp M(.v^ ; >(,). Khi dd ta 
dinh nghTa : 

• sin ciia gdc or la v̂ ,. ki hieu sin a = y^^; 

• cdsin ciia gdc or la A ,̂, ki hieu cos or = .VQ ; 

Vn 

• tang cua gdc ali ^-^ (x.^^ 0), ki hieu tanor = 

Hinh 2.3 

M) 

cdtang cua gdc or la — (y^^ 0), ki hieu cotQ'= — • 

Cac sd sina, cosor, tancir, color dugc ggi la cac gid tii lupng gidc cua gdc a. 

Vi du. Tim cac gia tri lugng giac cua gdc 135°. 

Lay diem M tren nua dudng trdn don vi sao cho xOM = 135". Khi dd ta cd 

' ^ ^ ' 
yOM = 45° . Tu dd ta suy ra toa do ciia di6m M la 

Vav sin 135° = — ; cos 135° = - — 
• ^ 2 2 

tanl35° = - l ; cotl35° = - 1 . 

c®' Chu y. • Neu or la gdc tii thi coscir< 0, X&na< 0, cotQr< 0. 

• tancir chi xac dinh khi or 9̂  90°. y 

color chi xac dinh khi a^if 

va a 9^180°. 

(h.2.4). 

Hinh 2.4 
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2. Tinh chdt 

Tren hinh 2.5 ta cd day cung NM song song vdi true Ox va nd'u xOM = a 

thi xON = 180° - a. Ta cd 3'A/ = >'A? ~ >'0' -̂ M ~ "~-̂N = -̂ o • ^^ ^° 

sin<:!r=sin (180°-or) 

cos or =-cos (180° - or) 

tanc(r=-tan(180°- or) 

cotor=-eot(180°-a). 

Hinh 2.5 

3. Gia trj lupng giac cua cac goc dqc biet 

Gia tri lugng giac cua cae gdc ba't ki ed th^ tim tha'y trSn bang sd hoac tren 
may tinh bd tui. 

Sau day la gia tri lugng giac eua mdt sd gdc dac biet ma chdng ta can ghi nhd. 

Bang gia trj lupng giac cua cac goc dqc biet 

Gia t r i ^ ^ « 
lugng giac ^ \ ^ 

sin or 

cos or 

tan or 

color 

0° 

0 

1 

0 

II 

30° 

1 
2 

2 

1 

J~3 

45° 

:/2 
2 

2 

1 

1 

60° 

2 

1 
2 

^ 

1 

90° 

1 

0 

II 

0 

180° 

0 

-1 

0 

11 

Trong bang, kf hieu " ||" 6i chi gia tri lugng giac khdng xac dinh. 
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m- Chu y. Td gia tri lugng giac cua cac gdc dac biet da cho trong bang va tinh 
chat tren, ta cd the suy ra gia tri lugng giac cua mdt sd gdc dac biet khac. 

Chang han : 

Pi 
sinl20° =sin(180°-60°) = sin60° = — 

2 

(l 
cosl35°=cos(180°-45°) = - c o s 4 5 ° = - — . 

2 

4 3 Tim cac gia trj lupng giac cOa cac gdc 120°, 150°, 

Goc giua hai vecto 

a) Dinh nghia 

Cho hai vecto a vd b deu khdc vecto 0 . Td mdt diem O bdt 

ki ta ve OA = a vd OB = b . Gdc AOB vdi sd do tilt 0° de'n 

180° dupc gpi la goc giUa hai vectff a vi b .Ta ki hieu gdc 

gida hai vecto a vd b Id (a , b) (h.2.6). Ne'u (a , b) - 90° 

thi ta ndi rang a vd b vudng gdc voi nhau, ki hieu Id al b 

hodc b J. a. 

b) Chu y. Td dinh nghia ta cd ( a , b) = (b, a). 

A 
Hinh 2.6 

4 Khi nao gdc gida hai vectd bang 0° ? Khi nao gdc gida hai vecta bang 180° ? 
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c) Vi du. Cho tam giac ABC vudng tai A va ed gdc B = 50° (h.2.7). Khi dd : 

(A4, fiC) = 50°, (Afi, 5C) = 130°, ^ 

(CA, CB) = 40°, ('AC, 'BC) = 40° , 

(AC, CB) = 140° , ('AC, 'BA) = 90°. 

Hinh 2.7 

5. Sijr dung may tinh bo tui de tinh gia trj lupng gidc cua mpt gdc 
Ta cd thi su dung eae loai may tinh bd tdi d̂  tfnh gia tri lugng giac cua mdt 
gdc, chang han dd'i vdi may CASIO fx - 500MS each thuc hien nhu sau : 

a) Tinh cdc gid tri luong gidc cua goc a 

nhieu lin de man hinh hien len ddng Sau khi md may in phfm 

chd dng vdi cae sd sau day : 

MODE 

Deg 
1 

Rad 
2 

Gra 
3 

Sau dd a'n phfm [ 1 | de xac dinh don vi do gdc la "dd" va tfnh gia tri lugng 

giac eua gdc. 

• Tfnh sin or, cosorva tan or. 

Vidu 1. Tfnh sin 63° 52'41". 

An lien tiep cac phfm sau day : 

63 sm 52 41 "3 H 
Ta duge ke't qua la : sin 63° 52' 41" = 0, 897859012. 

D^ tfnh cos or va tan or ta cung lam nhu tren, chi thay viec in phfm sin 

bang phfm cos hay tan 
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b) Xdc dinh dp ldn cua gdc khi biet gid tri lupng gidc cua goc dd 

Sau khi md may va chgn don vi do gdc, d̂  tfnh gdc x khi bie't cac gia tri 
lugng giac eiia gdc dd ta lam nhu vf du sau. 

Vi du 2. Tim x bie't sinx = 0,3502. 

Ta an lien tie'p cae. phfm sau day : 

0.3502 [ ^ I SHIFT I | O'" | SHIFT sin 

va dugc ket qua la : x = 20°29'58". 

Mud'n tim x khi biet cosx, lanr ta lam tuong tu nhu tren, chi thay phfm 

bang phfm 

sm 

cos , tan 

Cdu hoi va bai tap 

1. Chdng minh rang trong lam giac ABC ta cd : 

a) sin A = sin(B + C); b) cos A = - eos(B + C). 

2. Cho AOB la tam giac can lai O cd OA = a va cd cac dudng cao OH va AK. 

Gia su AOH = a. Tfnh AK va OK theo a va or. 

3. Chdng minh rang : 

a) sinl05°=sin75° ; 

b) cos 170°=-cos 10° ; 

c) cos 122°=-cos58°. 

4. Chdng minh rang vdi mgi gdc or(0° < or< 180°) ta 6i\i cd cos^ a+ sin^ Qr= 1. 

5. Cho gdc X, vdi cos x = - . Tfnh gia tri cua bi^u thdc : P = 3sin'̂  x + cos^ x. 

6. Cho hinh vudng ABCD. Tinh : 

cos( AC, 'BA ), sin( Jc, 5D), cos( AB, CD). 
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§2. TfCH VO HI/6NG CUA HAI VECTd 

Trong vat If, ta bie't rang ne'u ed mdt luc 

F tac ddng len mdt vat tai diem O va 
lam cho vat dd di chuyen mdt quang 

dudng s = 00' thi cdng A cua luc F 
dugc tfnh theo cdng thdc : 

A= jFl.lOOlcos^ (h.2.8) 
Hinh 2.8 

trong dd \F\ la cudng do cua lue F tinh bang Niuion (vie't tat la N), lOO'l la 

dd dai eiia vecto 00' linh bang met (m), ^ l a gdc gida hai vecto 00' va F, 

edn cdng A duge tfnh bang Jun (viet tat la J). 

Trong todn hgc, gia tri A eua bilu thdc tren (khdng ke don vi do) dugc ggi la 

tfch vd hudng cua hai vpcto F va 00'. 

I Djnh nghia 
li Cho hai vecto a vdb deu khdc vecto 0 . Tich vd hudng ciia a 

II vd b la mot sd', ki hieu Id a.b, dugc xdc dinh bdi cdng thitc sau : 

a.b = b cos(a, b). 

Trudng hgp ft nha't mdt irong hai vecto a vi b bang vecto 0 ta quy udc 

a.6 = 0. 

Chuy 

a) Vdi a vi b khac vecto 0ta.c6 a.b =0^^a±b. 

b) Khi a = b tich vd hudng a . a dugc ki hieu la a va sd nay dugc ggi la 

binh phuong vd huong ciia vecto a . 

Tacd a =|a|.UIcosO° =|a| . 
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Vi du. Cho lam giac diu ABC cd canh bang a va ed ehilu cao AH. Khi dd la 
cd (h.2.9) 

AB.AC = a.a.cos60° =-a^, 
2 

AC.C^ = a.a.cosl20°=—a^ , 
2 

A//.fiC = ^ ^ . a . c o s 9 0 ° = 0 . 
2 

2. Cac tinh chdt cua tich vo hudng 

Ngudi la chdng minh dugc cac tfnh cha't sau day eua tfch vd hudng : 

Vdi ba vecto a, b , c 

a .b = 

a.{b + 

(kal'b 

-2 
a > 0 , 

b .a 

c)--

= k( 

-2 
a -

(linh cha't 

- a.b -\- a 

a .b) = a 

= 0<=^ a = 

ba't ki va mgi sd /: ta ed : 

giao hoan); 

. c (tfnh cha't phan phdi); 

•ik'b); 

-- 0 . 

Nhdn xet. Td cac linh chat cua tich vd hudng eua hai vecto ta suy ra : 

-+ —» - •9 9 

(a + b)^=a +2a.fe + ^ ; 

{a-b)^=a -2a.b + 'b ; 

- - - - - 2 - 2 
(a + b).(a-b)^a -b . 

A 1 Cho hai vecto a va /) deu khac vecto 0. Khi nao thi tfch vd hudng cua hai vecto dd 
la sd duong ? La sd am ? Bang 0 ? 
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iTng dung. Mdt xe godng chuyen ddng id A den B dudi lac dung cua luc F , 

Luc F lao vdi hudng chuyen dpng mdt gdc or. tdc li (F, AB) = or (h.2.10). 

7777777777777777777777777777777777777777777777777777777777777777P7/777777777777777 

Hinh 2.10 

Luc F dugc phan tfch thanh hai thanh phan fj va F2 trong dd Fy vudng 

gdc vdi AB, cdn F2 la hinh chieu cua F len dudng thang AB. Ta cd 

F = fj + fJ . Cdng ^ cua lue F la ^ = F.AB = (fj + fJ).A5 = 

= fj.Afi + fJ.Ai = f^.A5. 

Nhu vay luc thanh phdn f] khdng lam cho xe godng chuyen ddng nen 

khdng sinh cdng. Chi cd thanh phan F2 ^^^ ^V^^ ^ sinh cdng lam cho xe 

godng ehuyin ddng id A den B. 

Cdng thdc t ^ = F .AB la cdng thdc tinh cdng cua luc F lam vat di ehuyen 

Id A de'n B ma ta da bie't trong vat If. 

Bieu thCrc top dp cua tich vd hudng 

Tren mat phang toa dp (O ; /' , ; ), cho hai vecto a - (a^; a^, b =(£»,; b.^)-

Khi dd lich vd hudng a .b la : 

a .b - a^b^ + a^b2. 

That Vciy a.b = (aj / + 02 7) • (^ ' + ^ J) 
-2 -2 - -

= a^b^i +a2b2J + <3i^./ . ;+ ^2^.7 ./ 

Vi / =j=lvii.j = j.i=0 nen suy ra : 

a .b = a.b, + a-,̂ ,. 
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Nhdn xet. Hai vecto a = (<3,; a^), b =(b^; b^) diu khac vecto 0 vudng gdc 
vdi nhau khi va chi khi 

a^b^ + ^ 2 ^ 2 " ^• 

A 2 Tren mat phang toa dp Oxy cho ba diem A(2; 4), B(1; 2), C(6; 2). Chdng minh rang 

4. Qng dung 

a) Dp ddi cua vectff 

Dp dai cda yeeto a = (a, ; Oj) ^^dc tfnh theo cdng thdc 

|-|2 -•2 -• - 2 2 
That vay, la co la| = a - a.a = a^a^ + a2«2 ~ '̂ l + ̂ 2 

Dodd Ul = v̂  2 2 
aj +a2 

6) Gdc gida hai vectff 

Tu dinh nghia tieh vd hudng cua hai vecto ta suy ra niu a = (flj ; ^2) ^^ 

b = {bi ; 62) diu khac 0 thi ta cd : 

- , -, a.b a.b, + ^ 2 ^ 
cos (a, b)= 1̂1 ._. = ' ' --^^ 

\a\-\b\ yjal-\-a2.^|bl+b2 

m Vi du. Cho OM = (-2 ; -1) , OA? = (3 ; -1) . 

— • —• OM.ON - 6 + 1 V2 
Ta cd cos MON = cos(OM, ON) = . ,. , ,, = ^ y— = 

IOMI.IOA^I V5.V10 2 
Vay (OM, 0]V) = 135°. 
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c) Khodng cdch giOa hai diem 

Khoang each gifia hai diim A(x^ ; y^) va B(Xg; y^) dugc tfnh theo cdng thdc 

AB= ^(xg-x^)^ +(ys-y^)^ 

That vay, vi AB - (xg -x^ ; yg-y^) nen ta ed 

\-4 A5=|Afi| = V(jrB-XA) +0'fi->'^) 

Vi du. Cho hai diem M(-2 ; 2) va N(l ; 1). Khi dd MA? = (3 ; -1) va khoang 

cachMA^la: I M N U ^ 3 ^ + ( - 1 ) ^ =VlO. 

Cau hoi va bdi tap 

1. Cho tam giac vudng can ABC c6 AB = AC = a. Tinh cic tich vd hudng 

AB.AC, AC.CB. 

2. Cho ba diim O, A, B thang hang va bill OA = a,OB = b. Tirih tich vd hudng 

OA.OB trong hai trudng hgp : 
a) Diim O nam ngoai doan AB ; 
b) Diim O nam trong doan AB . 

3. Cho nda dudng trdn tam O cd dudng kinh AB = 2R. Ggi M vi N la hai diim 
thudc nda dudng trdn sao cho hai day cung AM va BN cat nhau tai /. 

a) Chdng minh XiAM = Xl.AB va m.jN = W.M ; 

b) Hay dung ke't qua cau a) de tfnh Al.AM + BI.BN theo R. 

4. Tren mat phang Oxy, cho hai diim A(l ; 3), B{4 ; 2). 

a) Tim toa dd diim D nam tren true Ox sao cho DA = DB; 

b) Tfnh chu vi tam giac OAB ; 

e) Chiing to OA vudng gdc vdi AB va td dd tfnh dien tich tam giac OAB. 
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5. Tren mat phang Oxy hay linh gdc giua hai vecto a va fc trong cac trudng 
hgp sau : 

a) a = (2 ; -3), b=(6;4); 

b)a =(3;2), fo=(5;-l); 

c) a =(-2; -2V3), ^ =(3; V3). 

6. Tren mat phang loa dp Oxy cho bdn diim A(7 ; -3), B(8 ; 4), C( 1 ; 5), D(0 ; -2). 

Chdng minh rang td giac ABCD la hinh vudng. 

7. Tren mat phang Oxy cho diim A(-2 ; 1). Gpi B la diim dd'i xdng vdi diim A 
qua gdc toa dp O. Tim toa dp eua diem C ed tung dp bang 2 sao cho tam giac 
ABC vudng 0 C. 

§3. CAC HE THl/C Ll/gfNG TRONG TAM GlAC 
VA GlAl TAM GlAC 

Chung la bie't rang mdt tam giac dugc hoan loan xac dinh niu bie't mdt sd 
yeu td, chang han biet ba canh, hoac hai canh va gdc xen gifia hai canh dd. 

Nhu vay gifia cac canh va cac gdc cua mdt tam giac ed mdt md'i lien he xac 
dinh nao dd ma la se ggi la cdc he thixc luong trong tam gidc. Trong phSn 
nay chung ta se nghien cdu nhimg he thdc dd va cae dng dung eua chung. 

Dd'i vdi lam giac ABC ta thudng kf hieu : a = BC, b = CA, c = AB. 

^ 1 Tam giac ABC vudng tai A cd dudng cao AH = hva cd BC = a,CA = b, AB = c. Gpi 

BH = c' va CH = b' (h.2.11). Hay dien vao cac d trdng trong cSc he thdc sau d§y 66 

dugc cac hd thdc luong trong tam giac vudng : 
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a2=6^[3 

b'=ax[I] 

c'=ax[Z] 

h^^h'x{Z\ 

a/) = 6 X QT] 

sinS = cosC = ^==i; sinC = cosB = ^==^ 
a a 

tanfi = cote = J = ^ ; cotB = tanC = J = ^ . 
c b 

Trudc tien ta tim hiiu hai he thdc lugtig eo ban trong tam giac bat ki la dinh 
If cdsin va dinh If sin. 

Djnh ll cdsin 

a) Bdi todn. Trong lam giac ABC 
cho bie't hai canh AB, AC va gdc A, 
hay tfnh canh BC (hinh 2.12). 

GIAI 
9 9 

Tacd BC^= |BC| = ( A C - A 5 J 

= Jc +Afi -2AC.Afi 

BC'^=AC +AB -2|AC|.|Afi|cosA. 

vay ta ed BC^ = AC^ + AB^ - 2 AC. Afi. cos A 

nen BC = 4AC'^ + AB^ - 2AC.AB. cos A 

Hinh 2.12 
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Tfi ke't qua cua bai toan tren ta suy ra dinh If sau day : 

b) Dinh li cdsin 

Trong tam gidc ABC bd't ki vdi BC = a, CA = b, AB = c ta cd : 

a' 

b' 

c" 

= b' 

= a' 

= a' 

+ c' 

+ c' 

+ b' 

- 2bc cos A ; 

- 2ac cosB; 

- 2ab cosC. 

^ 2 Hay phat bilu djnh If cdsin bang Idi. 

^ 3 Khi ABC la tam giac vudng, djnh If cdsin trd thanh djnh If quen thudc n^o ? 

Tfi dinh li cdsin ta suy ra 

He qud 

eosA = 

cos 5 = 

eosC = 

h" 

a^ 

a^ 

+ c 2 -

2bc 

^c:"-
2ac 

+ h^-
2ab 

a^ 
' 

b^ 
1 

-c2 

c) Ap dung. Tfnh dp dai dudng trung tuyin cua tam giac. 

Cho tam giac ABC ed eae canh BC = a, CA = b vi AB = c. Ggi m^ , mi, va 

m^ la dp dai eae dudng trung tuyin lin lugt ve tfi eae dinh A, fi va C ciia 

tam giac. Ta cd : 

2 2ib^ + c^)-a^ 
m = • 

« 4 

2 2(a^+c^)-b^ 
mb= 4 ; 

2 2(a^+6^)-c^ 
m^ = . 

" 4 

B 

a/ 
a 
2 

yw c 

Hinh 2.13 
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That vay, ggi M la trung diim cua canh BC, ap dung dinh If cdsin vao tam 
giac AMB ta cd : 

2 2 m^=c + 
faV a 2 a 
— -2c.—.cosB = c + — - a c c o s f i 

\2) 2 4 

Vl cosB = 
a +c -b 

2ac 
nen ta suy ra : 

2 2 a^ a^^c^-b^ 2{b^+c^)-a^ 
m„ =c H ac . = 

'̂  4 2ac 4 
Chdng minh tuong tu ta cd : 

2 2{a^+c^)-b^ 
"^b= -, 

2 2(a^+Z7^)-c^ 
^c = : 

A 4 Cho tam giac ABC cd a = 7 cm, 6 = 8 cm va c = 6 cm. Hay tinh dp dai dudng trung 

tuyen m ciia tam giac ABC da cho. 

d) Vidu 

Vi du 1. Cho tam giac ABC cd cac canh AC = 10 cm, BC = 16 em va gdc 

C = 110°. Tinh canh AB va cac gdc A, B ciia tam giac dd. 

GlAl 

DatBC = a,CA = b,AB = c. 

Theo dinh If cdsin ta cd : 

c^ = a^ + b^ - 2ab cos C 

= 16^+10^-2.16.10.eosll0° 

c^ = 465,44. 

vay c = V465,44=?l,6(em). 

Hinh 2.14 
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Theo he qua dinh li cdsin ta ed : 

. b^+c'^-a^ 10^+(21,6)2-16^ 
cosA= = !^-^-! i ^ = 0,7188. 

2bc 2.10.(21,6) 
Suyra A= 44°2', 5 = 180°-(A + C) = 25°58'. 

Vi du 2. Hai luc /j va /2 cho trudc cung tac dung len mdt vat va tao thanh 

gdc nhgn / j , /2 = or. Hay lap cdng thdc tfnh cudng dp eua hgp luc s . 

GIAI 

Dal AS = /i , AD = /2 va ve hinh 

binh hanh AfiCD(h.2.15). 

Khidd A C = AB + A 5 = 7i" + ^ = 5 . 

Vay0 = |AcU|/i+S|. 

Theo dinh If cdsin dd'i vdi lam giac ABC ta cd 

Hinh 2.15 

hay 

AC'^ = AB^ + BC^ - 2AB.BC. cos B, 
9 9 9 

0 =\fi\ + K I -2 | ^ | . | ^ | . cos (180° -o r ) . 

, , , 2̂ —2 I—I 1̂ 1 
Dodd |5| = y / i +/2 +2|/i | . | /2 .eosor 

2. Djnh ll sin 

^ 5 Cho tam giac /ABC vudng d A npi tiep trong dudng trdn ban kfnh R va cd BC = a, 

CA = b,AB = c. Chdng minh he thdc: 

a b c 

sin/A sinB sinC 
= 2R. 

Ddi vdi tam giac ABC hit ki ta cung cd he thdc tren. He thdc nay dugc ggi la 

dinh li sin trong lam giac. 
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a) Dinh li sin 

Trong tam gidc ABC bd't ki voi BC = a, CA = b, AB = c vd R 
Id bdn kinh dudng trdn ngoqi tiep, ta cd : 

CHONG MINH. Ta chdng minh he thdc = 2R. Xet hai trudng hgp : 
sin A 

• Ne'u gdc A nhgn, ta ve dudng kfnh BD ciia dudng trdn ngoai tiep tam giac 
ABC va khi dd vi tam giac BCD vudng tai C nen la cd BC = BD. sin D hay 
a = 2R.sinD (h.2.16a). 

Ta ed BAC = BDC vi dd la hai gdc ndi tiep cung chan cung BC. Do dd 
a 

a = 2R. sin A hay 
sin A 

= 2R. 

a) b) 

Hinh 2.16 

• Neu gdc A tu, ta cung ve dudng kfnh BD ciia dudng trdn tam O ngoai tiep lam 

giac ABC (h.2.16b). Td giac ABDC npi tiep dudng trdn tam O nen 

D = 180° - A . Do dd sinD = sin(180° - A). Ta cung cd BC = BD.s'mD hay 
a = BD.sin A. 

vay a = 27? sin A hay 
sin A 

2R. 

51 



Cac dang thdc -;—- = 2R va - 7 ^ = 2R duoc chdng minh tuong tu. 
smB smC . 6 & • 

Vay ta ed — 
b 

sin A sinB sinC 
= 2R. 

^ 6 Cho tam giac ddu ABC cd canh bang a. Hay tinh ban kfnh dudng trdn ngoai ti^p tam 

giac dd. 

b) Vidu. Cho tam giac ABC co B = 20°, C = 31° va canh 6 = 210 cm. Tfnh 

A, eae canh edn lai va ban kfnh R ciia dudng trdn ngoai tilp tam giac dd. 

GIAI 

Hinh 2.17 

Tacd A = 180°-(20°+31°), dodd A = 129° (h.2.17) 

a b c 
Mat khac theo dinh If sin ta ed : 

sin A sinfi sinC 
= 2R 

^. ,,, 6sinA 210.sinl29° ,^^ ^ , , 
Tu (1) suy ra a = . = — = 477,2 (cm). 

c = 

sin 5 sin 20° 

fesinC_210.sin31° 

sinfi sin 20° 
= 316,2 (cm). 

R = 
477,2 

2 sin A 2. sin 129° 
^ 307,02 (em). 

(1) 

52 



3. Cdng thtrc tinh dien tich torn gidc 

Ta kf hieu h^, hi, va h^ la cac dudng cao cua tam giac ABC lin lugt ve tfi 

cac dinh A, B, C va S la dien tfch tam giac dd. 

«^7 Hay viet cac cdng thdc tfnh didn tfch tam giac theo mdt canh va dudng cao tuong dng. 

Cho tam giac ABC ed eae canh BC = a, CA = b, AB = c. 

Ggi R vi r lin lugt la ban kfnh dudng trdn ngoai tiep, npi tilp tam giac va 
a + b + c , . , , . , , . . p = la nua chu vi cua tam giac. 

Dien tfch 5 cua tam giac ABC dugc tfnh theo mdt trong cac cdng thdc sau 

S= —a6sinC = — 
2 2 

4R 

S = pr; 

S= ylpip--a)ip-

bcsmA = —casmB ; 
2 

b)(p - c) (cdng thdc He-rdng). 

(1) 

(2) 

(3) 

(4) 

Ta chdng minh cdng thdc (1). 

1 Ta da biet S = —ah^ vdi h^ = AH = ACsinC = bsinC (kl ca C nhgn, tu hay 

vudng) (h.2.18). 

A 
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Dodd 5= —absinC. 
2 

Cic cdng thdc 5 = — 6c sin A va S = — ca sin B dugc chdng minh tuong tu. 

4 
4 

8 Dua vao cdng thdc (1) va djnh If sin, hay chdng minh S = 

9 Chdng minh cdng thdc S = pr (h.2.19). 

A 

abc 

'4R 

Ta thda nhan cdng thdc He-rdng. 

Vi du 1. Tam giac ABC cd cac canh a = 13 m, & = 14 m va c = 15 m. 

a) Tfnh dien tieh tam giac ABC ; 

b) Tfnh ban kfnh dudng trdn ndi tie'p va ngoai tiep tam giac ABC. 

GIAI 

1 
a) Ta cd p = — (13 + 14 + 15) = 21. Theo cdng thdc He-rdng ta cd 

5 = V21(21-13)(21-14)(21-15) = 84 (m ). 

S 84 
b) Ap dung cdng thdc 5 = pr ta cd r = — = — =4. 

p 21 

vay dudng trdn ndi tiep tam giac ABC cd ban kfnh la r = 4 m. 

Tfi cdng thdc S = • • 
4R 

T ' D a6c 13.14.15 „ , « , , . Taco R= = = 8,125 (m). 
45 336 
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Vl du 2. Tam giac ABC cd canh a = 2V3 , canh /> = 2 va C = 30°. Tfnh canh c, 
gdc A va dien tfch tam giac dd. 

GIAI 

Theo dinh If cdsin ta ed 

^ 
c'^ =a^ + b^-2abcosC = 12 + 4-2.2V3.2.— =4. 

2 

vay c = 2 va tam giac ABC cd AB = AC^ 2. Ta suy ra B = C = 30°. 

Dodd A = 120°. 
1 1 1 

Ta cd 5 = — acsinB = — • 2v3.2 • — = v3 (don vi dien tfch). 
2 2 2 

4. Giai tam gidc vd Crng di^ng vdo viec do dpc 
a) Gidi tam gidc 

Giai tam giac la tim mdt sd ye'u to cua tam giac khi cho biet cac yeu to khac. 

Hinh 2.20. Giac ke dung de ngam va do dac 

Mud'n giai tam giac ta thudng su dung cac he thdc da dugc neu len trong 
dinh If cdsin, dinh If sin va cac cdng thdc tfnh dien tfch tam giac. 
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Vi du 1. Cho tam giac ABC biit canh a = 17,4 m, B = 44°30' va C = 64°. 

Tfnh gdc A va cac canh b, c. 

GIAI 

Ta cd A = 180° -{B + C)= 180° - (44°30' + 64°) = 71°30'. 

^ .. , ,, . , a b c 
Theo dinh h sin ta eo = = , 

sin A sinB sinC 
asinB 17,4.0,7009 do dd b = 

c = 

sin A 0,9483 

asinC 17,4.0,8988 
sin A ~ 0,9483 

= 12,9 (m), 

= 16,5 (m). 

Vi du 2. Cho tam giac ABC cd canh a = 49,4 cm, b = 26,4 em va C = 47°20'. 

Tinh canh c, A va B. 

GlAl 

Theo dinh If cdsin ta cd 

c^= a^ +b^ -2abcosC 

= (49,4)^ + (26,4)^ - 2.49,4.26,4.0,6777 = 1369,66. 

vay c = Vl369,66 = 37 (cm). 

Ta cd cos A = 
b^+c^-a^ 697 + 1370-2440 

= -0,191. 
2bc 2.26,4.37 

Nhu vay A la gdc tu va ta ed A = 101°. 

Dodd B = 180° - ( A + C) = 180°-(101°+47°20') = 31°40'. 

vay B = 31°40'. 

Vi du 3. Cho tam giac ABC cd canh a = 24 em, ZJ = 13 em va c = 15 cm. 
Tfnh dien tfch 5 cua tam giac va ban kinh r cua dudng trdn ndi tilp. 
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GlAl 

Theo dinh If cdsin ta cd 

, b^+c^-a^ 169 + 225-576 
cosA = = - 0,4667, 

2bc 2.13.15 

nhu vay A la gdc tu va ta tfnh dugc A = 117°49' => sinA = 0,88. 

Ta cd 5 = -6csinA = - .13.15.0,88 = 85,8 (cm^). 
2 2 

X . . u ' o ^ 5 ,^ 24 + 13 + 15 ^^ , 
Ap dung cdng thuc 5 = pr ta co r = —. vi p = = 26 nen 

P 2 
r = --—= 3,3 (cm). 

26 

b) t^ng dting vdo viec do dqc 

Bdi todn 1. Do chilu cao cua mdt cai thap ma khdng thi de'n dugc chan thap. 

Gia sd CD = hla cliilu cao cua thap trong dd C la chan thap. Chgn hai diim A, B 
tren mat dat sao cho ba diim A, B va C thing hang. Ta do khoang each AB va 

cac gdc CAD, CBD. Chang han ta do dugc AB = 24 m, CAD = or = 63°, 

CBD = P = 48°. Khi dd chilu cao h cua thap dugc tfnh nhu sau : 

D. 

Hmh 2.21 
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Ap dung dinh If sin vao tam giac ABD ta cd 

AD _ AB 

sin fi sin D 

Tac6 a ^D + p ntnD = c?-y5 = 63°-48° = 15°. 

AB sin ŷ  24 sin 48° 
Do dd AD = = 68,91. 

sin(or-;^ sin 15° 

Trong tam giac vudng ACD iac6h = CD = ADsin or = 61,4 (m). 

Bdi todn 2. Tfnh khoang each tfi mpt dia diim tren bd sdng din mdt gdc 
cay trSn mdt eu lao d giua sdng. 

Di do khoang each tfi mdt diim A tren bd sdng din gdc cay C tren cu lao 

gifia sdng, ngudi ta chpn mdt diim B cung d tren bd vdi A sao cho tfi A va B 

cd thi nhin tha'y diim C. Ta do khoang each AB, gdc CAB va CBA. Chang 

han ta do dugc AB = 40 m, CAB = a = 45°, CBA = J3 = 70°. 

Hinh 2.22 

Khi dd khoang each AC dugc tfnh nhu sau : 

Ap dung dinh li sin vao lam giac ABC, ta cd 

AC AB 

sin B sin C 
(h.2.22). 
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x^ • ^ • . ^ ,^ ABsmP 40.sin70° , , , ^ , , 
Vi sinC = sin(a'+y^ nen AC = ^ = = 41,47 (m). 

sin(or + /?) sin 115° 
vay AC = 41,47(m). 

Cdu hoi va bdi tap 

1. Cho tam giac ABC vudng tai A, B- 58° va canh a = 12 cm. Tfnh C, canh b, 
canh c va dudng cao h^. 

2. Cho tam giac ABC biit cae canh a = 52,1 cm, Z? = 85 cm va c = 54 cm. Tfnh 

cac gdc A , B va C. 

3. Cho tam giac ABC cd A = 120°, canh 6 = 8 cm va c = 5 cm. Tfnh canh a, va 

cac gdc B , C ciia tam giac dd. 

4. Tfnh dien tfch 5 cua tam giac cd sd do eae canh l&i lugt la 7, 9 va 12. 

5. Tam giac ABC ed A = 120°. Tfnh canh BC cho biet canh AC = m vi 
AB = n. 

6. Tam giac ABC cd cae canh a = S cm, 6 = 10 cm va c = 13 cm. 
a) Tam giac dd cd gdc tu khdng ? 
b) Tfnh dp dai trung tuye'n MA ciia tam giac ABC 66. 

7. Tfnh gdc ldn nha't cua tam giac ABC bie't 
a) Cac canh (3 = 3 em, 6 = 4 cm va c = 6 em ; 
b) Cac canh a = 40 em, Z? = 13 cm va c = 37 cm. 

8. Cho tam giac ABC bie't canh a = 137,5 cm, B = 83° va C = 57° . Tfnh gdc A, 
ban kfnh R ciia dudng trdn ngoai tilp, canh 6 va c cua tam giac. 

9. Cho hinh binh hanh ABCD c6 AB = a, BC = b, BD = m va AC = n. Chdng 

minh rang m^ + «^ = 2(a^ +b^). 
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10. Hai chiec tau thuy PviQ each nhau 300 m. Tfi P va G thang hang vdi chan A 
eua thap hai dang AB d tren bd biin ngudi ta nhin chilu cao AB ciia thap dudi 

cac gdc BPA = 35° va BQA = 48°. Tfnh chilu cao cua thap. 

11. Mud'n do chilu eao cua Thap Cham Por Klong Garai d Ninh Thuan (h.2.23), 
ngudi ta la'y hai diim A va B tren mat da't cd khoang each AB = 12 m cung 
thang hang vdi chan C cua thap dl dat hai giac ke (h.2.24). Chan cua giac kl 
ed chilu eao h = 1,3 m. Ggi D la dinh thap va hai diim Aj, Bj cung thing 

hang vdi Cj thudc chilu cao CD ciia thip. Ngudi ta do dugc DAjCj = 49° va 

^B^l = 35°. Tfnh chilu cao CD ciia thip 66. 

Hinh 2.23 Hinh 2.24 
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Hgiroi ia da do hho^ng each 
giura Trai Bat va STaJ Trang nhir the nao ? 

Loai ngudi da biet dugc l<hoang each gida 
Trai Oat va Mat Trang each day l^hoang 
hai ngan nSm vdi mpt dp chinii xac tuyet 
vdi la vao l<hoang 384 000 l̂ nn. Sau do 
l<lioang each gida Trai Da't va IViat TrSng 
da dupc xac lap mpt each chac chan vao 
nam 1751 do mpt nha thien vSn ngudi 
Phap la Gio-dep La-lang (Joseph 
Lalande, 1732-1807) va mpt nha loan 
hpc ngudi Phap la Ni-co-la La-cay 
(Nicolas Lacaille, 1713-1762), Hai ong da 
phdi hgp to chdc ddng d hai dja diem rat 
xa nhau, mpt nguoi d Bec-lin gpi la diem 
A, con ngudi l<ia d IVIui Hao Vpng (Bonne-
Esperance) mpt mui da't d cUc nam chau 
Phi, gpi la diem B (h, 2,25). Gpi C la mpt 
diem tren MSt Trang. Td A va 6 ngUdi ta 
do va tfnh dUOc cac goc A, B va canh AB 
cua tam giac ABC. 

Trong mat phIng (ABC), gpi tia Ax la 
duong chan trdi ve td dinh A va tia By la 
dudng chan trdi ve td dinh B. Kf hieu 

a = CAx , p = CBy. 

Gpi O la tam Trai Dat, ta co : 

u= x ^ = yeA = -AOe , 

Tam giac ABC co A = a + u,B = j3 + u. 

Mat Trang 

Hinh 2.25 

Vi bie't dp dai cung AB nen ta tfnh dUpc gPc AOB va do d6 tfnh dupe dp dai canh 
AB. Tam giac ABC dupc xac dinh vi biet "gPc - canh - goc" cua tam giac do. Td do 
ta CO the tfnh dugc chieu cao CH ciia tam giac ABC la khoang each can tim. Ngudi 
ta nhan tha'y rang l^hoang each nay gan bang mudi lan dp dai xfch dao ciia 
Trai Oat ( = 1 0 x 4 0 000 l<m). 
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ON TAP CHirONG II 

I. CAU HOI VA BAI TAP 

1. Hay nhac lai dinh nghia gia tri lugng giac cua mdt gdc or vdi 0° < or < 180°. 
Tai sao khi a la cac gdc nhgn thi gia tri lugng giac nay lai chfnh la cae ti sd 
lugng giac da dugc hgc d ldp 9 ? 

2. Tai sao hai gdc bu nhau lai ed sin bang nhau va cdsin dd'i nhau ? 

—» —• 

3. Nhac lai dinh nghia tfch vd hudng eua hai vecto a vi b. Tfch vd hudng nay 

vdi Ifll va 1̂1 khdng doi dat gia tri ldn nha't va nhd nha't khi nao ? 
—• —» 

4. Trong mat phang Oxy cho vecto a = (-3 ; 1) va vecto b = (2 ; 2), hay tfnh 

tich vd hudng a.b. 

5. Hay nhac lai dinh If cdsin trong lam giac. Tfi cac he thdc nay hay tfnh cos A, 
cosB va cos C theo cac canh eua tam giac.. 

9 9 9 

6. Tfi he thdc a = b + c - 2bc cos A trong tam giac, hay suy ra dinh If Py-ta-go. 

7. Chdng minh rang vdi mgi lam giac ABC, ta cd a = 2/? sin A, b = 2/? sinB, 
c = 27? sin C, trong dd R la ban kinh dudng trdn ngoai tiep tam giac. 

8. Cho lam giac ABC. Chdng minh rang : 
t 9 9 9 

a) Gdc A nhgn khi va chi khi a <b + c ; 

b) Gdc A lu khi va chi khi a^>b^ + c^ ; 

e) Gdc A vudng khi va chi khi a^ = b^ -\- c^. 

9. Cho tam giac ABC cd A = 60°, BC = 6. Tfnh ban kfnh dudng trdn ngoai tilp 
tam giac dd. 

10. Cho lam giac ABC cd a = 12, Z? = 16, c = 20. Tfnh dien tfch S ciia lam giac, 
chilu cao h^, cac ban kfnh R, r cua cac dudng trdn ngoai tiep, npi tiep tam 
giac va dudng trung tuyen m^ cua tam giac. 

11. Trong tap hgp cac tam giac cd hai canh la a va b, dm tam giac ed dien tich 
ldn nha't. 
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II. CAU HOI TRAC NGHIEM 

1. Trong cac dang thdc sau day dang thdc nao la dung ? 
R J3 

(A) sin 1 5 0 ° = - — ; (B)cosl50°= — ; 
2 2 

(C) lanl50° = — ^ ; (D) coll50° = Vs . 
s 

2. Cho or va ŷ  la hai gdc khac nhau va bu nhau. Trong cac dang thdc sau day, 
dang thdc nao sai ? 
(A) sinor= sin /3 ; (B) cosor= - cos j3; 
(C) tanor = - tan y5 ; (D) color = cot fi. 

3. Cho or la gdc tu. Dieu khang dinh nao sau day la dung ? 
(A)sinor<0; (B) eosor > 0 ; 
(C)tanQr<0; (D)cotor>0. 

4. Trong cac khang dinh sau day, khang dinh nao sai ? 

(A) eos45° = sin 45° ; (B) cos45° = sin 135°; 

(C) cos30° = sin 120° ; (D) sin60° = cos 120°. 

5. Cho hai gdc nhgn orva y5 trong 66 a<j3. Khing dinh nao sau day la sai ? 

(A)eos or<cos/?; (B) sin or < sin ŷ  ; 

(C) or+/5= 90° ^ cosor = sin/? ; (D) tanor+lany5>0. 

6. Tam giac ABC vudng d A va cd gdc B = 30° . Khang dinh nao sau day la sai ? 
1 ' J3 

(A)cosB = - ^ ; (B)sinC = — ; 
v3 2 

(C).eosC = - ; (D)sinB = - -
2 2 

7. Tam giac diu ABC cd dudng eao AH. Khang dinh nao sau day la dung ? 
• 1 ^ , 

(A) sin BAH = — ; (B) cos BAH = -j= ; 

(C) sin ABC = —- ; ( D ) s i n A ^ = - -
2 2 
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8. Dilu khang dinh nao sau day la dung ? 

(A) sin or = sin(180° -a); • (B) cosa= eos(180° - or); 

(C) tanor = tan( 180° - a ) ; (D) cota = eot( 180° - or). 

9. Tim khang dinh sai trong eae khang dinh sau day : 

(A)eos35°>coslO°; (B) sin60° < sin80° ; 

(C) tan45° < tan 60° ; (D) eos45° = sin45°. 

10. Tam giac ABC vudng d A va ed gdc B = 50°. Hp thdc nao sau day la sai ? 

(A) i^, 'BC) = 130° ; (B) i ^ , 'AC) = 40°; 

(C) {AB, CB) = 50° ; (D) (AC, 'CB) = 120°. 

11. Cho o va fo la hai vecto eung hudng va diu khac vecto 0. Trong cac kit qua 
sau day, hay chgn ke't qua dung. 

(A)a. fo = 0 . E I ; (B)a. 6 = 0 ; 

(C)a. 6 = - l ; (D) a. ^ = - 0 . 1 3 . 

12. Cho tam giac ABC vudng can tai A cd AB = AC = 30 cm. Hai dudng trung 
tuye'n BE va CE cat nhau tai G. Dien tfch tam giac GFC la : 

(A)50cm^ (B)50^/2em^ 

(C) 75 cm^ ; (D) ISVTOS cml 

13. Cho tam giac ABC vudng tai A cd AB = 5 em, BC =13 cm. Ggi gdc ABC = a 

va ACB = P. Hay chgn ket luan dung khi so sanh ava fi: 

(A)y5>or; (B) P<a; 

(C)P=a; {U)a<p. 

14. Cho gdc 'xOy = 30°. Ggi A va B la hai diim di ddng 1& lugt tren Ox va Oy 
sao cho AB = 1. Dp dai ldn nha't cua doan OB bang : 

(A) 1,5; (B)V3; (C) 2^2 ; (D) 2. 
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15. Cho tam giac ABC c6BC = a ,CA = b ,AB = c. Mpnh dl nao sau day la dung ? 

(A) Ned b^ + c^-a^>0 thi gdc A nhgn ; 

(B) Ne'u b^-^c^-a^ >0 thi gdc A tu ; 

(C) Niu b^-\-c^-a^ <0 thi gdc A nhgn ; 

(D) Neu b^ + c^-a^ <0 thi gdc A vudng. 

16. Dudng trdn tam O cd ban kfnh /? = 15 cm. Ggi P la mpt diim each tam O mpt 
khoang PO = 9 em. Day eung di qua P va vudng gdc vdi PO cd dp dai la : 

(A) 22 cm; (B) 23 cm ; (C) 24 cm ; (D) 25 cm. 

17. Cho tam giac ABC cd AB = 8 cm, AC = 18 cm va cd dipn tfch bang 64 cm .̂ 
Gia tri sin A la : 

S 3 4 8 
( A ) ^ ; ( B ) ^ ; ( C ) l ; (D) ^ . 

18. Cho hai gdc nhpn orva y^phu nhau. He thdc nao sau day la sai ? 

(A) sin or = -cos P; (B) eosor = sin P; 

(C) tan or = cot /?; (D) cot or = tan J3. 

19. Bat dang thdc nao dudi day la dung ? 

(A) sin90° < sinl50° ; (B) sin 90°15' < sin 90°30'; 

(C) cos 90°30' > cos 100° ; (D) cos 150° > cos 120°. 

20. Cho tam giac ABC vudng tai A. Khing dinh nao sau day la sai ? 

(A) AB.'AC < 'BA3C ; (B) 'AC£B < JC.'BC ; 

(C) 'AB.'BC < CA.CB ; (D) Jc.^ < 'BC.AB . 

21. Cho tam giac ABC cd AB = 4 em, BC = 7 cm, CA = 9 em. Gia Ui cos A la : 

( A ) | ; ( B ) i ; ( C ) - | ; (D) i -

22. Cho hai diim A = (1 ; 2) va B = (3 ; 4). Gia tri cua AB la : 

(A) 4 ; (B) 4^/2 ; (C) 6^2 ; (D) 8. 
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23. Cho hai vecto a =(4;3)vi b = (1 ; 7). Gdc gifia hai vecto a vi b li: 

(A) 90° ; (B) 60° ; 

(C) 45° ; (D) 30°. 

24. Cho hai diim M = (1; -2) va iV = (-3 ; 4). Khoang each gifia hai diim M va Â  la: 

(A) 4 ; (B) 6 ; 

(C)3V6; (D)2Vl3. 

25. Tam giac ABC c6 A = (-1 ; I); B = (I ;3)viC = (I ; -1). 

Trong cac each phat bilu sau day, hay chpn each phat bilu dung. 

(A) ABC la tam giac ed ba canh bing nhau ; 

(B) ABC la tam giac cd ba gdc diu nhpn ; 

(C) ABC la tam giac can tai B (cd BA = BC); 

(D) ABC la lam giac vudng can tai A. 

26. Cho tam giac ABC cd A = (10 ; 5), B = (3 ; 2) va C = (6 ; -5). Khing dinh nao 
sau day la dung ? 

(A) ABC la lam giac diu ; 

(B) ABC la lam giac vudng can tai B ; 

(C) ABC la lam giac vudng can tai A ; 

(D) ABC la tam giac ed gdc tu tai A. 

27. Tam giac ABC vudng can lai A va ndi tilp trong dudng trdn tam O ban kfnh R. 

Goi r la ban kfnh dudng trdn ndi tiep tam giac ABC. Khi dd d sd — bing : 
r 

r 2 + ^/2 
(A)l + V2; ^ ^ ^ ~ Y ~ 

(C)4^; (D)li^ 

28. Tam giac ABC cd AB = 9 cm, AC = 12 cm va BC = 15 cm. Khi dd dudng 
trung tuyen AM ciia tam giac cd dp dai la : 

(A) 8 cm ; (B) 10 cm ; 

(C) 9 cm ; (D) 7,5 cm. 
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29. Tam giac ABC c6 BC = a, CA = b, AB = c va cd dien tfch S. Neu tang canh 
BC len 2 lin ddng thdi tang canh CA len 3 lan va gifi nguyen dp ldn cua gdc 
C thi khi dd dipn tfch cua tam giac mdi duge lao nPn bing : 

(A) 25; (B)35; (C) 45; (D) 65. 

30. Cho tam giac DEE cd DE = DE = 10 cm va EF = 12 cm. Ggi / la trung diim cua 
canh EF. Doan thing DI cd dp dai, la : 

(A) 6,5 cm; (B) 7 cm ; (C) 8 cm ; (D) 4 cm. 

Rgirol ttm ra sao Î ai Virong (Hephine) 
chi nho cac phep ttnh ve quy dao cac hanh ttnh 

Nha thien vSn hpc U-banh Lo-ve-ri-e 
(Urbain Leverrier, 1811-1877) sinh ra 
trong mpt gia dinh cong chdc nho tai 
vijng No6c-m9ng-di nUdc Phap, Ong hpc 
d trudng Bach khoa va dugc gid lai tie'p 
tuc su nghiep nghien cdu khoa hpc va 
giang day d do, Ong da say sUa thfch thu 
tfnh toan chuyen dpng cCia cac sao chdi 
va cCia cac hanh tinh, nhat la sao Thuy' 
(Mercure). V6i nhdng thanh tfch nghien 
cdu khoa hpc xuat sac ve thien vSn hpc, 
ong dupc nhin danh hieu Vien sT Han 
lam Phap khi ong tron 34 tudi. 

Vao thdi ki bay gid, cac nha thien van 
dang tranh luan soi noi ve "dieu bf mat" 
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cua sao Thien VUOng (Uranus) vl hanh tinh nay khong phuc tung theo nhdng djnh 
luat ve chuyen dpng cua cac hanh tinh do Gio-han Ke-ple [Johannes Kepler, 
1571-1630) neu ra va khong theo dung djnh luat van vat ha'p din cua l-sSc Niu-ton 
(Isaac Newton, 1642-1727), Dieu bf an la vi tri cua sao Thien Vuong tren bau trdi 
khong bao gid phu hpp vdi nhdng tien doan dUa vao cac phep tinh cua cac nha 
thien van thdi bay gid, Nha thien vSn hpc tre tuoi Lo-ve-ri-e muo'n nghien cdu tim 
hiiu dieu bf an nay va tu dat cau hoi tai sao sao Thien VUdng lai khong tuan theo 
nhdng quy luat chuyen dpng cua cac thien the, Mpt sd nha thien van thdi bdy gid 
da du doan rang con dudng di cija sao Thien Vuong bi sdc hut cua sao Mpc 
(Jupiter) hay sao Thd (Saturne) quay nhieu, Khi do rieng Lo-ve-ri-e da neu len mpt 
gia thuyet he't sdc tao bao, dUa vao cac phep tfnh ma Png da thuc hien, Ong cho 
rang sao Thien VUdng khong ngoan ngoan theo tien doan cua cac nha thien van 
CO le do bi anh hudng bdi mpt hanh tinh khac chua dupc biet den d xa Mat Trdi hon 
sao Thien Vuong, Hanh tinh nay da tac dpng len sao Thien Vuong lam cho no co 
nhdng nhieu loan kho co the quan sat dupc, Lo-ve-ri-e da kien phSn tfnh toan lam 
viec trong phong sudt hai tuan lien, vdi biet bao cong thdc, nhin vao ai cung cam 
thay chong mat. Cud'i cung chi dUa vao thuan tuy cac phep tfnh, Lo-ve-ri-e xac 
nhan rang co sU hien dien cua mpt hanh tinh chua bie't ten. Vao thdi gian d6, d 
Phap vi dai Thien van Pa-ri khong dCi manh, nen khong the nhin dupc hanh tinh d6. 
Ngay sau do, Lo-ve-ri-e phai nhd nha thien van Gan (Galle) d dai quan sat Bec-lin 
xem xet hp, Ngay 23 thang 9 nam 1846, Gan da hudng kfnh thien van ve khu vUc 
bau trdi da dupe Lo-ve-ri-e ehi djnh va vui miing tim thay mpt hanh tinh chUa co ten 
tren danh muc, Nhu vay sdc manh cCia tai nang con ngUdi lai dupc the hien mpt 
each xua't sac qua viec kham pha ra hanh tinh mdi nay, Mpi ngUdi deu than phuc, 
chue mdng cupc kham pha thanh cong tdt dep nay va cho rang Lo-ve-ri-e da phat 
hien ra mpt hanh tinh mdi chi nhd vao dau chiec but chi cCia minh (!), Day la mpt 
bai toan rat kho, no khong gidng bai toan tim ngay, gid, dia diem xua't hien nhat 
thuc, nguyet thuc vi cae ehi tie't chi biet phong chdng thdng qua cac nhilu loan, do 
tac dpng cua mpt vat chua bie't, ngUdi ta cin phai tim quy dao va khdi lugng cda 
hanh tinh do, can xac djnh dupc khoang each cua no tdi Mat Trdi va cac hanh tinh 
khac v,v,,. Hanh tinh mdi nay dupc dat ten la sao Hai VUdng (Neptune). Cung vao 
thdi diem do nha thien vSn hpc ngudi Anh la A-dam (Adam) cung phat hien ra hanh 
tinh do va ngUdi nay khPng biet den cPng trinh cCia ngUdi kia. Tuy vay, Lo-ve-ri-e 
vin dupe xem la ngUdi dau tien phat hien ra sao Hai Vuong va sau do dng dUdc 
nhan hpc vi Giao sU Oai hpc Xooc-bon dong thdi dupc nhan Huy chuong Bac dau 
bdi tinh. Nam 1853 U-banh LO-ve-ri-e dupe Hoang de Na-pd-le-6ng (Napoleon) Oe 
Tam phong chdc Giam ddc Dai quan sat Pa-ri. Ong mat nam 1877. Cac nha thien 
van hpc tren the gidi da danh gia cao phat minh quan trpng nay cda Lo-ve-ri-e. 
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CHCCJM; / / / 

* 

PHI/KNG P H A P TOA DQ 
TRONG MAT P H A N G 

*t* PhUdng trinh dudng thang 

• PhUdng trinh dudng tron 

*J* PhUdng trinh dudng elip 

Trong cl-iaong nay cl-iung ta su dung pinuong 
p|-idp tog dp de tim liieu ve duong tindng, 
duong tron vd duong elip, 

M(x; y) M(x; y) 

O 

Oudng thing 

M(x; y) 

Di/dng tron 

Hinh 3.1 

O 

Oudng elip 
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§1 . PHlJOfNG TRINH Dl/OfNG THANG 

1. Vecto chi phuong cua dudng thang 

^ 1 Trong mat phang Oxy cho dudng thing A la do thi cua ham sd y = - x. 

a) Tim tung dp cua hai diem M^ va M nam tren A, co hoanh dp lan lugt la 2 va 6. 

b) Cho vecto u = (2; 1). Hay chdng to M^M cung phuong vdi u. 

Hinh 3.2 

Dinh nghia 

Vecto u dugc gpi la vectff chi phuffng cda dudng thang A neu 
—• —• —» 

u 9^0 vd gid cua u song song hodc triing vdi A. 

Nhdn xet 

- Neu u la mdt vectd chi phuong cua dudng thing A thi ku (ki^Q) cung la 
mpt vecto chi phuotig cua A. Do dd mpt dudng thing cd vo sd vecto 
ehi phuong. 

- Mpt dudng thing hoan loan duge xac dinh neu bie't mdt diim va mpt vecto 
ehi phuong eua dudng thing dd. 
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Phuong trinh tham so cua duong thang 

a) Dinh nghia 

Trong mat phing Oxy cho dudng thing A di qua diem MQ(XQ ; v )̂ va nhan 

M = (M) ; M2 ) l^m vecto chi phuong. Vdi mdi diem M(x ; y) bat ki trong mat 

phing, la cd MM = (x - .XQ ; y - y^^). Khi dd 

M £ A <^ MM cung phuong vdi u <=> MM = tu 

x-x^=tu^ 

| .V->o=?"2 

x = x^+tu^ 
(1) 

Hinh 3.3 

He phuong trinh (1) dugc ggi la phuong trinh tham ^d'cua dudng thing A, 
trong dd t la tham sd. 
Cho t mpt gia tri cu ihl thi la xac dinh dugc mdt diim tren dudng thing A. 

^ 2 Hay tim mpt diem co toa dp xac dinh va mpt vecta chi phuong cua dudng thang c6 
phuang trinh tham sd 

fx = 5-6f 

[y = 2 + 8t. 

b) Lien he gida vectff chi phUffng vd he sd gdc cua dudng thdng 

Cho dudng thing A ed phuong trinh tham sd 

\x = x +tu 

U = >'0+^«2-

Neu M( ^ 0 thi td phuong trinh tham sd eua A ta cd 

x-x^ 
t = -

y-yQ = (U2 
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ih 
suy ra y - VQ = - ^ (x - .VQ ). 

"1 

Dat /: = — ta dugc \' - JQ = k(x - x^. 
u. 

Hinh 3.4 

Gpi A la giao diem ciia A vdi true hoanh, Av la tia thupc A d ve nua mat 

phing loa dp phia tren (ehda tia Oy). Dal a = xAv, ta thiy k = tanor. Sd k 
chinh la he sd gdc cua dudng thing A ma la da biet d ldp 9. 

Nhu vay ne'u dudng thang A cd vecto chi phuong u = (u\ ; M2) "^61 u i^Q thi 

u. 
A cd he sd gdc k= ^^ 

1 

^ 3 Tinh he sd goc cua dudng thing d co vecta chi phuang la u = ( - 1 ; Vs). 

Vi du. Viet phuong trinh tham sd cua dudng thing d di qua hai diim A(2 ; 3) 
va B(3 ; 1). Tinh he so gdc cua d. 

GIAI 

Vl d di qua AviB nen d cd vecto chi phuong AB = (1 ; -2) 

Phuong trinh tham sd cua d la 
y = 3-2t. 

He sd gdc cua d\ik = 
"2 _ - 2 _ 
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3. Vecto phap tuyen cua dudng thang 

A ' , \x = -5 + 2t 
4 ^ 4 Cho dudng thang A co phuang trinh < va vecta n = (3 ; -2). Hay 

chdng to n vuong goc vdi vecta chi phuang cua A, 

Dinh nghTa 

I Vecto n dupc gpi la vectff phdp tuyen am dudng thdng A ne'u 

n^O vd n vudng gdc vdi vecto chi phuong ciia A. 

Nhdn xet 

- Ne'u n la mpt vecto phap luyen cua dudng thing A thi kn (k ^ 0) cung 
la mpt vecto phap tuyen cua A. Do dd mpt dudng thing cd vd sd vecto 
phap luyen. 

- Mpt dudng thing hoan loan dugc xac dinh neu bill mpt diim va mpt vecto 
phap luyen cua no. 

4. Phuong trinh tdng quat cua dudng thdng 

Trong mat phing loa dp O.xy cho dudng 
thing A di qua diim MQ(XQ ; v̂ ) va nhan 

n (a ; h) lam vecto phap tuyen. 

Vdi mdi diem M(x ; y) bit ki thupc mat 

phing, la cd : MM - (x - x^; v - VQ). 

Khi dd : M(x ; y) e A <=> /? 1 M^M 

vdi c = -ax^ - by^. 

<=> a(x - XQ) + b(y - y^) = 0 

<=> ax + by + (-O-VQ - hy^) - 0 

<^ ax + fty + c = 0 

Hinh 3.5 
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a) Dinh nghia 

II Phuong trinh ax + by-^ c = 0 vdiavdb khdng ddng thdi bang 0, 
II dupc gpi Id phUffng trinh tong qudt cua dudng thdng. 

Nhdn xet. Ne'u dudng thing A cd phuong tnnh li ax -{• by + c = Q thi A cd 

vecto phap tuyin li n =(a;b) va cd vecto chi phuong la M = (-h ; a). 

^ 5 Hay chdng minh nhan xet tren. 

b) Vi du. Lap phuong trinh tdng quat cua dudng thing A di qua hai diim 
A(2 ; 2) va B(4 ; 3). 

GIAI 

Dudng thing A di qua hai diim A, B nen cd vecto chi phuong la AB = (2 ; 1). 

Td dd suy ra A cd vecto phap tuyen la « = (-1 ; 2). Vay dudng thing A cd 
phucfng trinh tdng quat la : 

(-l).( .v-2) + 2 ( j - 2 ) = 0 

hay X - 2y + 2 = 0. 

^ 6 Hay tim toa dp cua vecta chi phuang cua dudng thing co phuong trinh : 

3x + 4y+5 = 0. 

c) Cdc trudng hpp ddc biet 

Cho dudng thing A cd phuong trinh 
tdng quat ax-\-by-\-c = 0 (1) 

• Ne'u a = 0 phuong trinh (1) trd thanh 
c 

hv -\- c = 0 hay v = 
b 

Khi dd dudng thing A vudng gdc vdi 

true Oy lai diim 0 ; — (h.3.6). 

yn 

_c_ 
A b 

o ^ 

Hinh 3.6 
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Ne'u b = 0 phuong trinh (1) trd thanh ax + c = 0 hay x = 

Khi dd dudng thing A vudng gdc vdi true Ox 
^ f c ^ 

tai diem — ; 0 (h.3.7). 
\ a J 

y | 

o c_ 
a 

Hmh 3.7 

• Ne'u c = 0 phuong trinh (1) trd thanh ax-¥by = 0. 

Khi dd dudng thing A di qua gdc toa dp O (h.3.8). j ^ . 

Hinh 3.8 

• Nlu a, b, c diu khac 0 ta cd thi dua phuong trinh (1) vl dang 

(2) '^ 

vdi 
c 

a 

= 1 

K = 
c 

'b 

Hinh 3.9 

Phuong trinh (2) dugc ggi la phuong trinh dudng thdng theo doqn chdn, 
dudng thing nay cit Ox va Oy lin lugt tai M(ao; 0) va Â (0 ; ho) (h.3.9). 
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• ^ 7 Trong mat phing Oxy, hay ve cac dudng thing co phuong trinh sau day 

d ^ : x - 2 y = 0 ; 

d j : X = 2 ; 

cf3:y+1=0; 

.J ^ y 1 
6,: - + - = 1, 
" 8 4 

Vj tri tuong doi cua hai dudng thang 

Xet hai dudng thing A, va A, cd phuong trinh tdng quat lan lugt la 

OjX +/7|V + Tj = 0 va a>v +/^^y + CT = 0. 

Toa dp giao diem cua Aj va A, la nghiem cua he phuong trinh : 

\a x + b v + c = 0 
(I) 

I a,x + /?̂ y + c',, =0 , 

Ta cd cac trudng hgp sau : 

a) He (1) cd mdt nghiem (XQ ; vg ). khi dd A, cit A, tai diim MQ(.\Q ; yg)• 

b) He (I) cd vd so nghiem, khi dd A, trung vdi A-,. 

c) He (1) vo nghiem, khi dd A, va A2 khdng cd diim chung, hay A, song 

song vdi A2. 

Vi du. Cho dudng thing d cd phuong trinh x - y + 1 = 0, xet vi tri tuong ddi 
cua d vdi mdi dudng thing sau : 

A, :2x + y - 4 = 0 ; 

A2 : X - _\' - 1 = 0 ; 

A3 : 2x -2y + 2 = 0. 
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GIAI 

a) Xet (i va AJ, he phuong tiinh 

jx-y+l=0 

[2x + y - 4 = 0 

ed nghiem (1 ; 2). 

vay d eit Aj tai M(l ; 2) (h.3.10). 

b) Xet i/ va A, , he phuong trinh 

Jx-y+l=0 

[ x - y - l = 0 

VayJ//A2(h.3.11). 

vd nghiem. 

e) Xet c? va A3, he phuong trinh 

j x - y + l = 0 (1) 

l2x-2y + 2 = 0 (2) 

cd vd sd nghidm (vi cac he sd 
cua (1) va (2) ti le). 

Vaya[ = A3(h.3.12). 

Hinh 3.11 

Hinh 3.12 

^ 8 Xet vi tri tuong ddi cua dudng thing A: x - 2y + 1 = 0 vdi mdi dudng thing sau 

di:-3x + 6y-3 = 0; 

d2:y = -2x ; 

d3:2x + 5 = 4y. 
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6. Gdc giua hai dudng thdng 

^ 9 Cho hinh chd nhat ABCD co tam / va cac canh >A6 = 1, AD = Vs. Tfnh sd do cac 

goc'AID va Die. 

A D 

Hinh 3.13 

Hai dudng thing A, va A2 cit nhau tao thanh bdn gdc. Nlu A, khdng vudng gdc 

vdi A2 thi gdc nhpn trong so bdn gdc dd dugc ggi la gdc gida hai dudng thdng 

AJ va A2. Neu A, vudng gdc vdi Aj thi ta ndi gdc gida Aj va A2 bing 90°. 

Trudng hgp A, va A2 song song hoac trung nhau thi ta quy udc gdc giua A, va 

AJ bing 0°. Nhu vay gdc giua hai dudng thing ludn be hon hoac bing 90°. 

Gdc giua hai dudng thing A, va A2 duge ki hieu la IA , A j hoac (Aj, A2). 

Cho hai dudng thing 

AJ : ajX + b^y + Cj = 0, 

A2 : a2X + bjy + Cj = 0. 

Dat ^ = I AJ , A2 I thi la tha'y tp bing hoac bu vdi gdc gida n va n trong dd 

/2j, «2 lin lu'gt la vecto phap tuyin eua Aj va A2. Vi eos^ > 0 nPn ta suy ra 

eos^ = cos nj,«2 
« i -«2 

vay 

cos<p = 
a^a^+b^b^ 

al+bl ^al+bl 
Hinh 3.14 
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0̂ = Chuy 

• AJ 1 A2 <=» «j 1 ^2 <=̂  aja2 + b^bj = 0. 

• Nlu A J va A2 cd phuong trinh y = ĵX + m, va y = ^2^ + m2 thi 

AJ 1 A2<=> k^.k.^ = -l. 

7. Cong thCfc tinh khodng cdch tCr mdt diem den mdt dudng thang 

Trong mat phdng Oxy cho dudng thdng A cd phuong trinh 
ax -k- by + c - Q vd diem MQ (XQ ; yo). Khodng cdch td diem 

MQ de'n dudng thdng A, ki hieu Id d(MQ, A), dugc tinh bdi 

cdng thdc 

CHONG MINH 

Phuong trinh tham so cua dudng thing m di 
qua MQ(XQ; yg) va vudng gdc vdi dudng 

thing A la: 

\X = x^ + ta 

[y = yo + tb 
Hinh 3.15 

trong 66 n(a ; b) la vecto phap tuyin cua A. 

Giao diim H cua dudng thing w va A dng vdi gia tri eua tham sd la nghiem 
t cua phuong trinh : 

a(xQ+ta) + b(yQ + tb) + c = Q. 

Tacd 
H 

ax^+hy^+c 
2 , , 2 a +b 

vay diim H= (XQ+ tf^a ; yg + ^//^)-
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Td dd suy ra cf(Mg , A) = Mg// = ^J(XH-XQ)^ +(^y^-y^f 

^ 1 0 Tfnh khoang each td cac diem M(-2 ; 1) va 0(0 ; 0) den dudng thing A co phuong 
trinh 3 x - 2 y - 1 = 0 . 

Cau hoi vd bai tap 

1. Lap phuong trinh tham sd eua dudng thing d trong mdi trudng hgp sau : 

a) d di qua diim M(2 ; 1) va ed vecto ehi phuong u = (3 ; 4); 

b) d di qua diim M(-2 ; 3) va cd vecto phap tuyin la « = (5 ; 1). 

2. Lap phuong trinh tdng quat eua dudng thing A trong mdi trudng hgp sau : 
a) A di qua M(-5 ; -8) va cd he sd gdc ^ = -3 ; 

b) A di qua hai diim A(2;l) va B(-4 ; 5). 

3. Cho tam giac ABC, hiit A(l ; 4), fi(3 ; -1) va C(6 ; 2). 
a) Lap phuong trinh tdng quat cua cac dudng thing AB, BC va CA ; 
b) Lap phuong trinh ldng quat cua dudng cao AH va trung tuyin AM. 

4. Viet phuong trinh tdng quat cua dudng thing di qua diim M(4 ; 0) va 
diim A (̂0; -1). 

5. Xet vi tri tuong ddi cua cac cap dudng thing d^ va d2 sau day : 

a) J j : 4x - lOy + 1 = 0 va d2 •.x + y + 2 = 0; 

b) c?i: 12x-6y+10 = 0 va ^2^1 ~ 
[y = 3 + 2r; 

, , „ rx = - 6 + 5r 
e) rf, :8x+10y-12 = 0 va d2:\ 

' ^ \y = 6-4t. 

6. Cho dudng thing d cd phuong tnnh tham sd 
ly = 3 + /. 

\x = 2 + 2t 

[y^3 + t. 

Tim diim M thupc d va each diim A(0 ; 1) mdt khoang bing 5. 
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7. Tim sd do cua gdc gifia hai dudng thing d^ va d^ lin lugt ed phuong tnnh 

dl : 4x - 2y -h 6 = 0 va ^2 : x - 3y + 1 = 0. 

8. Tim khoang each td mpt diim de'n dudng thing trong cae trudng hgp sau : 
a)A(3;5), A : 4x + 3y + 1 = 0 ; 
b )5( l ; -2 ) , d:3x-4y-26 = 0; 
c)C(l ;2) , m:3x + 4 y - l l = 0 . 

9. Tim ban kinh cua dudng trdn tam C(-2 ; -2) tilp xuc vdi dudng thing 

A:5x+12y-10 = 0. 

§2. PHl/dNG TRINH Dl/dNG TRON 

1. Phuong trinh dudng trdn cd tdm vd bdn l<inh cho trudc 

/W(x;y) 

Hinh 3.16 

Trong mat phing Oxy cho dudng trdn (C) tam / (a ; b), ban kinh R (h.3.16). 

Tacd 

M(x; y) e (C) ^ IM = R 

<=> V(x-a)^+(y-&)^ =R 

<=* (x - a)^ + (y - b)^ = R^. 
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Phuong trinh (x-af + (y- bf = R^ duge ggi la phuong trinh dudng trdn 
tdm I(a; b) bdn kinh R. 

Ching han, phuong trinh dudng trdn tam 1(2 ; -3) ban kinh /? = 5 la : 

(x - 2)^ + (y + 3)^ = 25. 

s^ Chu y. Phuong trinh dudng trdn cd tam la gdc toa dp O va cd ban kinh R la : 

x^ + i = R\ 

A i Cho hai diem A(3 ;-4) va e(-3 ; 4). 

Viet phuang trinh dudng tron (C) nhan AB lam dudng kfnh. 

2. Nhgn xet 

Phuong trinh dudng trdn (x - af + (y - bf = F^ cd thi dugc viet dudi dang 
x" -1- y - 2ax - 2by -I- c = 0, trong 66 c = cf + b^ - F^. 

Ngugc lai, phuong trinh x̂  + ŷ  - 2ax - Iby + c = 0 Id phuong trinh ciia 
dudng trdn (C) khi va chi khi â  + fo^ - c> 0. Khi dd dudng trdn (C) ed tarn 

V 2 2 a +b -c . 

• ^ 2 Hay cho biet phuong trinh nao trong cac phuang trinh sau dSy la phuang trinh 
dudng trdn: 

2x̂  + / - 8 x + 2y-1 =0; 

x̂  + / + 2x-4y-4 = 0; 

x̂  + / - 2 x - 6 y + 20 = 0; 

x̂  + ŷ  + 6x + 2y+10 = 0. 

3. Phuong trinh tiep tuyen cua dudng trdn 

Hinh 3.17 
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Cho diim MQ(XQ ; y^) nim tren dudng trdn (C) tam I(a ; b). Ggi A la tie'p 

tuyin vdi (C) tai MQ. 

Ta cd MQ thupc A va vecto IM = (XQ - a ; yQ - i») la vecto phap myeh cua A. 

Do dd A cd phuong trinh la : 

(XQ - a)(x - XQ ) -h CVQ - &)(y - yQ ) = 0 (2) 

Hiuong tiinh (2) la phuong trinh tie'p tuye'n ciia dudng Iron (x - a) +(y-b) = /T 
tai diim MQ nim tren dudng iron. 

Vl du. Vie't phuong trinh tie'p tuyin tai diim M(3 ; 4) fhupc dudng trdn 

( C ) : ( x - l ) ' + (y-2)2 = 8. 

GIAI 

(C) cd tam /(I ; 2), vay phuong trinh tiep luyen vdi (C) lai M(3 ; 4) la : 

( 3 - l ) ( x - 3 ) + ( 4 - 2 ) ( y - 4 ) = 0 

^ 2x + 2y - 14 = 0 

<=̂  x + y - 7 = 0. 

Cdu Inoi vd bdi tap 

1. Tim tam va ban kinh eua cac dudng trdn sau : 

a)x^ + y ^ - 2 x - 2 y - 2 = 0 : 

b) 16x^ + 16y^+ 16x - 8y - 11 = 0 ; 

c) x^ + y^ - 4x-h 6y - 3 = 0. 

2. Lap phuong trinh dudng trdn ( ^ ) trong cac trudng hgp sau : 

a) (<^) ed tam /(-2 ; 3) va di qua M(2 ; - 3 ) ; 

b) ( '^) cd tam /(-I ; 2) va tie'p xuc vdi dudng thing x - 2y + 7 = 0 ; 

c) ('g')ed dudng kinh A5 vdi A = (1 ; l ) v a 5 = (7;5) . 
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3. Lap phuong trinh dudng trdn di qua ba diim 
a)A(l;2), B(5;2), C ( l ; - 3 ) ; 
b) M(-2 ; 4), iV(5 ; 5), P(6 ; -2). 

4. Lap phuong trinh dudng trdn tilp xuc vdi hai true toa dd Ox, Oy va di qua 
di'lmM(2; 1). 

5. Lap phuong trinh eua dudng trdn tilp xuc vdi eae true toa dp va cd tam d tren 
dudng thing 4x - 2y - 8 = 0. 

6. Cho dudng trdn ('^) cd phuong tnnh 

x̂  + ŷ  - 4x -I- 8y - 5 = 0. 

a) Tim toa dp tam va ban kinh cua (*^); 

b) Viet phuong trinh tilp tuye'n vdi ('^) di qua diim i4(-l ; 0); 

c) Viet phuong trinh tilp tuyin vdi ( ^ ) vudng gdc vdi dudng thing 

3x-4y + 5 = 0. 

§3. PHl/OfNG TRINH Dl/OfNG ELIP 

1. Djnh nghia dudng elip 

a) 

Hinh 3.18 
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^ 1 Quan sat mat nudc trong cdc nudc cam nghieng (h,3,18a). Hay cho biet dudng dugc 

danh dau bdi mui ten co phai la dudng trdn hay khdng ? 

^ 2 Hay cho big't bong cua mdt dudng trdn tren mpt mat phing (h.3.18b) co phai la mpt 

dudng trdn hay khdng ? 

Ddng hai chile dinh ed dinh tai hai diim F va F (h.3.19). Lay mdt vdng 

day kin khdng dan hdi cd dp dai ldn hon '2-FF . Quang vdng day dd qua hai 

chile dinh va keo cang tai mpt diim M nao dd. Dal diu but chi lai diem M 
rdi di chuyin sao cho ddy ludn cang. Dau but chi vach nPn mpt dudng ma la 
gpi la dudng elip. 

Hinh 3.19 

Dmh nghTa 

Cho hai diem cd dinh Fj, F2 vd mot dp ddi khdng ddi 2a ldn 

hon F1F2 . Elip Id tap hpp cdc diem M trong mat phang sao cho 

fiM + F2M = 2a. 

Cdc diem Fj vd F2 gpi Id cdc tieu diem cua elip. Dp ddi 

F1F2 = 2c gpi Id tieu cu cua elip. 
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2. Phuong trinh chinh tac cua elip 

y^ 

M(x; y) 

Hinh 3.20 

Cho elip (E) cd cac tiPu diim F va F . Diim M thudc elip khi va ehi khi 

FjM + F^M = 2a. Chpn he UTJC toa dp Oxy sao cho F^ = (-c ; 0) va F^=(c; 0). 

Khi dd ngudi ta chdng minh dugc : 

2 2 
M ( x ; y ) e ( F ) ^ ^ + \ = l (1) 

a b 

trong dd i> =a -c . 

Phuong tnnh (1) ggi li phuong trinh chinh tdc ciia elip. 

^ 3 Trong phuang trinh (1) hay giai thfch vi sao ta luon dat dugc b^ =a^ -c^. 

Hinh dqng cua elip 

Xet elip (£•) cd phuong tnnh (1): 

a) Ne'u diim M(x ; y) thudc (E) thi 
cac diim M (-x ; y), M, (x ; -y) va 

M3(-x ; -y) cung thudc (E) (h.3.21). 

Vay (E) cd cae true dd'i xdng la Ox, Oy 
va cd tam ddi xdng la gdc O. 

y* 

( \^^ 
A\ 1 

'l^'^^^l^^ 

F^ 

o 

.^^ 

M 

j A^ 'x 

M, 

Hinh 3.21 
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b) Thay v = 0 vao (1) ta ed x = ±a , suy ra (E) cit Ox tai hai diim 4̂̂  (-a ; 0) 

va ^2 (a ; 0). Tuong lu diay x = 0 vao (1) la dugc y=±b, vay (£) eit Oy tai hai 

diim B, (0 ; -b) va B.^ (0 ; 6). 

Cae diim A ,̂ A2 , Ŝ  va ^2 gpi la cdc dinh eua elip. 

Doan thing A^A.^ gpi la true ldn, doan thing B f̂î  gdi la true nhd cua elip. 

S Vidu.EUp(£'): ^ + ̂  = 1 edpedinhla Ai ( -3 ;0) , A2(3;0), B i (0 ; -1 ) , 

^2(0 ; 1) va A1A2 = 6 la true ldn cdn B1B2 = 2 la true nhd. 

^ 4 Hay xac dinh toa dd cac tieu diem va ve hinh elip trong vi du tren. 

4. Uen he giua dudng trdn vd dudng elip 

a) Td he thdc b^ = cr - c' la tha'y neu lieu cu ciia elip cang nhd thi b cang 
gan bing a, tdc la true nhd cua elip cang gan bing true ldn. Luc dd elip cd 
dang gin nhu dudng trdn. 
b) Trong mat phing Oxy cho dudng trdn (^) cd phuong trinh 

2 , 2 2 X +y =a . 

Vdi mPi diim M(x ; y) thupc dudng trdn ta xet diim M'(x' ; y') sao cho 

X = x 
I) (vdi 0 < /j < a) (h.3.22) 

y =-y 
a 

thi tap hgp cae diim M' ed toa dp 
thoa man phuong tiinh 

X'2 y'2 
—r- + ̂  = I la mdt elip (E). 
a^ b 

Khi dd ta noi ducmg iron ("€) duge 
CO thanh elip (E). 

Hinh 3.22 
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Cdu lioi vd bdi tdp 

Xac dinh dp dai cac true, toa dp cac lieu diem, toa dp cac dinh eua cac elip cd 
phuong trinh sau : 

2 2 
x -̂  y 1 

a) — + ̂ ^ = 1 ; 
25 9 

b) 4x^+9y^- l ; 

c) 4x^ + 9y^ 36. 

2. Lap phuong trinh chinh tic eua elip, biet 

a) Do dai true ldn va true nhd lan lugt la 8 va 6 ; 

b) Do dai true ldn bing 10 va tiPu cu bing 6. 

3. Lap phuang trinh chinh tic cua elip trong cac trudng hgp sau 

a) Elip di qua cdc diim M(0 ;3)viN 3;-
12 

b) Elip ed mpt tiPu diim la Fj (-V3 ; 0) va diim M 1; S nim trPn elip. 

Di cit mdt bang hieu quang cao hinh elip ed true ldn la 80 em va true nhd la 
40 em td mdt tam van ep hinh chd nhat cd kfch thudc 80 cm x 40 cm, ngudi 
ta ve hinh elip dd iPn la'm van ep nhu hinh 3.19. Hdi phai ghim hai cai dinh 
each cae mep lam van ep bao nhiPu va lay vdng day cd dp dai la bao nhiPu ? 

Cho hai dudng trdn <^(Fi ; R^) vi %^(F2 ; R2) • % nim ti-ong % va 

Fj 5̂  F2 . Dudng iron ^ thay ddi ludn tiep xuc ngoai vdi '^j va tilp xuc trong 

vdi '^2 • Hay chdng td ring tam M cua dudng trdn 'W di dpng trPn mdt elip. 
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Ba dirong conic 
va quy dao cda I'au vu Iru 

Elip Parabol Hypebol 

Hinh 3.23 

1. Khi cat mpt m|t non Iron xoay bdi mpt mat phing I<h6ng di qua dinh va l<hdng 

vuong goc vdi true cCia m|t non, ngudi ta nhan thay ngoai dudng elip ra, co the 

con hai loai dUPng l<hac nda la parabol va hypebol (h.3.23), Cac dUPng noi tren 

thudng dupe gpi la ba dudng conic (do gdc tieng Hi Lap Konos nghTa la mat non). 

2. Dudi day la vai vf du ve hinh anh cCia ba dudng conic trong ddi sdng hang ngay : 

- Bong ciia mpt qua bong da tren mat san thudng co hinh elip (h.3.24). 

Hinh 3.24 

89 



Tia nude td voi phun 6 cPng vien thudng la dudng parabol (h,3.25). 

Hinh 3.25 

- Bong eua den ngu in tren tUdng co the la duPng hypebol (h.3.26). 

Hinh 3.26 

3. Tau vu try dupc phong len td Trai Dat luon bay theo nhdng quy dao, quy dao 
nay thudng la duPng Iron, elip, parabol hoac hypebol. Hinh dang eOa quy dao 
phu thupc vao van tdc cua tau vu tru (h.3.27). Ta co bang tuong dng giUa tdc 66 
va quy dao nhu sau. 
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Tdc dp Vg eiia tau vu tru 

7,9 km/s 

7,9km/s< \/o< 11,2 km/s 

11,2 km/s 

Vo> 11,2 km/s 

Hinh dang quy dao t^u vu tru 

dudng tron 

elip 

Mpt phan cua parabol 

Mdt phan cua hypebol 

Ngoai ra ngudi ta cPn tfnh dupc cac tdc dp vu tru tdng quat, nghTa la tdc dp cua cac 

thien th^ chuyin dpng ddi vdi cac thien t h i khac dudi tac dung cOa luc hap d i n 

tuong hd. Vi du de phdng mdt tau vu tru thoat li dUdc Mat Trang trd ve Trai D^t thi 

can tao cho tau mdt tdc dp ban d^u la 2,38 km/s. 

Hypebol 
(Va> 11,2 km/s) 

Parabol 
(Vo-11,2 km/s) 

Elip 
(7,9 km/s < V/Q < 11,2 km/s) 

Hinh 3.27 
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M'lsij^, 

^io-han Ke-ple va quy luat 
chuyen dong cî a cac hanh Hnh 

M6t h^nh tinh 

Hinh 3.28 

Gid-han Ke-pie (Johannes Kepler, 1571-1630) la nha thien vSn ngUdi Ddc. Ong lei 
mpt trong nhdng nguPi da dat nen mong cho khoa hpe tu nhien. Ke-ple sinh ra 6 
Vu-tem-be (Wurtemberg) trong mpt gia dinh ngheo, 15 tudi theo hpe trUdng dong. 
Nam 1593 ong tdt nghiep Hpc vien Thien van va loan hpc vao loai xuat sac va trd 
thanh giao su trung hpc. Nam 1600 ong de'n Pra-ha va cung lam viec vdi nh^ thien 
van ndi tieng Ti-cP Bra, 

Ke-ple ndi tieng nhd phat minh ra cac djnh luat ehuyen ddng cua cac hanh tinh : 

1. Cac hanh tinh ehuyen dpng quanh Mat Trdi theo cac quy dao la cac dudng elip 
ma Mat Trdi la mpt tieu diem. 

2. Dean thang ndi td Mat Trdi de'n hanh tinh quel dUdc nhOhg dien tfch bing nhau 
trong nhdng khoang thdi gian bang nhau. ChSng han neu xem Mat Trdi la tieu diem 

F va ned trong cung mpt khoang thdi gian t, mdt hanh tinh di chuyen td M'^ den M2 
hoac tu /W| den M^ thi dien tfch hai hinh FM.^IVI^ va FM\M'.^ bang nhau (h.3.28). 

3. Neu gpi T^, Tg lan lUpt la thdi gian de hai hanh tinh b^t ki bay het mpt v6ng 

quanh Mat Trdi va gpi a^, 82 lan lupt la dp dai nda true Idn cua elip quy dao ciia 
hai hanh tinh tren thi ta luon cd 

Cac dinh luat noi tren ngay nay trong thien van gpi la ba djnh luat K§-ple. 
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ON TAP CHirONG III 

I. CAU HOI VA BAI TAP 

i. Cho hinh chd nhat ABCD. Bill cac dinh A(5 ; 1), C(0 ; 6) va phuong tiinh 
CD : X + 2y -12 = 0. Tim phuong tnnh cac dudng thing ehda cac canh cdn lai. 

2. Cho A(l ; 2), fi(-3 ; 1) va C(4 ; -2). Tim tap hgp cac diim M sao cho 

MA^-i-MB^ ^ MC^. 

3. Tun tlip hgp cac diim each diu hai dudng thing 

Al: 5x + 3y - 3 = 0 va A2 : 5x + 3y + 7 = 0. 

4. Cho dudng tiling A : x - y + 2 = 0 vahai diim 0(0 ; 0),A(2 ; 0). 
a) Tim diim dd'i xdng cua O qua A ; 

b) Tim diim M tren A sao cho dp dai dudng gip khuc OMA ngin nha't. 

5. Cho ba diim A(4 ; 3), B(2 ; 7) va C(-3 ; -8). 
a) Hm toa dp cua trpng tam G va true tam H ciia tam giac ABC ; 
b) Ggi T la tam cua dudng trdn ngoai tiep tam giac ABC. Chdng minh T, G va 

H thing hang; 

c) Vie't phuong trinh dudng trdn ngoai tie'p tam giac ABC. 

6. Lap phuong trinh hai dudng phan giac cua cac gdc tao bdi hai dudng thing 
3x-4y+12 = 0 va 12x + 5y -7 = 0. 

7. Cho dudng trdn (*^) cd tam /(I ; 2) va ban kinh bing 3. Chdng minh ring tap 

hgp cac diim M ma td do ta ve dugc hai tilp tuyin vdi ( '^) tao vdi nhau mdt 

gdc 60° la mdt dudng trdn. Hay viit phuong trinh dudng trdn dd. 

8. Tim gdc gida hai dudng thing Aj va A2 trong cac trudng hgp sau : 

a) Al :2x + y - 4 = 0 va A2 : 5x-2y + 3 = 0 ; 

1 3 
b) Ai:y = -2x + 4 va A 2 : y = - x + - . 

2 2 
9. Choelip(F): — - H — = 1 . 

*̂  16 9 
Tim toa dp cac dinh, cac tiPu diim va ve elip dd. 
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10. Ta bil l r ing Mat Trang chuyin ddng quanh Trai D i t theo mdt quy dao la mdt 
elip ma Trai Di t la mdt tidu diim. Elip dd cd chilu dai true ldn va true nho 
lin lugt la 769 266 km va 768 106 km. Tinh khoang each ngin idiit va 
khoang each dai nhit td Trai D i t d in Mat Trang, bii t r ing cac khoang each 
dd dat dugc khi Trai Di t va Mat Trang n i m tren true ldn cua elip. 

II. CAU HOI T R A C N G H I E M 

1. Cho tam giac ABC cd toa dp cac dinh la A(l ; 2), 5(3 ; 1) va C(5 ; 4). Hiuong 
trinh nao sau day la phuang trinh dudng cao cua tam giac ve td A ? 

(A)2x-l-3y-8 = 0; (B) 3 x - 2 y - 5 = 0 ; 

(C) 5x - 6y -I- 7 = 0 ; (D) 3x - 2y + 5 = 0. 

2. Cho tam giac ABC vdi cac dinh la A ( - l ; 1), fi(4 ; 7) va C(3 ; -2 ) , M la tinng 
diim cua doan thing AB. Phuong trinh tham sd' cua trung tuyin CM l a : 

rx = 3-i-r {x = 3 + t 
(A) \ (B) \ 

[y = -2 + 4t; ' [ ^ = -2-4^ 
\x = 3-t ix = 3 + 3t 

(C)<̂  (D) <̂  
'[y = 4 + 2t; [y = -2 + 4t. 

: , , fx = 5-l-/ 
3. Cho phuong trinh tham sd cua dudng thang d : < 

Trong cac phuong trinh sau, phuong trinh nao la phuong trinh tdng quat cua (d) ? 

(A) 2x + y - 1 = 0 ; (B) 2x + 3y + 1 = 0 ; 
(C)x + 2y + 2 = 0; (D)x-l-2y-2 = 0. 

4. Dudng thing di qua di im M( 1; 0) va song song vdi dudng thing 
i : 4x + 2y + 1 = 0 cd phuong trinh tdng quat la : 
(A) 4x + 2y + 3 = 0 ; (B) 2x + y + 4 = 0 ; 

(C)2x + y - 2 = 0 ; ( D ) x - 2 y - I - 3 = 0. 

5. Cho dudng thing d cd phuong trinh t6ng quat : 3x + 5y + 2006 = 0. Tun mpnh 
d l sai trong cac mpiih d l sau : 
(A) (d) cd vecto phap tuyen « = (3 ; 5 ) ; 
(B) (d) cd vecto chi phuong a = (5 ; - 3 ) ; 

(C) (of) cd he sd gdc k=- ; 
3 

(D) (d) song song vdi dudng thing 3x + 5y = 0. 
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6. • Ban kfnh cua dudng trdn tam 1(0 ; -2) va tilp xuc vdi dudng thing 
A : 3 x - 4 y - 2 3 = 01a: 

(A) 15; (B)5; (C) | ; (D) 3. 

7. Cho hai dudng thing d^ :2x + y + 4 - m = 0va 

^2 : (m -I- 3)x + y - 2/n - 1 = 0. 

dj song song vdi ^2 khi • 

(A) m = 1 ; (B) m = -1 ; (C)m =2; (D) w = 3. 

8. Cho (d^): x + 2y + 4 = 0 va (d.^): 2x - y + 6 = 0. Sd do cua gdc gifia hai 
dudng thing d^ va d la : 

(A) 30°; (B)60°; (C)45°; (D) 90°. 

9. Cho hai dudng thing A|:x + y + 5 = 0 vaA2:y = -10. Gdc gida Aj va Â  la : 

(A) 45°; (B)30°; (C) 88°57'52"; (D) 1°13'8". 

10. Khoang each td diim M(0 ; 3) din dudng thing 
A : xcoscir+ ysincir+ 3(2 - sinor) = 0 la : 

(A) Ve ; (B)6; (C)3sina; (D) 
sin « +cos or 

11. Phuong trinh nao sau day la phuong trinh dudng trdn'? 

(A) x̂  + 2ŷ  - 4x - 8y + 1 = 0 ; (B) 4x̂  + ŷ  - lOx - 6y - 2 = 0 ; 

(C) x̂  -I- ŷ  - 2x - 8y + 20 = 0 ; (D) x̂  + ŷ  - 4x -i- 6y - 12 = 0. 

12. Cho dudng ti-dn (C): x̂  + ŷ  + 2x + 4y - 20 = 0. 

Tm mpnh dl sai trong cac mfnh dl sau : 

(A) (C) cd tam /(1 ; 2); (B) (C) cd ban kfnh R = 5; 

(C) (C) di qua diim M(2 ; 2); (D) (C) khdng di qua diim A(l ; I). 

13. Phuomg trinh tilp tuyin tai diim M(3 ; 4) vdi dudng trdn 
(C): x̂  + ŷ  - 2x: - 4y - 3 = 0 la : 

(A)x + y - 7 = 0; (B)x-i-y + 7 = 0; 

( C ) x - y - 7 = 0; (D)x + y - 3 = 0. 
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14. Cho dudng trdn (C): x̂  + ŷ  - 4x - 2y = 0 va dudng thing A : x + 2y -i-1 = 0. 

Tm menh dl dung trong cac mdnh dl sau : 

(A) A di qua tam cua (C); (B) A eit (C) tai hai diim ; 

(C) A tilp xuc vdi (C); (D) A khdng cd diim chung vdi (C). 

15. Dudngti-dn(C):/ + y^-x + y- l=Ocdtam/vabankinh/?la : 

( A ) / ( - l ; l ) , / ? = l ; (B)l\^ ;-^,R = ^ ; \2 2) 2 

(C) ^ ( - ^ ; ^ ) ' ^ = Y " ; (D)/(I ; - ! ) , /?= >/6. 

16. Vdi gia tri nao cua m thi phuong trinh sau day la phuong tiinh cua dudng trdn 
/ + y^-2(m + 2)x + 4my+19w-6 = 0? 

(A) 1 < m < 2 ; (B) -2 < m < 1 ; 

(C) m < 1 hoac m > 2 ; (D) m < -2 hoac m>l. 

17. Dudng thing A : 4x + 3y + m = 0 tilp xuc vdi dudng trdn (C): x̂  + ŷ  = 1 khi: 
(A) m = 3 ; (B) w = 5 ; (C) m = 1 ; (D) m = 0. 

18. Cho hai diim A(l; 1) va fi(7 ; 5). Phuong tiinh dudng ti-dn dudng kfnh AB la: 

(A) x̂  + ŷ  + 8x + 6y + 12 = 0 ; (B) x̂  + ŷ  - 8x - 6y -I- 12 = 0 ; 

(.C)x^ + y ^ - 8 x - 6 y - 1 2 = 0; (D)x^-i-y^ + 8x +6y -12 = 0. 

19. Dudng trdn di qua ba diim A(0 ; 2), B(-l; 0) va C(2 ; 0) cd phuong trinh la : 

(A)x^ + ŷ  = 8; (B)x^-l-y^ + 2x + 4 = 0 ; 

(C)x^+y^-2x-8 = 0; (D)x^+y^-4 = 0. 

20. Cho diim M(0 ; 4) va dudng ttdn (C) cd phuong tiinh x̂  + ŷ  - 8x - 6y -i- 21 = 0. 
Tm phat bilu dung trong cac phat bilu sau : 

(A) M nim ngoai (C); (B) M nim trdn (C); 
(C) M nim ti-ong (C); (D) M trung vdi tam cua (C). 

2 2 
X y 21. Cho eUp (£•): — + ̂ ^ = 1 va cho cac mdnh d l : 
25 9 

(I) (E) cd cac tieu diim F^ (-4 ; 0) va F2 (4 ; 0); 

(II) (E) cd ti sd - = - ; 
a 5 
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(HI) (E) cd dinh Aj(-5 ; 0); (IV) (E) cd dp dai true nhd bing 3. 

Tm mdnh dl sai trong cac mdnh dl sau : 

(A)(l)va(ll); (B)(II)va(III); 

(C) (I) va (ni); (D) (IV) va (I). 

22. Phuong trinh chinh tic cua elip cd hai dinh la (-3 ; 0), (3 ; 0) va hai tieu diim 
la (-1 ; 0), (1 ; 0) la : 

2 2-
(A)—+ ^ = 1 ; 

9 1 
2 2 

( O — - h ^ = l ; 
9 8 

2 2 
(B)—+ ^ = 1 ; 

8 9 
2 2 

(D)—+ ^ = 1. 
1 9 

23. Cho elip (E): x^ + 4y^ = I va cho cac menh d l : 

(I) (£) cd tiTic ldn bing 1 ; (II) (E) cd true nhd bing 4 ; 

(III) (E) cd tieu diim Fj 0; 
^' (IV) (£) cd tieu cu bii^ S . 

Tim menh dl dung trong cac menh dl sau : 
(A)(1); (B)(II)va(IV); (C) (I) va (III); (D) (IV). 

2 2 X y 
24. Day cung cua elip (E) . , _ 

a b 
+ ̂  = 1 (0 < b < a) vudng gdc vdi true ldn tai 

tidu diim cd dd dai la 

(A) 
2c' (B) 

2b' (C) 
2a' 

(D) 

c 12 
25. Mdt elip cd mic ldn bing 26, ti sd - = — True nhd cua elip bang bao nhidu ? 

a 13 
(A) 5; (B) 10; (C) 12; (D) 24. 

26. Cho elip (E): 4x^ + 9ŷ  = 36. Tm menh dl sai trong cae mpnh de sau : 

(A) (E) cd tiTic ldn bing 6 ; (B) (E) cd true nhd bing 4 ; 

(C) (E) cd tieu cu bing Vs ; (D)(£)cdr isd- = — 
a 3 
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27. Cho dudng trdn (C) tam F^ ban kfnh 2a vi 

mdt diim F.^ d bdn trong cua (C). 

Tap hgp tam M cua cac dudng trdn ( C ) 
thay ddi nhung ludn di qua F va tie'p xuc 

vdi (C) (h.3.29) la dudng nao sau day ? 

(A) Dudng thing ; (B) Dudng trdn ; 

(C) Elip ; (D) Parabol. Hinh 3.29 

28. Khi cho / thay ddi, diim M(5cost; 4smt) di ddng tren dudng nao sau day ? 

(A) Elip ; (B) Dudng thing ; 

(C) Parabol; (D) Dudng trdn. 

2 2 
29. Cho ehp (£•): ^ + ̂  = 1 (0 < 6 < a). Goi F,, F. la hai tidu diim va cho diim 

a^ b^ - 1 2 

M(0 ; -b). Gii tri nao sau day bing gia tri cua bilu thdc MF .MF - OM^ ? 

(A) c^ ; (B) 2a^ ; (C) 2&̂  ; (D) a^ - b^. 
2 2 

30. Cho elip (E): — + ̂  = I vi dudng thing A : y + 3 = 0. 

Tfch cac khoang each td hai tidu diim cua (E) din dudng thing A bang gia tri 
nao sau day : 
(A) 16; (B)9; (C) 81 ; (D) 7. 

6N TAP CU6I NAM 

1. Cho hai vecto a va 6 cd \a\ = 3, \b\ = 5, [a, b) = 120°. Vdi gia tii n^o ciia m 
—• -^ ^ ^ 

thi hai vecto a + mb va a-mb vudng gdc vdi nhau ? 

2. Cho tam giac ABC va hai diim M, N sao cho AM = oAB ; AN = fiAC. 

2 2 
a) Hay ve M, N khi a= — ; S= — . 

3 ^ 3 
b) Hay tim mdi lidn he gifia a vi P 6i MN song song vdi BC. 

98 



3. Cho tam giac diu ABC canh a. 

a) Cho M la mdt diim trdn dudng trdn ngoai tilp tam giac ABC. Tfnh 

MA^ + MB^ + MC^ theo a ; 

b) Cho dudng thing d tuy y, tim diim Â  tren dudng thing d sao cho 

NA^ + NB^ + NC^ nhd nha't. 

4. Cho tam giac diu ABC cd canh bing 6 cm. Mdt diim M nim tren canh BC sao 
cho BM = 2 cm. 

a) Tfnh dp dai cua doan thing AM va tfnh cdsin cua gdc BAM ; 
b) Tfnh ban kfnh dudng trdn ngoai tilp tam giac ABM ; 
c) Tfnh dd dai dudng trung tuyin ve tfi dinh C cua tam giac ACM ; 
d) Tfnh dien tfch tam giac ASM. 

5. Chdng minh ring trong mgi tam giac ABC ta diu cd 
a)a= bcosC + ccosB; 

b) sin A = sinficosC + sinCcos5; 

c) h^=2RsmBsinC. 

6. Cho cac diim A(2 ; 3), 5(9 ; 4), M(5 ; y) v^ P(x; 2). 
a) Tm y dl tam giic AMB vudng tai M ; 
b) Tm X 6i ba diim A,PviB thing hang. 

7. Cho tam giac ABC vdi H la true tam. Bill phuong trinh cua dudng thing 
Afi,5//vaA//linlugtla 4x + y - 1 2 = 0, 5x-4y-15 = 0vk2x + 2 y - 9 = 0. 
Hay vie't phuong trinh hai dudng thing ehda hai canh cdn lai va dudng eao 
thd ba. 

8. Lap phuong trinh dudng trdn cd tam nim tren dudng thing A : 4x + 3y - 2 = 0 
va tie'p xuc vdi hai dudng thing 
(/l: X + y + 4 = 0 vi d2 :lx-y + 4 = 0. 

2 2 
9. Cho elip (£) cd phuong tiinh : ^ - + — = 1. 

*̂  *̂  ^ 100 36 
a) Hay xdc dinh toa dd cac dinh, cac tidu diim cua elip (E) va ve elip dd ; 
b) Qua tidu diim cua elip dung dudng thing song song vdi Oy va cat elip tai 

hai diim M va N. Tinh dd dai doan MN. 
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HUdNG DAN VA DAP SO 

CHUONGI 

§1. 
1. a) Diing ; b) Dung. 
2. a) Cdc vecto cung phuong : 

a, t>; u, V; X, y, w \k z. 

b) Cac vecto ciing hudng : 

a, b; X, y \k z. 

c) Cac vecto nguoc hudng : 

«, V ; w, jr; w, y ; w, z. 

2. 

3. 

4. 
5. 

6. 
7. 

8. 

d) Cac vecto bang nhau : x, y. 

4. a) Cac vecto cung phuong v6i OA : DA, AD, 

'BC, CB, AO, OD, 'DO, 'FE, EF. 

b) Cac vecto bang ^ :0C, £D, ¥o . 

§2. 

5. |AB + Sc| = a, |A5-Bc| = a>^. 

7. a) Nd'u a, ft ciing hudng ; 

b) N6'u gia cua a va ft vu6ng goc. 

8. a, ft CO cung d6 dai va nguoc hudng. 

10. F3 c6 cudng do la IOON/S A ,̂ nguoc 

hudng vdi ME, trong dd E la dinh ciia 
hinh binh hknh MAEB. 

§3. 

2. AB = - ( M - V ) ; BC = - « + - v 
3 3 3 

7^ 4 - 2 -
C/4 = — « — V . 

3 3 

A M = — M +—V . 
2 2 

6. AT la di^m thudc doan AB mh KA _2 
KB~ 3 

7. M la trung di^m cua trung tuye'n CC'. 

§4. 

1. AB = 3, MN = -5;'AB \kmi nguochudng. 

1. 
2. 
3. 
5. 

a) diing b) dung c) sai d) dung, 

a = (2 ; 0), ft = (0 ; - 3 ) , 

c = ( 3 ; - t ) , 5 = (0,2; ^). 

a), b), c) diu diing, d) sai. 

A(XQ ; -y^) ; B(-Xg ; y^); 

C(-x„; -y^). 

D(0;-5) 

v4(8;l),B(-4;-5),C(-4;7). 

c = 2a + ft. 

O N TAP CHUONG I 

Cac vecto c ^ tim : OC , ¥3, £D. 
Cdc khing dinh diing : a), b) va d). 
ABCD la hinh thoi. 
M, N, P ldn luot la cdc di^m dd'i xiing vdi 
C, A, B qua tam O. 

a)\'AB + Ac\ = aS; h) IAB-'AC\ = a. 

1 

10. 

11. 

12. 

13. 

§1. 
2. 

a)m= —,n = 0 ; h)m = -l ,n = 

c) m = - - , n=- ; d) m = --,n=l. 

Cac khang dinh dung a) va c). 

a) M = (40;-13) ; b) Jc = (8;-7) ; 

c)k = -2,h = -l. 
2 

m = — . 
5 

Khang dinh diing la c). 

CHUONG n 

AK = asinla ; OK = acosla. 
25 

5. P = 

6. cos(AC, BA) = ; sin(AC, BD) = \ ; 

cos(AB, CD) = - 1 . 

100 



§2. 

1. 'ABJ^ = 0 ; AC£B = -a^ . 
2. a) Khi di^m O nam ngoM doan Afi ta cd 

04.05 = a.b. 

b) Khi di^m O nam giiia hai di^m A va B 

ta cd OA.OB = -a J?. 

3. b) 4/?2. 

4. a)£>f| ; oj ; b) VlO(2 + V2); 

0)5. 

5. a) (a,ft) = 90° ; b) (a,ft) = 45° ; 

c) (a,ft) = 150''. 

7. Tea dd di^m C cSn tim la : C(l ; 2) vd 
C ( - 1 ; 2). 

§3. 

1. C = 32° ; ft =61,06 cm; 

c =38,15 cm; h =32,36 cm. 

2. A = 36° ; S = 106°28' ; C = 37°32'. 

3. a= 11,36cm; B = 37°48'; C = 22°12'. 

4. 5 = 31,3dvdt. 

5. 5C= yjm^ +n'^+mn . 

6. a) C = 91°47' ; h) m^= 10,89cm. 

7. a) Gdc ldn nhait m C = 117°16' ; 

b) Gdc ldn nhSit la A = 93°41'. 

8. A = 40° ;ft = 212,31 cm; c= 179,40cm 
10. 568,457 m. 
11. 22,772 m. 

ON TAP CHl/ONG II 

4. a.ft = ^ . 

9.R=2S. 
10. S = 96; h^=\t ; / ?=10; r = 4 ; 

m =17,09. a 

11. Dien tfch S cua tam gidc ldn nhd't khi 

C = 90°. 

CHUONG i n 

§1-
\x = 2 + 3t , ix = -2 + t 

I. &)\ . . ; b) >' = l + 4r ' ' [>' = 3-5/. 

2. a)3x + >' + 23 = 0; b)2x +3>'-7 = 0. 
3. a)AB:5x + 2y-l3 = 0; 

BC:x-y-4 = 0; 
CA:2x + 5y-22 = 0. 

b)AH:x-i-y-5 = 0; AM:x + >'-5 = 0. 
4. X-43^-4 = 0. 
5. a) d^ cat d^; b) d^f/d^; c) dj ^d j -

6. Mj(4 ;4) , Mjj "̂̂  "^ 

7. 45°. 
28 

8. a) — ; b) 3 ; c) 0. 

9. i l . 
13 

§2. 

1. a)/(l;l),/f = 2; by/f— ' 4 ] ' ^ " ^ 

c) /(2 ; -3), R = 4. 

2. a) (A: + 2 ) 2 + ( 3 ; - 3 ) 2 = 5 2 ; 

b)(x + l ) 2 + ( y - 2 ) 2 = l ; 

c) ( A : - 4 ) 2 + ( 3 ; - 3 ) 2 = 1 3 . 

3. Si) x^+y^-6x + y-\ = 0; 

b) x2+);2_4;c_23;-20 = 0. 

4. U- l )2+(3 ; - l )2=l ; 

(x-5)^+(y-5)^=25. 

5. (A:-4)2+(y-4)2=16 ; 

6. a) /(2;-4) , / ; = 5 ; 
b) 3x - 4>' + 3 = 0; 
c) 4x+3y + 29 = 0, 4x + 3y-2\= 0. 
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§3. 
1. a) 2a = 10, 2ft = 6 ; 

Fj(-4;0), F^(4;0); 

A,(-5;0), A^i^; 0) ; 

S, (0 ; -3 ) , 52^0; 3). 

b)2a= 1,2ft: 

- ^ ; 0 
6 

^ . 0 

i44i-
B, 0 ; - " 44l-

c) 2a = 6, 2ft = 4 ; 
F , ( - N / 5 ; 0 ) , F^i^fS; 0) 

A,(-3;0), /i2(3; 0); 

S j (0 ; -2) , B^{0;2). 

2 2 
2. a ) ^ + 2 i = i 

16 9 
2 2 

3. a) — + ̂ ^ 
25 9 

1̂ ; 

2 2 
jr V 

b) — + ^ 
25 16 

2 2 
b) — + ^^ 

= 1. 

= 1. 

4. 40-20V3=5,36 cm; 

80 + 40>/3 = 149,28 cm. 

5. MF| + Mfj = /?, + /?2 • 

O N TAP CHl/ONG III 

1. AB:x +2>'-7 = 0; AD : 2 x - y 
SC :2x->' + 6 = 0. 

2. (x + 6)2+(3;-5)2=66. 

3. 5x + By + 2 = 0. 
2 
3 

4. a )0 ' ( -2 ;2 ) ; b) M 

9 = 0 : 

5. a ) G h ; ^J , / / (13;0) , r(-5 ; 1) 

b) 77/ = 3rG ; 

c) U + 5)2+(y- l )2=85. 

6. 21x + 77y-191=0; 
99x-27y+ 121 =0. 

7. (x - l )2+(y-2)2=36. 

8. a) cos(A^7S^): 
145 

(AJTA^) = 48°21'S9' ; 

b) (AJTA^) = 90° , 

9. Aj(-4;0), /l2(4; 0) ; 

S l (0 ; -3 ) , ^2(0; 3); ; 

Fj(-V7;0), F^(yFf;Oy 

10. 363 517 km; 405 749 km. 

ONTAPCUOINAM 

L m=±-. 
5 

2. b)a=/3. 
3. a) 2a2 ; 

b) A'' la hinh chie'u vudng gdc cua trong 
tam G cua tam giac ABC len d. 

4. a) AM = N/28 cm, cosfiAM = ^ ^ ; 

h) R = cm ; 

14 

c) Vl^ cm ; • 

d) 3^3 cm2. 

6. a) y = 0,3^ = 7 ; b)A: = -5 . 
7. AC :4x + 5>'-20 = 0; 

B C : x - 3 ; - 3 = 0; 
CH:3x-l2y-l=0. 

8. (x-2)2+(); + 2)2=8 ; 

(x + 4)2+(>'-6)2=18. 

9. a) Aj(-10;0), A^iW ; 0) ; 

S , (0; -6) , B^(0; 6) ; 

F,(-8;0), ^2(8; 0) ; 
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BANGTHUATNGGT 
B 

Bang gia tri luong giac cue cac goc 
d^c biet 
Bleu thurc toa do cOa tich vo hudng 
Binh phuong vd hudng cua mot vecto 

C 
Cdng thUc He-rdng 

D 
Dien tich tam giac 

D 
Dp dai dai sd 
Dieu kien de ba diem thing hang 
Dieu kien de hai vecto cijng phuong 
Oinh cija elip 
Dinh ll cdsin 
Djnh If sin 
Dp dai cija vecto 
Oudng cdnic 

E 
Elip (dudng elip) 

G 
Gdc giOra hai vecto 
Gdc giOra hai dudng thing 
Gdc tea dp 
Giai tam giac 
Gia cCia vecto 
Gia trj lUpng giac ci!ia mdt gdc 

H 
H§ true toa dp 
He sd gdc cCia dudng thing 
Hieu ciia hai vecto 
He thUc lupng trong tam giac 
Ho^nh do 

Mat phing toa dp 
M 

N 

37 
43 
41 

53 

53 

21 
15 
15 
87 
48 
51 
6 
89 

85 

38 
78 
21 
55 
5 
36 

21 
72 
10 
46 
23 

Khoang each tU mdt diem de'n mdt 
dudngthing 79 
Khoang each giOra hai diem 45 

Phan tich (bieu thj) mdt vecto theo hai 

Nifa dudng trdn don vj 

22 

35 

vecto khdng ciing phuong 
Phuong trinh chinh tac cCia elip 
Phuong trinh dudng trdn 
Phuong trinh tie'p tuye'n cCia dUdng trdn 
Phuong trinh dUdng thing theo doan chan 
PhLfOng trinh tdng quat ci!ia dUdng thing 
Phuong trinh tham sd ciia dudng thing 

Q 
Quy tac ba diem 
Quy tac hinh binh hSnh 

T 
Tam ddi xUng cua elip 
Tieu cu ciia elip 
Tieu diem ciia elip 
Tich eCia vecto vdi mdt sd 
Tinh chat cua phep cdng cac veeto 
Tfch vd hudng ciia hai vecto 
Toa dp ciia mdt diem 
Toa dp ciia vecto 
Toa dp ciia trpng tam tam giac 
Toa dp trung diem ciia doan thing 
Tdng ciia hai vectO 
True nho ciia elip 
True dd'i xufng ciia elip 
True hoanh 
True Idn eua elip 
True toa dp 
True tung 
Tung dp 

V 
Vecto 
Vecto don vj 
Vecto bang nhau 
Vecto cung hudng 
Vecto eiing phuong 
Vecto eh! phuong cua du'dng thing 
Vecto dd'i 
Veeto - khdng 
Veeto ngupc hudng 
Veeto phap tuye'n eiia du'dng thing 
Vj tri tuong dd'i eiia hai di/dng thing 

15 
86 
81 
83 
75 
74 
71 

11 
9 

86 
85 
85 
14 
9 

41 
23 
22 
25 
25 
8 

87 
86 
21 
87 
20 
21 
23 

4 
6 
6 
5 
5 

70 
10 
6 
5 

73 
76 
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MUC LUC 

Chuang I. 

ChUtmgll. 

VECTO 

§1.C^c dinh nghia 

Cdu hoi vd bdi tdp 

§2. Tdng vd hi6u cua hai vecto 

Cdu hoi vd bai tap 

§3. Tich cQa vecto vdi mdt sd 

Cdu hoi vd bdi tap 

§4.H6tructoadO 

Cdu hoi vd bdi tap 

6n tap chuong 1 

1. Ciu hoi va bai t$p 

II. Cau hdi tiic nghiim 

TfCH VO HLTdNG C O A HAI VECTO VA LTNG DUNG 
§1. Gid tri lirong giac cQa mdt gdc b t̂ ki \ii 0° ddn 180° 

Cdu hoi vd bdi tap 

§2. Tfch vd hudng cOa hai vecto 

Cdu hdi vd bdi tdp 

§3. Cdc hg thiirc lirgng trong tam gidc vd giii tam giac 

Cdu hoi vd bdi tdp 

6n tap chutfng II 

1. Cau hoi vii bai tap 

II. Cau hdi trie nghiem 

PHl/ONG PHAP T O A B O TRONG MAT PHANG 
§1. Phirong trinh dirdng thang 

Cdu hdi vd bdi tdp 

§2. Phirong trinh dirdng trdn 

Cdu hdi vd bdi tap 

§3, Phirong trinh dirdng elip 

Cdu hdi vd bdi tap 

dn tap chutmg III 

1. Ciu hii va bai tap 

II. Cau h6i trie nghiSm 

On tap cudlnSm 

Hifdng din vd ddp sd 

Biing thuat ngl7 

Trang 

3 
'4 

7 
8 

12 
14 
17 
20 
26 
27 
27 
28 

34 
35 
40 
41 
45 
46 
59 
62 
62 
63 

69 
70 
80 
81 
83 
84 
88 
93 
93 
94 
98 

100 

103 

104 



lUI 

t\ 
HUAN CHUONG HO CHi MINH 

Vl/ONG MIEN KIM COONG 
CHAT Ll/ONG QUOC TE 

f' SACH G I A O K H O A L 6 P 10 
^ 

1. TOAN HOC 

• DAISOlO«HlNHHOC10 

2. VAT Li 10 

3. HOAHOCIO 

4. SINH HOC 10 

5. NGLJ VAN 10 (tap mpt, tap hai) 

6. LICHSCnO 

7. OIA Li 10 

SACH GIAO KHOA L 6 P 10 - NANG CAO 

8, TIN HOC 10 

9, CONG NGHE 10 

10. GIAODUCCONGDANIO 

11. GlAO DUC QUOC PHONG -AN NINH 10 

12. NGOAI NGIJ 

• TlfiNGANHIO •TieNGPHAPIO 

• TIENG NGA 10 • TitNG TRUNG QU6C 10 

Ban Khoa hoc l a nhien : 

Ban Khoa hoc Xa hdi va Nhan van : 

. TOAN HOC (DAI SO 10, HiNH HOC 10) 

. VAT Li 10 . HOA HOC 10 . SINH HOC 10 

• NGU" VAN 10 (tap mpt, tap hai) 

• UCH SLf 10 .DjA Li 10 

. NGOAI NGU (TIENG ANH 10, TIENG PHAP 10, 

TIENG NGA 10, TIENG TRUNG QUOC 10) 

8 9 3 4 9 8 0 110 0 5 5 1 4 Gid: 4.600c 
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